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B3anmoaencTBus HEKOTOPbIX NPUMECHbLIX aTOMOB C Fy60KUMM
3HepreTM4YECKUMU YPOBHSIMU C KUCIIOPOAOM

C. 3. 3aiHa6buauHos?, K. H. Mycaes!

LAHOWKAHCKMA TOCYAAPCTBEHHbLIN  YHMBEpPCUTET WMeHW 3axupuaaumHa Myxammaga bBabypa, yn.
YHuBepcutetckas, 129, AHgwkaH 170100, Pecnybnuka Y36ekucraH

AHHoTauma. B paboTte npeacrasneHbl pesynbTaTthl SKCNEPUMEHTamNbHbLIX U aHaNUTUYECKNX UCCreoBaHun
B3aMMOAENCTBUA MexXay HekoTopbiMM npuMecHeiMu atomamm (Ni, Mn, Er) n kucrnopogom, Haxopsawmmcsa B
KpucTannmyeckon pelétke KpeMHus. NokasaHo, 4To, HECMOTPS Ha AMNEKTPOHENTPAanbHOCTL KNCOpoaa, OH akTMBHO
yyactByeT B (POPMUPOBaHWMN PasfMYHbIX MPUMECHBIX KOMMMEKCOB, OKasblBas BNWSHWE Ha 3neKTpuyeckne 1
OonTUYecKue CBONCTBa MaTepmana. YcTtaHoBneHo, 4to anddyansa atomos Ni cnocobeTByeT 06pa3oBaHNio HEAKTUBHBIX
KOMMNIEKCOB C KMCropoaom u nameHeHuto MK-nornowexus B obnactn 1100 cM™, cCOOTBETCTBYIOLLEN MEXO0Y3ENBHOMY
kucnopody. Ouddysuss mapraHua npuBOAUT K CHWDKEHWMIO KOHLEHTPAuUW OMTMYECKM aKTMBHOIO KUCIOpoAa, a
nervpoBaHne KpemHusi 3pbrem ConpoBOXAAETCH YMEHbLUEHMEM MHTEHCUBHOCTU nonockl VK-nornowenns 3a cyét
obpasoBaHua cBAsen Er—-O n BosamMoxHbIx a3 Er,Oz u Er—O-Si. lMony4eHHble pesynbTaTtbl AEMOHCTPUPYIOT
3HAYMTENbHYO POMb KUCMOpoAa B npoLeccax reTrTepupoBaHns U KOMMNEKCOOOpa3oBaHMs ¢ NPUMECAMU rnyooKnx
YPOBHEW, YTO MMeeT BaXXHOe 3HadeHue Ond onTuMmnsaunun napameTpoB U CBOUCTB KPEMHUEBbLIX MaTepuanoB B
nonynpoBOoAHNKOBOU TEXHOOIUN.

KnioueBble cnoBa: KpeMHWIN, KUCIOPOA, MPUMECHble aToMbl, HUKenb, MapraHeu, apbui, rnybokue
aHepreTuyeckune yposHu, IK-cnektpockonus, komnnekcoobpasosaHve

Abstract. This work presents the results of experimental and analytical studies of interactions between certain
impurity atoms (Ni, Mn, Er) and oxygen located in the crystal lattice of silicon. It is shown that, despite the electrical
neutrality of oxygen, it actively participates in the formation of various impurity complexes, thereby influencing the
electrical and optical properties of the material. It has been established that the diffusion of Ni atoms promotes the
formation of electrically inactive complexes with oxygen and leads to changes in IR absorption in the region around
1100 cm™, corresponding to interstitial oxygen. Manganese diffusion results in a decrease in the concentration of
optically active oxygen, while erbium doping of silicon is accompanied by a reduction in the intensity of the IR absorption
band due to the formation of Er—O bonds and possible Er,0; and Er—O-Si phases. The obtained results demonstrate
the significant role of oxygen in gettering processes and in the formation of complexes with deep-level impurities, which
is of great importance for optimizing the parameters and properties of silicon materials in semiconductor technology.

Keywords: silicon, oxygen, impurity atoms, nickel, manganese, erbium, deep energy levels, IR spectroscopy,
complex formation

|. BBenenne.
Bsaumoaericteue

rue O°-nipe K CITOHEHITNATBHBIH

MCXKAY HNPHUMECHBIMH MHOX>XUTCIIb, EpaB_ TCIUIOTA paCTBOPCHUS.

aToMaMu C I‘J'Iy6OKI/IMI/I OHCPTCTUICCKUMHU

Hccnenoparmst MK cnexkTpoB mokaszanm,

YPOBHSMH M aTOMaMH KHCJIOPOJa JOCTaTOYHO  yro monockl noryomenus 1205, 1107 u 515 cm?

XOpouIO U3y4deHHAs T€Md, HO HCCMOTPS Hd 3TO BCC  cpg3aHbl ¢ MEXKIOY3€JIbHBIM Kuciopogom. Ilpu

€IIC OCTacTCsA OYC€Hb MHOI'O BOIIPOCOB O POJIH

KACIOpoJa B (DOPMHUPOBAHMHM  Pa3IMYHBIX
NPUMECHBIX 00pa3oBaHUM B KPUCTAJUIMYECKOU
peLIeTKE KPEMHUSL.

Kucnopon - snextprudeckun HEWTpaibHas
IIPUMECH B KPEMHHUH. B 3aBUCUMOCTH OT yCIOBHIA
BBIPAILMBAHMS KpHCTaJJIOB KOHIIEHTpauus
KHCJIOpOJla MOXKET HIMPOKO BapbHUpoOBaThcs (OT
~10" 1o 2-10® cm®).

TemnepatypHas 3aBUCUMOCTb

pacTBOPUMOCTH KHcjiopoaa MOXET

PaCCUUTBHIBATHCS CIEAYIOIUM 00pa3om[1]:

(0] O° exp E pas 1
= e _—
pas kT ( )

M3YYEeHUU PEHTTCHOTPaMM KPEMHHUs yCTaHOBIJICHA
KOPPEJSIHS TIOCTOSTHHOM PEMIETKH ¢ BO3paCTaHHEM
KOHIIGHTpAIlMM KHCJIOpOAa, HYTO YKa3bIBaeT Ha
MEXJ0Y3€IbHOE IOJIOKEHUE aTOMOB KHCIOPOAA
O;) =B KHUCIIOPO/T
ANEKTPUUECKU HEUTpaJieH, IPeIIoKeHHas MOJENb

kpemHuH.  Ilockonbky
npeAcTaBisia co00H HETMHEHHYIO TPEeXaTOMHYIO
MOJIEKYJTY, aTOM KHCJIOpOJia B KOTOPOH HAXOIUTCS
B MEXKY3€IBHOM  TOJOXEHHH,  IpepbIBas
HOpPMaJbHYIO CBsI3b Si-Si, KOTOpas HampaBieHa
Baoss {111} (puc. 1)

MakcuManabHOEe 3HAY€HHE PAacTBOPUMOCTHU
nis atomoB Ni B Si cocrasnsier ~10%8 M n Tonbko
0,01 % ot obmero

pacTBOpeHHBIX ~ aroMoB Ni  HaxomsiTcsi B

OKOJIO KOJIM4YECTBa

OJICKTPUYCCKU AaKTHUBHOM COCTOSHHUH. OcranbHast

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026
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K€ 4YaCTb HaAxXOOUTCA B BHGKTpOHeﬁTpaﬂBHOM
COCTOSIHMHU B BUC PA3JIMIHBIX KOMILJICKCOB.

Puc. 1. CTpyktypHasa mogensb cBA3un Si-O-Si
Croub BeICOKast KOHIEHTparus aroMoB N
u KHCJI0poJa CIocoOCTBYET AKTUBHOMY
B3aMMOJCHWCTBUI0O ¥ OOPa30BaHUIO Pa3ITUIHBIX
COCIMHEHU B MOHOKPUCTAIUIMYECKOM KpeMHUU. B
HacTosIIee BpeMsl JOCTAaTOYHO XOPOLIO H3y4YEeHBI
napamMeTpbl MHOTHX KOMIUIEKCOB U KIIACTEPOB C
y4acTHeM KHCJIOpOJa, YCTaHOBJIEHAa WX pOjib B
(OpPMUPOBAHUN CBOWCTB  IONYIPOBOJHUKOBBIX
MatepuanoB. OmHako Bce emie He chopMHUpOBaHa
o0miass KapTWHa B3aMMOJEHCTBHUH pPa3IHMYHBIX
MIPUMECHBIX aTOMOB ¢ KuciopoaoM. [lannaas padora
IONBITKOW  0000IIEeHUs

SIBIISIETCS MPOLIECCOB

B3aUMOJIEUCTBUS MEXAY HEKOTOPBIMU

MPUMCECHBIMU ATOMaMH1 U KUCJIOPOJAOM.

1. DxcnepuMeHTAILHAS YACTh.

B pabore [2] gus
HCTIOJIB30BATUCH 00Pa3Ibl MOHOKPHCTAILTNYESCKOTO

HUCCIIEIOBAHNN

KpEeMHUsA n- n p-Tuma IMPOBOJUMOCTH C

p=5-100 Om-cm. B xkauectBe nmuddysanra

npuMensutich metaiutnueckuii Ni u Mn oco6oii
yrcToThl. Juddysns mpoBomnnack B KBaplEBbIX
amnynax npu temneparype 1200 °C B teuenun 4
4acoB C TMOCJENyHolIeit

cOpacbIBaHHEM aMITyJ B BOLY.

3aKamkoi  o0OpasioB

II1. Pe3yabTaTsl 1 o0cyKaeHHe.
Ycranosieno, B Si

HU3MCHCHHUIO

uyro BBeacHue Ni
MPUBOJIUT K 3aMETHOMY
WHTEHCUBHOCTH KHCJIOPOJIHOTO ITUKA NOTIIONICHNS,
4yeM OoJibllle KOHLEHTpalus BBeAeHHOTo Ni, TeM
cuipHee HaOmronaemblil 3¢ dext. OCHOBBIBasCH Ha
aHaJM3e MOyYeHHBIX JJAHHBIX ObLT C/IeaH BBIBOJI,
YTO BO3MOXHO O0Opa3oBaHHE 3JIEKTPHUUECKH U
OINITHYECKU HEAKTHBHBIX KOMIUIEKCOB.

VY CTaHOBIICHO, YTO JITHUPOBAHWE KPEMHHUS

aTOMaMU HUKEIIA C MOCIEAYIOIe pe3koi 3aKaiKoit

8

NPUBOIUT K TMOsiBICHHIO 3ameTHoro mnuka HK-
nornomenus B oonact 1100 em™ (puc.2).

Kak panee ymommuanoce obGmacte UK-
~1100  cm?
MEXK/I0y3eIbHOMY  KHCIOpPOZY,  OOpa3yromiuid
kommiekc Si-O-Si cTpykTypa KoTopoii mokazaHa Ha

IIOTJIOIICHUA COOTBETCTBYET

puc.1.

Mponyckaxue

11;)0 V,eam?

Puc.2. UK-nornoweHusa obpasuoB Si. KpuBbie

1l-ucxogHbin OGecnpuMecHbIn obOpaseud, 2-

obpasubl Si(Ni) nocne HTO, 3- ob6pasubl

Si(Ni) nocne andcdy3moHHon o6paboTku
B OGomee mo3mHmx paborax [3,4,5]

nogpoOHO npouecc  (HOPMHPOBAHUS

npeuunuTatoB Ni B MOHOKpHCTAIIaX KPEMHUS, UX

H3Yy4YeH

CTPYKTypa W XUMHYECKHH COCTaB. ABTOpBI C

nomotipio  MK-mukpockonuu, peHTTeHOBCKOTO
aHalM3a M MUKPO30HIOBBIX  HMCCJIEIOBAaHHMA
OTpEeAeNWIN, YTO  TNPUMECHbIE TPEIUITUTATHI

nmoMuMo atoMoB Ni U Si TakKe copepiKar xKeyne3o,
Me€llb, KHUCIOPOJ M JApYyrue TEXHOJIOIMYECKUE
MpUMecH, 4TO 00bsACHseT usMeHenue B UK-ciekTpe
HOTJIONIEHHsT HabJro1aBImecs paiee. ABTopsl [5]
METOJIOM JHEPTOJUCIIEPCUOHHON PEHTI€HOBCKOU
EDS

IMPUMCCHBIX TMPEHUIIUTATOB HUKCIIA B KPEMHHUU.

CIIEKTPOCKOIINHN OIIpEaACIININ COCTaB

CorylacHO pe3yjbTaTaM B COCTaBEe IMPELUINUTATOB
coaepxutcs g0 ~1,98 % xucnopona, no ~0,45%
xenesa, 10 ~0,95% menn. Pesynbrarsl paboTs! [5]
XOPOIIIO  COTNIacyloTCss ¢ pesyiapratamu  [3,4].
Hcxons u3 npuBeeHHBIX JaHHBIX MOXHO CJIENaTh

BBIBOJI, YTO TIpd OOpa3oBaHWU TPHUMECHBIX

MNpeuUIuTaTOB HUKCIIA MIpOUCXOAUT

reTTCpUPOBAHUC aTOMOB HCKOHTPOJINPYCMBIX

HpI/IMeCGI‘/'I B TOM 4HCJIE U KUCJIOpOAda.

boulo  oOHapyxeHo, 4TO

muddyszus

Maprasna [IPUBOJIUT K YMEHBUICHUIO

nHTeHCcHBHOCTHU mojoc MK-mormomenwnst mpu 1100
cm! (onTudecku akTUBHBIA Kuciopon). DPdexT
OINITUYECKU

YMCHBUICHUA KOHOCHTpalun
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aKTHBHOTO Kuciopona Nj? TeM cuibHee, 4YeM
OoJIbIIIe KOHIICHTPALMS BBEACHHOTO Mapranma. Tak
B obpasmax Si(Mn), rme oOmias KOHIICHTpAIHS
3JIEKTPUYECKU akTHBHOTO Mn cocrasnsteT <10 cm
8 koHreHTparms NJ?* ymensiniach Ha 10%, a npu
=2-10% cm3  N§?

ymenbimnach Ha 50% (puc.3, kpussie 2 u 3).

KOHIICHTpAITM  Maprafia

Cormacuo [6] momo6HOe ymenbineHue NG He
SIBIIIETCS CJIeACTBHEM oOpa3oBanusa yactuil SO»
WM  CBSI3BIBAHUEM KHCJIOpOJa C YIIIEPOJOM B
komriekcbl tunma COp, a 00yCIIOBICHO HWMEHHO
muddysueit Mn, MOCKOJBKY peXHMbI BBEACHUS
9TOM MPUMECH HE MOTYT MPUBECTH K MPELUMUTAIIIH

Kucimopora wiu  yraepoxa. Kpome Toro, B
KOHTPOJIBHBIX oOpa3siax, MPOLIEIIINX
TepMOoOOpabOTKy TpH TeX K€ YCIOBHAX, UYTO U
obpasust  Si(Mn),  ymenbmienus  N§? HE
HaOIroaeTcs.

(]

=

I

]

x

o

>

o

o

E

1100 V,cm!
Pwuc.3. UK-nornoweHus obpasuos Si(Mn).

B pabore [7]
JIErUPOBaHUE

0OHApYXXEHO,  YTO

KpeMHHUSI dpOMeM MpPHUBOIUT K
3aMETHOMY CHW)XEHMIO aMIUIUTYyIbl mojockl K-
1093-1110  cm?,

OTHOCHUTCJIIbBHO KOHTPOJIbHBIX O6p8.3LIOB. Pacuersl

INOrJIONICEHUA B JHAIIa30HC

MOKa3allk, 4YTO YMCHbBIICHHE KOHICHTPAIUH
OINITHYECKU aKTUBHOTO kucinopona (Si-O-Si) na 35-
47%. 3o,

B3aumoJeiicteueM Er ¢ O B pe3ynbTare gero spouit

MOXET  ObITb,  OOYCJOBJICHO
3amemaer dacte O B cBazsax Si-O-Si, ¢popmupys
cesi3u Er-O. Tak ke 3TO MOXKET OBITH, CBSI3aHO C
nporeccaMu  00pa3oBaHMS MEJKUX —KJIacTepoB
Er,O: u cmemannsix ¢a3 Er-O-Si.  Apropsl
NPEIIoJIararoT, 4To TIpU BBeJIeHHH Er xucmopon u3
SiO, o0pazys

CBs3HU YMCHBIIACTCHA

YaCTHYHO IepepacipeaesieTcs,
Er-O.
KOJMYECTBO JOCTymHBIX Tpymn  Si-O-Si,

B  pesynbraTe
4TO
CHIDKAET ONTUYECKYIO0 aKTUBHOCTB KHcnopoza. Tak

9

JK€ aBTOPBI JOMYCKAIOT (POPMHUPOBAHUE CHIIMKATOB
Er-O-Si unu HaHOMCTIEpCHBIX BKIIOYCHUI ErpOs.
V. BeiBoab! niu 3axiiroyeHue.
Takum 00pa3oM, MOXHO YBHIETH, YTO
KHCIIOPOZA B KPEMHHH,
ANEKTPOHEUTPATBHOCTS,

HECMOTpPsI Ha CBOIO

aKTUBHO
B3aHMOJICUCTBYET C Pa3JIMYHBIMU NPUMECHBIMU
aTOMaMH, HU3MEHSs UX XUMHUYECKOE COCTOSIHHE,
CTPYKTYPY U PacHpeAesieHUE B KPUCTAUIUNYECKOU
pemETKE.

HecmoTpss Ha HEKOTOpBIE pa3nuyus B
MpOoLECCaxX B3aUMOJACHCTBUA Pa3HBIX NMPUMECEN C
TITyOOKUMU YPOBHSIMH STH TIPOIIECCHI CYIIECTBEHHO
BIUSIOT Ha (pU3MUECKHE CBOWCTBA MaTepuania, B
YAaCTHOCTH HA €ro AJIEKTPUYECKHE U ONTUYECKUE
XapakTepucThku. Kak MOKHO YyBUIETb, OCTAE€TCS
erie TpeOyrommx  Oonee
TIIyOOKOTO M3YYEHUS MPOIECCOB MEKITPUMECHOTO

MHOTO  BOITPOCOB

B3alUMOJICUCTBUS B KPEMHUMU. Ilonumanue

MEXaHH3MOB  B3aMMOJEHCTBHAA  KHCIOpOma C

MpUMecSIMUA TIyOOKHWX YpOBHEH WMeeT Ba)XHOE
CBOMCTBaMHU

3HAYCHHUE JUIsS

Mare€puajioB u

YIPABIICHUS
KPEMHHEBBIX ONTUMU3ALUU

TEXHOJIOTHH UX BBIPALIUBAHUSI U 00PaOOTKH.
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Synthesizing amorphous nanoparticles Cu/Cu20 using the electrochemical
method under the influence of ultrasound (sonoelectrochemistry).

A.Yarbekov!, M. Makhkamov?

Turin Polytechnic University in Tashkent, a.yarbekov@polito.uz
2Andijan State University

Abstract. The paper proposes a simple and effective sonoelectrochemical method for obtaining amorphous
nanoparticles Cu/Cu,O . The synthesis was carried out in an unconventional electrochemical cell (inert
anode Pt, active cathode Cu ) in a CuSO, solution with the addition of polyvinylpyrrolidone under the action
of ultrasound at a voltage of 15—-30 V. X-ray diffraction analysis revealed a high content of the amorphous
phase (79.7-81.9%) with 18—-20% retention of the crystalline structure of Cu and Cu,O. Scanning electron
microscopy confirmed the formation of spherical, well-dispersed nanoparticles up to 20-30 nm in size;
dendritic growth was observed without ultrasound. The method allows for control of the phase composition
and morphology of particles by varying voltage and ultrasonic exposure, opening up prospects for the large-
scale production of stable amorphous nanomaterials.

Key words: Sonoelectrochemistry, Copper, amorphous phase, nanopatrticles, stabilizers.
AHHOTauuA. B ctaTtbe npeanoxeH npocton n 3P eKTUBHbBIN COHOINEKTPOXMMNYECKNIN METOA NOSTyYEeHUN
amopHbIx HaHoyacTuy Cu/Cu,O. CMHTE3 NPOBOAMIICS B HETPAAULMOHHOW 3MEKTPOXMMUYECKON SYelnke
(vHepTHBIV aHog Pt, aktuBHbIM KaTog Cu) B pactBope CuSO4 ¢ gobaBneHnem NonMBUHUNMNMPPONUOOHA
nog Aenctemem ynbTpasByka npu HanpsbkeHun 15-30 B. PeHTreHoamdpakuMOHHbIN aHanua BbIsSiBUI
BbICOKOE cofepkaHne amopdHomn dasbl (79,7—81,9%) ¢ coxpaHeHMeM KpucTannuieckon cTpykTypbl Cu un
Cu20 Ha ypoBHe 18-20%. CkaHupyowasi 3neKTpoHHas MUWKPOCKOMMS noAaTBepauna obpasoBaHue
chepryeckmx, XOpOoLIO AWCMEPTrMPOBaHHbIX HaHovactuy pasmepoM Ao 20-30 Hm; 6e3 ynbTpassyka
Habnogancsa geHapuTHbIA pocT. MeTod no3BonsieT KOHTponMpoBaTh ha3oBbIN COCTaB U MOpPEONOruo
YacTuL, NyTEM M3MEHEHUSI HanpsPKeHWst M BO3AEWCTBUS YNbTpasByka, OTKPbIBasi MepcrekTuBbl ANs
KpynHomacwtabHoro nponssoacTea cTabunbHbIX aMOpdHbLIX HAHOMaTepManos.

KntoueBble crnoBa: CoHOaneKTpoxmmus, megb, amopdHas dasa, HaHo4acTuLbl, CTabunmaaTtopsl.

Annotatsiya. Maqgolada amorf nanopartikullar Cu/Cu,O olish uchun oddiy va samarali
sonoelektrokimyoviy usul taklif gilingan. Sintez noan'anaviy elektrokimyoviy katakchada (inert anod Pt, faol
katod Cu) CuSO, eritmasida polivinilpirrolidon go'shilgan holda ultratovush ta'sirida 15-30 V kuchlanishda
amalga oshirildi. Rentgen difraksiya tahlili Cu va Cu,O kristall tuzilishining 18-20% saglanishi bilan amorf
fazaning yugori migdorini (79,7-81,9%) anigladi. Skanerlovchi elektron mikroskopiyasi 20-30 nm gacha
bo'lgan sharsimon, yaxshi targalgan nanopartikullarning hosil bo'lishini tasdigladi; ultratovushsiz dendritik
o'sish kuzatildi. Bu usul kuchlanish va ultratovush ta'sirini o'zgartirish orgali zarrachalarning faza tarkibi va
morfologiyasini boshqarish imkonini beradi, bu esa barqgaror amorf nanomateriallarni keng ko'lamda ishlab
chigarish istigbollarini ochadi.

Kalit so'zlar: Sonoelektrokimyo, mis, amorf faza, nanozarralar, stabilizatorlar.
electrochemical synthesis methods, such as
pulsed electrodeposition , which can be used to
synthesize nanoparticles with unique properties

[12].

I. Introduction.

Electrochemical method for the
synthesis of nanoparticles The electrochemical
synthesis of Cu, Cu20, and CuO is a facile,
simple, rapid, and inexpensive method, and the
nanoparticles synthesized are chemically pure.
Cyclic voltammetry, potentiostatic,
galvanostatic, and pulsed current methods, as
well as various electrochemical methods, were
used to synthesize the nanoparticles [1-11].

There are three main types of
electrochemical synthesis of nanoparticles : 1.
Direct electrodeposition . In this method, Cu
ions are reduced to CuNPs directly on the
electrode surface. 2. Pulsed electrodeposition
is a type of electrodeposition that uses a pulsed
current or potential to deposit nanoparticles . It

In recent years, several advances have has several advantages over traditional
been made in the electrochemical synthesis of ~ electrodeposition  [12]. 3. Mediated
nanoparticles. One advancement is the Electrodeposition . This method uses a

mediator to reduce Cu ions to CuNPs . The
mediator is typically a metal ion, such as Ni (1)

development of new electrolytes, such as ionic
liquid electrolytes , which can be used to

synthesize nanoparticles with high purity and
controlled size and morphology [12]. Another
advancement is the development of new

or Fe (I11), which is easily reduced and oxidized
[13]. Unlike direct electrodeposition , where
metal ions are reduced directly at the electrode,
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mediated electrodeposition involves
intermediate steps that improve selectivity and
efficiency. The method is widely used in the
synthesis of nanomaterials for catalysis,
energy, and sensors [14].

The size and shape of nanoparticles can
be controlled by adjusting electrochemical
parameters such as the applied potential,
current density, and electrolyte composition.
Depending on the applied current
nanoparticles are deposited on the cathode as a
film or powder (15). At low currents, films of
metal nanoparticles form on the cathode, while
at higher currents, nanoparticle powders are
formed. Nanoparticles are removed from the
cathode surface mechanically or chemically.

But the electrochemical method is
usually used to obtain metal nanoparticles
(MNPs) and nanocomposites based on them,
immobilized on a conductive substrate
(electrode). However, for larger-scale use HF-
M, It is necessary that they be in the form of a
powder or they are in the bulk of the solution in
other states: in a shell in a stabilizer , on non-
conducting solid carriers , in matrices , in
nanocapsules , etc. In particular, the
introduction of chemically active compounds
(complexing agents, stabilizers and surfactants)
into the electrolyte composition makes it
possible to obtain more stable powders with
improved technological properties and the
required particle size [16-17]. In the presence
of stabilizers , metal nanoparticles, the
proportion of precipitated metal decreases, but
still remains high. Thus, when obtaining
nanoparticles in an aqueous solution by
electrochemical reduction of metal ions in the
presence of poly(N - vinylpyrrolidone), up to
80% of the metal is deposited on the cathode,
and in the presence of tetraalkylammonium
salts and sodium dodecylbenzenesulfonate ,
almost all of the generated metal is deposited
on the electrode [18-19]. One of the best
methods for preventing nanoparticle deposition
on an electrode is the use of
sonoelectrochemistry.  Sonoelectrochemistry
equipment is expensive due to the need for
specialized components. The method involves
the use of an ultrasonic probe integrated with
an ultrasonic generator and potentiostat,
providing a combined effect of ultrasound and
electrochemical  potentials.  During the

12

nanoparticle synthesis process A potentiostat
applies a controlled voltage to the electrode,
resulting in the electrochemical reduction of
nanoparticle precursors from the solution on
the electrode surface. Upon completion of the
deposition stage, the voltage is turned off, and
the ultrasonic probe is activated via a generator
to desorb and disperse the resulting
nanoparticles from the electrode. This cyclic
process  (electrodeposition  followed by
ultrasonic exfoliation) is repeated until
synthesis is complete, allowing control over the
size and morphology of the nanoparticles .

However, one of the key requirements
for nanoparticle synthesis methods is their
simplicity. The electrochemical method of
synthesizing nanoparticles is simple and
accessible, not requiring expensive equipment.

The electrochemical ~method for
synthesizing nanoparticles consists of two
electrodes: the anode and the cathode. The type
of electrode used in the synthesis process
depends on the nature of the starting materials.
For example, metallic electrodes are used to
synthesize metal nanoparticles, while graphite
or dielectric electrodes are used to synthesize
oxide nanoparticles. While the cathode is an
inert material, the anode must be an active
material capable of participating in the
electrochemical reaction.

However, after  deposition, the
nanoparticles are removed from the substrate
mechanically, which is a technologically
complex procedure and can affect their
morphological characteristics. Nevertheless,
this step does not detract from the overall
technological simplicity of the electrochemical
synthesis method.

A distinctive feature of our proposed
method. Our proposed method differs from the
widely used (some might say traditional)
electrochemical method, which typically uses
inert and active electrodes, with the cathode
typically being an inert material and the anode
an active material. In our experiment, which
can be considered unconventional, we used an
inert material (platinum) for the anode and an
active material (copper) for the cathode.
Research aper devoted to this version of the
electrochemical method for synthesizing
nanoparticles is rare. In our proposed method,
during the electrochemical reduction of copper

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026



Phisics

from copper sulfate, a reduction reaction occurs
at the cathode (copper). As a result of this
reaction, copper nanoparticles are formed on
the surface of the cathode (copper). Copper
ions (Cu?*) from the solution are attracted to the
cathode. On its surface, electrons reduce the
copper ions, resulting in the formation of
copper atoms. These copper atoms combine
with each other, forming copper nanoparticles.
In this method, copper nanoparticles are not
deposited on the surface of the copper cathode
as a film, but form a copper powder.
Nanoparticle synthesis was performed Cu
using our proposed method of electrolysis in
combination with ultrasound.

Il. Experimental part

Materials: Copper sulfate (CuSO4),
distilled water, PVP. The electrodes were the
same for all methods: inert material (platinum)
2 X 2 cm square, active material (copper) 0.5
cm? round.

Installation. The experimental setup is
shown in Figure 1.

As can be seen from the figure 1, the
inert platinum material is connected to the
anode, and the active copper material is
connected to the cathode. The cell containing
the solution is located on an ultrasonic
transducer immersed in water. Ultrasound with
power of 50 watts is directed vertically upward
from four directions (arrows numbered 1, 2, 3,

Mnarnna
Anon

During the process, copper powders
formed on the cathode, weakly bonded to the
cathode and to each other (Figure 2a). As the
powders increased, they moved away from the

Figure 1. The experimental setup

13

and 4 on the flask indicate the direction of the
ultrasound) to ensure uniformity of the
ultrasound and create a complex acoustic field.
During the process, the solution on the flask
constantly oscillated under this complex field.

The experiments were carried out at
constant voltage using different voltages in the
range of 24-30 V.

In electrochemical synthesis, the size of
copper nanoparticles can be reduced by
increasing the voltage [20]. An average particle
size of 21.55 nm was obtained using a potential
difference of 27 V (21).

Method 1. In Method 1, sample #5(Cu
- Cu0 powder) was synthesized. The
electrolyte contained 400 ml of copper sulfate
(CuS04), sulfuric acid (H2S04),
polyvinylpyrrolidone (PVP), and distilled
water. The electrolyte voltage was 15 volts, and
the initial current was 0.2 amperes. However,
during the process, the current varied from 0.2
Ato 1 A. This phenomenon is explained in the
paper [22] as follows. During electrolysis, the
current increases over time. After the initial
powder layer, the cathode surface changes, and
the working surface area increases, since the
cathode surface is no longer smooth. The
greater the copper roughness on the cathode,
the larger the working surface and the greater
the current [22].

cathode, thereby freeing up space on the
cathode for new powder formation. The
powders, once released, remained in the
solution (on the surface and within the solution)
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and then gradually sank to the bottom of the
cell, as shown in Figure 2b

Figure 2(a). Copper powders formed on the
cathode

According to the law of electrolysis, the
electrochemical reaction in the solution should
be as follows.

At the anode (platinum): Oxidation
reaction: Because platinum is inert, it does not
participate in the chemical reaction. Instead,
water (from the CuSO, solution ) is likely
oxidized at the anode. The oxidation of water
produces oxygen gas and releases protons (H*
ions) into the solution.

General anodic reaction:

2H,0 — 0,(g) + 4H + +4e™

At the cathode (copper): Reduction
reaction: Copper ions (Cu?* ) from the copper
sulfate solution are attracted to the cathode
where they gain electrons and are reduced to
solid copper (Cu).

14

Figure 2(b). The powders gradually sank to the
bottom of the cell

General cathodic reaction:
Cu?t + 2e™ - Cu(s)

After 20 minutes of the process, the
color of the solution changed from blue to
brown (as shown in Figure 3).

This phenomenon is associated with
ultrasound and the expansion of powder
volume in the solution. The use of ultrasound
can significantly affect the electrochemical
process. It induces cavitation (the formation,
growth, and explosive collapse of bubbles in a
liquid), leading to high local temperatures and
pressures, as well as intense mechanical stress.
Due to this phenomenon, cavitation causes
powders in the solution to spread throughout
the entire volume of the solution, causing the
color of the solution to change from blue to
brown.
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Figure 3. The color of the solution changed from blue to brown

After the reaction was complete, the
solution containing the powder was left for 5
hours. All the synthesized powders settled to
the bottom of the cell. The powder was then
removed from the solution, treated twice with
distilled water, and dried at room temperature.

Method 2. Cu-Cu.O powders were
synthesized in samples No.6 and No.8. The
electrolyte contained 400 ml of copper sulfate
(CuS04), polyvinylpyrrolidone (PVP), and
distilled water. For sample No.6 the electrolyte
voltage was 21 volts, and the current initially
was 0.4 amperes. However, during the process,
the current varied from 0.4 A to 1.5 A. This
phenomenon is explained in detail in [22]. For
sample No. 8, the electrolyte voltage was 24
volts, and the current varied from 0.5 A to 1.6
A. The ultrasound-assisted experiment lasted 2
hours.

Method 3. The electrolyte contained
400 ml of copper sulfate (CuSO4),
polyvinylpyrrolidone (PVP), and distilled
water. For sample #13, the electrolyte voltage
was 30 volts, and the initial current was 0.8
amperes. However, during the reaction, the

000

current varied from 0.8 A to 2.2 A. This
phenomenon is explained in detail in [21]. The
duration of the ultrasound-assisted experiment
was 110 minutes.

Method 4. Method 4 repeated
Method 3 but without ultrasound. The
electrolyte contained 400 ml of copper sulfate
(CuS04), polyvinylpyrrolidone (PVP), and
distilled water. For sample #13, the electrolyte
voltage was 30 volts, and the initial current was
0.8 amperes. However, during the reaction, the
current varied from 0.8 A to 2.2 A. This
phenomenon is explained in detail in [21]. The
duration of the experiment without ultrasound
was 110 minutes.

I11. Result and discussion

X-ray diffraction analysis (XRD) was
performed on the copper nanoparticle sample
synthesized by Method 1, Cu -K X-rays with a
wavelength of A = 1.54056 A, the data were
taken for the 20-range from 10 to 80° with a
step of 0.025°. The diffraction pattern based on
these mixtures is shown in Figure 4.
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Figure 4. X-ray diffraction analysis of sample No.5

The crystalline size of the nanoparticles
was estimated using Debby-Scherrer equation:
KA

~ Bcos6 M

Where: D is the average crystallite
size(in the same unit as A, typically Angstroms
or nm.). K is the Scherrer constant or shape

factor, often taken as 0.9 for spherical
crystallites (values can range from 0.62 to 2.08
depending on shape and assumptions). 4 is the
wavelength of the X-ray radiation. g is the full
width at half maximum (FWHM) of the
diffraction peak in radians. @ is the Bragg angle
(half of the 26 value where the peak occurs).
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To apply the equation, two prominent,
relatively isolated peaks based on visual
inspection of the plot were selected from
Figure 4:
1. The strong peak at ~43° 260 (likely Cu
(112)).
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2. The peak at ~36.5° 20 (likely Cu, O
(112)).
Using these peaks, we applied Equation 1
to calculate the sizes of the nanoparticles, and
the results are presented in the table.

| Phase/Peak |20 (°)] 0 (°) |[Estimated B (°)|| (radians)| cos 0 |Crystallite Size (nm)|

Cu(~43°) | 43 ][215] 025

| 0.004363 ]0.9308]| 34.1 |

ICu, O (~36.5°)

36.5 |18.25]| 0.3

| 0.005236 |0.9494] 27.9 |

XRD analysis(Figure 4) confirmed the
presence of 80.52% amorphous structures and
19.48% crystalline structures in the synthesized
samples. The high percentage of amorphous
structures is due to the process in cavitation
bubbles; the formation of amorphous structures
is described in detail in (23).

Phase analysis and XRD analysis were
performed on the copper nanoparticle sample
synthesized by Method 2. As can be seen from
the diagram in Figure 5, sample No. 6 has a
mixture of Cu-Cu.O in percentage ratio (Cu -
77.4%; Cu20 -22.6%) and sample No. 8 has a
mixture of Cu-Cu.O in percentage ratio (Cu -
27.2%; Cu0 -72.8%).

Phase composition (Weight %)

I Cuprite (22.6%)

Copper (77.4%) ~

Phase composition (Weight %)

(27 2%) l

Figure 5a. Phase analysis of sample No.6

Figure 5b. Phase analysis of sample No.8

Sample #8 has more Cu20-72.8 %. This
is apparently due to voltage and ultrasound.

The XRD analysis(Figure 6) confirmed
the presence of 81.88% amorphous structures
and 18.12% crystalline structures in the
synthesized samples.

The average sizes of the nanoparticles in
Sample 6 calculated using Equation 1 range
from 28 nm (for Cu, O) to 35 nm (for Cu).
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Figure 6. XRD analysis of sample No.6

XRD analysis(Figure 7) confirmed the
presence of 79.70% amorphous structures and

20.30% crystalline  structures in the
synthesized sample No.8.
Estimated sizes: Cu ~34 nm, Cu, O ~28 nm.
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Figure 7. XRD analysis of No.8

XRD showed (Figure 8) that sample
No. 13 synthesized by Method 3 has a mixture
of Cu-Cuz0 in the percentage ratio ( Cu -
67.9%; Cu20 - 32.1%).

XRD analysis confirmed 80.77% of
amorphous  structures and 19.23% of
crystalline structures of the synthesized sample
No. 13.

Estimated sizes: Cu, O ~28 nm, Cu ~34 nm.
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Figure 8. XRD analysis of sample No.13

SEM analysis was performed on sample No.13.

The analysis result is shown in Figure 9. An
SEM image (Figure 9) of copper nanoparticles

shows a dense cluster of particles of varying

sizes and shapes. The nanoparticles are
spherical. The nanoparticles also aggregate in
some areas, forming larger clusters.

The smallest nanoparticles are likely to
be single particles, whereas larger clusters are
likely to be aggregates of multiple particles.

The SEM image also shows that the
copper nanoparticles are relatively well
dispersed and contain only a few large
aggregates.  This  suggests that the
electrochemical method used to synthesize the

Fige 9. SEM analysis of sample No.13

nanoparticles was effective in achieving a
uniform dispersion of particles.

Method 4. XRD analysis showed that
sample No. 14 has a mixture of Cu - Cu20 in
percentage ratio ( Cu -52.5%; Cu.0-47.5%).

SEM analysis of sample No. 14 is
shown in Figure 10.
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The image (Figure 10) shows a network
of interconnected copper structures rather than
individual  isolated  nanoparticles.  The
structures appear dendritic or coral-like |,
suggesting that growth was rapid and possibly
influenced by the direction of the electric field
in the electrochemical setup.

The dendritic growth pattern seen here
suggests that the particles are not only
agglomerated but also grown in an
interconnected manner. PVP, a stabilizer, may
not have been effective in preventing this type
of growth due to the strong influence of
electrochemical conditions. This is typical of
pure electrochemical deposition dominated by
the electric-field direction and rapid ion
reduction at the cathode, where the stabilizer
(PVP) fails to suppress oriented attachment and
overgrowth.

The difference between Methods 3
and 4. SEM analysis (Figures 9 and 10) reveals
a significant difference between the methods.
Method 3 produces spherical nanoparticles
(Figure 9). Method 4 produces dendritic
nanoparticles (Figure 10).

Conclusion. In this work, a new simple
and inexpensive sonoelectrochemical method
for producing amorphous
nanoparticles(Cu/Cu, O) was developed and
tested. ~ An  unconventional  electrode
configuration (an inert Pt anode and an active
Cu cathode ) was proposed, allowing the
powder product to be obtained directly in the
bulk solution without the need for mechanical
film removal. The use of ultrasound in
combination with electrochemical reduction in

Figure 10. SEM analysis of sample No.14

the presence of PVP ensured efficient
desorption and dispersion of particles,
preventing their agglomeration on the cathode.

X-ray diffraction analysis confirmed a
high content of the amorphous phase (79.70—
81.88%) in all synthesized samples, while
maintaining 18-20% of the crystalline structure
of Cuand Cu, O. Varying the voltage from 15
to 30 V allows for targeted modification of the
phase composition: at 21 V, metallic copper
predominates (77.4%), while at 24 V, Cu, O
oxide predominates (72.8%). SEM studies
showed that ultrasound ensures the formation
of spherical, well-dispersed nanoparticles up to
20-30 nm in size , while without ultrasound,
dendritic growth of the structures is observed.

Thus, the proposed
sonoelectrochemical method is an efficient,
scalable and controllable way to obtain
amorphous nanomaterials. Cu/Cu, O with
specified morphology and phase composition,
which opens up broad prospects for their
application in catalysis, energy and sensor
technologies.
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Byinama 3aKCUTOH HypriaHa onaguraH reomeTpusaaa 3KCUTOH-MONSAPUTOH
NIOMUHECLIEHLMAICUHUHI Ha3apui xucobnaw

LAxmananues B.X., 2HemaTtoB X.M.

@aproHa 0asnam mexHuka yHusepcumemu
L@usuka kaghedpacu doueHmu, 2dokmopaHm.

AHHOTauuMA: YOy Makonaga Kpuctann yerapacujaH Bakyymra s- Ba p-nonsipusaums unaH
HypfiaHa onaguraH reoMeTpusiia SKCUTOH-MOMSPUTOH FMIOMUHECLEHLMSICUHVHT LLAKMAaHUW MexaHu3mu
Hasapwuw XuxataaH Kypub YnkunraH. SKCUTOH CYHULLMHWHT YEeKNU KnAMaTnapmuaa nonsapuToHNapHuHT I'pyH
dyHKumsAnapy KenguwHuHr gnarpammanu TexHukacu épgamuaa xucobnadraH. CtaTuk HyKcoHmapgarv
3MNacTVK COYMIULLI Ba Oynnama 9KCUTOHMAPHWHI 3MeKTp MandoHU Xxamaa Kpuctamnn KyTonanvwm bunaH
y3apo Tabcupu Taxnun kunuHrad. WyHuHraek, MNekapHuHr «ynuk katnam» derapasui LLapTnapu Ba
MakcBenn TeHrnamanapu acocvMaga aMmnnnMTygaBvin yTkasuw kodaddurumeHTnapu aHnknaHraH. Hatmwkaga,
S- Ba p-NonsipM3aumsany HyprnaHuw xonaTtnapu y4yH uHTepdepeHLMOH xuccanap Ba KorepeHT xonartaaru
HYPNaHWLW WHTEHCUBIMKNAPM KMécnaHuwb, Gyrnama 3KCUTOHMAPHWHI Tallkyu HypnaHuwra Kylagurad
XMCCaCK aHUKMaHraH.

Kanut cysnap: 93KCUTOH-NONSIpUTOH, OyhnamMa SKCWUTOH, HYpraHWw WHTEeHcuBnurv, [puH
dyHKumscKn, Kenguw pguarpamma TexHukacu, [lekap yerapaBui WwapTu, MHTepdEpPeHUUsi, KOrepeHT
HYpPNaHUL, amnNaMTygaBun yTkasmw KO3 PULNEHTN.

AHHOTaumMAa: B pgaHHOW cTaTbe TeopeTu4Yeckn paccMOTpeH MexaHusM  opmupoBaHus
NIOMVHECUEHLIMM 3KCUTOH-NONSIPUTOHOB B FEOMETPUM, AOMYCKAOLWEN M3NYyYEHNE U3 KpUcTanna B Bakyym
S- U p-Nonsipu3oBaHHbiX MOA. [Mpu KOHEYHbIX 3HAYEHMAX 3aTyxaHus 3KCUTOHOB pyHKumMM [puHa
NonsipuToHoB  ObINM  paccyuMTaHbl C  MCMONb30BaHMEM  AuarpammHon  TexHukn  Kengeiwa.
MpoaHanM3npoBaHO yMpyroe paccesiHne Ha ctaTudeckux gedekTax U B3aumMoaencTBME MPOAOSbHbIX
9KCUTOHOB C 3NEKTPUYECKMM MONieM U nonspusauuent kpuctanna. Takke Ha OCHOBE MPaHUYHbIX YCIOBUIA
Mekapa («MEpTBbIN Cron») M ypaBHeHun Makceenna onpegeneHbl amnAnTyaHble KO3(MUUMEHTHI
nponyckaHusl. B pesynbtate Oblnn conocTaBneHbl UHTEPMEPEHLMUOHHbIE BKMadbl M MHTEHCUMBHOCTM
M3Ny4YyeHUst B KOre€pPEeHTHOM COCTOSIHUM Afsi S- U P-MOMsipU30BaHHbIX MOA, a Takke BbISIBNEH BKNag
NPOAOIbHBLIX 3KCUTOHOB BO BHELLHEE U3Ny4EHME.

KnioyeBble croBa: 3KCUTOH-MOMSPUTOH, NPOAOSIbHBIA 3KCUTOH, WHTEHCMBHOCTb W3MNy4eHus,
dyHKUMA [puHa, avarpammHas TexHuka Kengblwa, rpaHudHoe ycrnoBue [lekapa, WHTepdepeHuuns,
KOrepeHTHOEe M3ny4eHune, aMnimMTyaHbIA KOahdULMEHT NponycKaHus.

Absctact:In this paper, the mechanism of exciton—polariton luminescence formation is theoretically
investigated for a geometry that allows s- and p-polarized radiation from the crystal surface into vacuum.
At finite exciton damping values, the Green’s functions of polaritons were calculated using the Keldysh
diagram technique. Elastic scattering on static defects and the interaction of longitudinal excitons with the
electric field and crystal polarization were analyzed. Furthermore, the amplitude transmission coefficients
were determined based on Pekar’s “dead layer” boundary conditions and Maxwell’s equations. As a result,
the interference contributions and radiation intensities in coherent states for s- and p-polarized modes were
compared, and the contribution of longitudinal excitons to external emission was identified.

Keywords: exciton—polariton, longitudinal exciton, radiation intensity, Green’s function, Keldysh
diagram technique, Pekar boundary condition, interference, coherent radiation, amplitude transmission
coefficient.

Kpucrann werapacuman Bakyymra S- Ba p- THoNisApu3alids OWJlaH HypJiaHa OJaJIUraH
reometpusiaa D11JI HUHT TaKJUTAHUIIT MEXaHU3MUHU KYPUO YNKAMHU3.
s-nonsipuzanusaa 11 HUHT HypIaHUIT UHTEHCUBIUTH

IS(O)(a), ﬁ) = 11(0)(0) .(2) + I(O)(w, ﬁ) 1)
oy, |Re(kg — kgr)| >> ap,ag  (B,B' =2,3)
mapt OakapuiraHga y UHTep(EPEHIMOH XaIHH V3 Wuura oiMaiau. KMHETHK sSKHHIIAIINIIIa
l1s©O()\ = s) maprman xan

(0)(w _(2) (2 )3 ha)To(i1 - fika(w, z = +0)

dopMyna 6unaH aHMKIaHAAM. DKCHTOH CYHMIIMHMHT deknu Kuitmatmapuaa Ios©@ mu xucoGmam

yuyH, spHU Rekz Ba o ypracmupmaru uxtu€puii MmyHocabaTHU XucoOra onwmiaa, KemgunrHuHT
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quarpaMMmalii - TeXHHKacuaaH (¢oiimanmaHamMu3 Ba 2-TapMOK MOJsipu3amuscu A Oynran
- =

NOJSIpPUTOHIAp YuyH ['puH GyHKIUICH G2_5+(k,k’; w) HU XxucoOmaiimu3. by Xomma 1-tapMok
NOJISIPUTOHIAPUHHUHT Oepriiarad TaKCUMIIaHUII (YyHKIUACUAAH (oigananuo, 2-TapMOK HYHIATH
COYMITMIIIHU Xucobra onamaiimus [1;2;3].

1-pacmna Gg, o (k, k'; a)) dbyHKIMS Y9yH quarpamMmma Kentupuirat (Oyaaa f=2). Y3iykcus
YU3UKJIAp KPUCTAIUT HYKCOHJIapU OUIaH MEXaHUK KY3FaTyBUMJIAPHUHT COUMJIMII €KW YIUIAHUIIT
KapaéHinapu OWIaH aHWKJIAHAIUTaH, JKCUTOH-(DOTOH Ba HKCUTOH-TIAHXKApa ¥y3apo TabCUpU
XUcoOura KaiiTa HopMaJJIaHTaH SKCUTOHJIApHUHT [ 'puH cbyHKumnapHra MOC KeJaJu:

67, = |0 -0 +ir(w,k) /2] =—(6:) %,
)
(1)
1klw(z) 2nf 12,(2)6 (w w2 )
oyuna ['(m,k) —ONSIPUTOHIAPHHUHT CYHUIIIN.
Gz (G++) GyHKIUsIap UKKHA KyTOJIM noaanap HHFHHIMCUTA aXpanaan
— — — 2M kp—epkd 1
Gro = Zp=120g20  Ggr = D T mg ®)

e
PR

1. pacm. Gﬁf (E, K'; w) ['pun dyHKIMsACH ydyH Auarpamma, A = s yuyH unaekc ff = ' = 2,

A=pyuyasca f =" =23

ls® wu xmcobmamma l-pacMmaru IOKOpH Ba IACTKM OKCHUTOH UH3HKJIApP Gz, B2 GZk,
yHKIMsIap OutaH TakKocaaHa M. JlnarpaMmany (akat Talky YM3HKIapuHn G- Ba G++ ned

onamus, SbHU 1—>1 cOUMIMIIMHYM XUCOOra ONIMII IapT SMac, YyHKH [, (2) Q)yHKuI/I;I 6epI/IJ'IFaH
1e0 XucoOIaHraH.
Juarpamma TeXHUKACcH Konz[anapﬂnaﬁ ¢oiinananu0, KyHnaarmwiapHu ojlaMHu3

A S S
_ e G,
Elel e B GE
x EXP [ikz(z — zj)]eém) -V(|Z1 — Ez) i G0 (2)

- -
by epna Egﬁ )(k L w; Z) - 4aCTOTACH (® Ba TYJIKWH BEKTOPUHHUHT KYHJIAIAHT TAIIKHII dTYBYHCH K |
—
O0ynran (k, sSXmw KBaHT COHU SKAaHJIWTHHUA YHYTMAHT) EPYFIHMK TYJIKUHHHUHT aMIUTHTYAacH, Oy
- o o Pt S
TYJKUHHUHT BaKyyMJIary TYJIKHH BEKTOPUHUHT KYHIAJIAHT TAIIKUII 3TYBYUCH K, (), Ta TEHT, té ﬁ) -

amIUMTyaaBui yTrasum koddduuentu, ng=Ks/ Ko —f TYIKuHIAp yU4yH CHHAMPHUII KYpCATKUYH,
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glkaty) KyTOJaHUII BEKTOPH, es(kl’ll) - yHUHT X YKJAard MpoeKIHscH, Zj —) — Yi COYMIIHII
MapKasuHHUHT KoopauHatacu, C — y3rapmac.
(5) Hu (4) ra Kyiuo, j duruaMHK 75 Gyitnya Y, ; — N; ) d7; MHTeraTa aMMamTHpu6 Ba yHH Ky

Ba k1 ycruaa 6axxapub KyWnaaruHu oJlaMHu3

(0) |toz | fi(w) 2M2?cepwyr cos O
I, 0

((4) ) (2m)3 2ko ImMzz+L~" Aty |ng,(n2— n2)| (6)
Gynna n,, = (nZ — sin? 0)Y/2, ¢t Ba n, karramxnap I' = 1/27,; cyHumHm 5THGOpra 0mu6
XucoOaHaIu.

CTaThK HYKCOHJIAP/Ia AIACTHK COYMIIHIII
1 2m2 2 €]

—o = N V(K - )| 8 (0 - 0)) 7)
Bynza Ni — nedpextnap konuentpauuscu, V(§) - ky3raryBun noreHnuanrHuur ®@ypbe- upogacu.
Uzorpon norenrman yayn V(q) = V(q). Dvtubdop Oepunr, om << oL1/ep 6Yaranu yuyn ka(w)

KaTTamuk Ki(®) maH xyma knuuk Ba 6u3s (7) maru V(kl - kz) Hu V (k,) ra anMamrupummmMus
MYMKHH.

. 0
p-ToJisipu3anusaAa HypJIaHUII XOJIaTHIa YMYMHH WHTCHCHBIIHK Iz(,) HU Tapiuaib Xuccajap

I, (0) A (0) Ba HHTep(dEepeHIIUsS KOMIIOHCHTACH 1152)3 OpKau

I(O)(a) !2) Xpl (0)((» .(2) dbopmynacu O6yiinda cho6HaHMH3
I(@,0) = Bpo12315) (@,0) + L) (@, 0) (8)

bynnan kenu6 uMkkaH xonna, I'puna (I)YHKI_II/I}ICI/IHI/I K}“/H,uanaHr HOJISIPUTOHIAP 2-TapMOFU YUYH
G (E, k'; w) Ba Gyiinama SKCUTOHIAPH yuyH Gz, (k K'; @) HU KypuUO YUKAMMU3.
By ¢yHkumsuiap yayH auarpamma l-pacmaa kypcatwiraH, Oyama A, A'=p Ba f, B’ = 2,3.
V3nuken3 un3uk OyiliaMa 3KCUTOH XOJaTH yuyH [ puH q)yHKuHﬂCHHH udonanaiinu

2M 1

— 3
Giw = [0 — 0 +il'(w, k)/z] e )
6yH)1aa)() (2.6) dopmyna OwraH aHWKIaHaW, k; d3ca Oyiinama SKCUTOHJApP JUCIEPCHS

TCHITIAMACUHUHT CHUMUIUD

T 1/2
k3 = n3k0’n3 = (((l) + lE - (I)L)/(UM) . (10)
Myﬂoxa3a Ba XI/IC06.]—I2U_H TEXHHUKACUIaH @OﬁﬂaHaHI/I@ S'HOHHPH?»@.HHH Y4yH KyﬁHHarH
HaTWXXaJIapHU OJIaMH3,

2
(0 o Pl _
I (w 0) = 2kg Imnﬁz+L_1'ﬁ =23 (11)
—_ . F2p'F3*p
Ip23 (w,8) = 2Re [F23 —iko(Naz— n32)+L_1]' (12)
_ 1 2MZ%cepwprcosbfi(w) _ t(()g) _ t((,g)
Oynna, Fg = 75 = For = i o0 = ey (13)

Fy3 oca Fp na 1g; Hu (T, - T31)"/? ra anmamrmupum opkamu omnamm [2]. Byiinama sxentommap
-
YUyH 3JIEKTp Mai[JOH Ky4IAHTAHIUTH Ba KPUCTAUT KyTOJAaHUIIUHUHT SKCUTOH yiymm 4mP; =

_ng3 HucOaT OwiaH OoFnukiurn xucobra omunrad. (12) udomacu 2 Ba 3 TapMoK
TYJKUHJIQPWHUHT — P-TIOJSPH3AIMSUTA  TalllKd ~ HYPJIAHWII ~ WHTCHCHUBIIUTHTa  KYIIaUTaH
UHTEp(EepPEHIINOH XUCCAaCHHU TacBUpiaiiau. by Xucca 1-TapMOK MONSIpUTOHIAPHHUHT OWUTTA
Mapkazaa coYrmib, KOTepeHT XoJaTaa HypJiaHyBuH 2 Ba 3 XoJjaTiiapra YTUITHAAH KeT0 YUKaIu.
bynna |mﬁ| >> ap, wapt Ownan Oup Karopia |Re(EB - EB')l >> ag, ap (B, B =2,3)
TEHTCU3JIMTH XaM Oy3HJIa/Iu.
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OHau [ TYJIKUHIAPHU BaKyyMmra téz) aMIUTUTYaBUH YTKa3ull Kod(HUIIMEHTIapUHH

Xycobai Kojuaau. byHuHr yuyH MakcBeJUTHUHT yerapaBuii maptiapu Ounan oupra IlekapHuHr
«YIIMK KaTiiam» KyliuM4a 4erapaBuil mapTiapuad xam (oinananamus. p-KyrOnaHui Ouian

KPUCTAILI MYUIAH YHUHT CUPTHIa TymraH 2 TYJIKUH y4yH t(p) HU aHUKJIaHMU3
n2
tép) ) = 2712z/nz (14)

£ )
nf—ep (noz+7ip) cos 5—isin &- [—(1+np I+ Zoz%h ﬁpz]

OyHIa Ty, = Ny My + Ty, ﬁpz = (Ngz + Nyz * Npy) * €y, No, = COS O, (15)

2 2
_ n1n22n32+n0x &3

fl Mgy = Ny = sinb, 7, = (g, — sin® 6)/2.

pl — niniznzz+ngy ni-ep
t(p) VyTKazum ko3pduientu t(gg) HU Nq < N, CUMMETPUK AJIMAIITUPUILI OPKAIU aHUKJIAHAH.
EyI/maMa SKCUTOHJIAPHUHITYIKUHUA KPUCTAUT MYUAAH YHUHT [03acyra HOpMaJl TyIIraH Takaupaa,
OyitlaMa TYJIKWHHUHT TallKd EPYFIMK HYpPJAHUIIUTA aWJIaHUIIWHA aMIUTUTYIaBUH YTKa3HII
K03 pHIIEHTHHN KyiHIary makija anukiainmms[1;2]:

(p) (9) — 2Ngx(N1z—Npz)N3z/N3 (16)
3Bz fiz NozN3-Bz '
Yp=12(- l)ﬁ (nox+nan3z) [(noz+ )COS5 isin 6( o 7)]

ngz

TankukoT HaTHKajgapura Kypa, SKCHUTOH-TIOJSPUTOH JIOMUHECHEHIUSCHHUHT Ha3apuit
TaBCUpH OYiiIamMa SKCUTOHJIAPHUHT HWINTUPOKK OWJIaH HYpJIAHHWII >KapaCHIapUHH aHUKPOK
TYIIYHUII UMKOHUHU Oepau. ['pun QyHKUMATapU Ba AUarpaMMaii XucoOanuiap KypcaTaauky,
MEXaHUK HYKCOHJIAp Ba CTAaTUK JAe(eKTiIap HYpJIAaHUII WHTCHCHUBIUTUTA CE3WIAPIU TabCUP
kypcaragu. byiinama sKCUTOHIApP KOTEPEHT HypJaHUIIra KyllaguraH MHTep(hEepeHIMoH Xucca
OpKaJli yMyMHUW JIFOMUHECLHEHUHUS camMapaiopiuruHu omupand. Makceemn Ba Ilekap
HIAPTIIAPUHU XMCOOTa OJIUII SKCUTOHJIAPHUHT YeTrapaBUil XonaTiaapIaru IMHaAMUKACUHU SXIITHPOK
MOJISIUTAIITHPHUII UMKOHMHU Oepanu. Yoy HaThKajap NOJSPUTOHIM HYPJIAHUIIHU camapaiii
OOlIKapHIll Ba SIHTU TypJard OMTOXJIEKTPOH KypUIMalapHHU spaTHIIa Ha3apuil acoc OYnuod
XU3MaT KUJIaIH.
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Vakuum-yoy razryadi va miltillama razryad orqali po‘lat 45 sirtini tozalash

jarayonlarining fazaviy va strukturaviy tahlili
UDK 57.022.023.577.11.12

B.R. Kaxramonov

lon-plazma va lazer texnologiyalari instituti

Annotatsiya. Ushbu ilmiy tadgiqotda 45-po‘lat markali konstruksion po‘lat sirtini vakuum-yoy
razryadi va miltillama razryad usullari orqali tozalash jarayonlari kompleks ravishda o‘rganildi. Tadqigot
davomida namuna sirti dastlab mexanik va kimyoviy ishlovdan o‘tkazildi, so‘ngra past bosimli vakuum
mubhitida plazmali ishlov berildi. Vakuum-yoy razryadi sharoitida katod dog‘larining yuqori harorati (1000—
5000°C) va yuqori energiyali ionlar ta’siri natijasida sirtdagi oksid gatlamlar to'liq bartaraf etildi. Miltillama
razryadda esa ion bombardimoni orqgali gisman tozalanish kuzatildi. DIGI-MICROSCOPE (x1000)
yordamida olingan mikrostrukturaviy tahlillar sirt morfologiyasidagi o‘zgarishlarni anig ko‘rsatdi. XRD
fazaviy tahlil natijalari ishlov berilmagan sirtda FeO, FeO2, Fe,03, Fe;0, va a-Fe fazalari mavjudligini
ko‘rsatdi. Miltillama razryaddan so‘ng oksid fazalar soni kamaygan bo‘lsa-da, to‘liq yo‘qolmagan. Vakuum-
yoy razryadida esa faqat a-Fe fazasi cho‘qqilari gayd etildi, bu sirtning 100% tozalanganligini tasdiglaydi.

Kalit so‘zlar: Vakuum-yoy razryadi, miltillama razryad, katod dog‘i, ion bombardimoni, XRD tahlil,
fazaviy tahlil, a-Fe fazasi, temir oksidlari, oksid gatlam, mikrogattiglik.

AHHOTaumMAa. B pgaHHOW HayyHoM paboTe KOMMMEKCHO MWCCneAoBaHbl MPOLECChl OYUCTKU
NMOBEPXHOCTM KOHCTPYKLUMOHHOW CTann mapku 45 ¢ uncnonb3oBaHMeM MeTOOOB BaKyyMHO-AYroBOro
paspsga u Tnetowero paspsga. B xoge wvccnegoBaHms noBepxHOCTb 06pasuoB npeaBapuTENbHO
noaeepranacb MexaHW4YecKOW W XMmMuieckon obpaboTke, Mocre Yero OcCylecTBAsnacb MnnasmMeHHas
0o6paboTka B yCNoBMSAX MOHWXEHHOrO AaBneHUss Bakyyma. B ycnoBusax BakyymMHO-AyroBoro paspsga nog
BO3eNCTBMEM BbICOKOM TemnepaTypbl katogHbix naTeH (1000-5000 °C) 1 BbICOKOSHEPreTMYECKNX NOHOB
OKCUAHbIE CITOM Ha MOBEPXHOCTU ObINMM MONMHOCTLIO yaaneHsl. Mpu Tnewowem paspsge Habnoganacb
YacTMyHas O4YMCTKa 3a CYET MOHHOM GombGapanpoBkM. MWKPOCTPYKTYPHBIA aHanm3, BbINOMHEHHBIN C
ucnonb3osaHuem DIGI-MICROSCOPE (x1000), HarnsgHo npoaeMOHCTpUpoBan naMeHeHus mopdgonorum
noBepxHOCTW. PesynbTaTbl )a3oBOro aHanv3a MeTogoM peHTreHosckow aundpakuumn (XRD) nokasanu
Hanuune Ha HeobpaboTtaHHon nosepxHocTn a3 FeO, FeO,, Fe,03, Fe;0, n a-Fe. lNocne obpaboTkn
TNeLWmM pas3psaoM KONMMYEeCTBO OKCUAHbIX a3 YMEHbLUWMOChb, OAHaKo MX MOMHOe yaaneHue He
npousowwno. B cnyyae BakyyMHO-AyroBoro paspsga 6binm 3admkcmpoBaHbl TONbKO NUkK ¢asbl a-Fe, 4To
noareepxaaeT 100% 04MCTKY NOBEPXHOCTH.

KniouyeBble cnoBa: BakyyMHO-AYroBOW paspsg, Thnewwui paspsi, KatogHoe NHATHO, MOHHas
oombapaupoBka, aHanua XRD, dasoBbii aHanus, dasa a-Fe, okcmabl xenesa, OKCUMAHbLIA CROW,
MUWKPOTBEPAOCTb.

| Kirish gaz ishlatilmagan sharoitdagi vakuum-yoy
' ' o razryadi sharoitida sirtni faollashtirish va
Metall sirtlarini  tozalash sanoatda tozalash jarayonlarining fizik mexanizmlari

goplama qoplash, korroziyadan himoya va
mexanik xususiyatlarni yaxshilashda muhim
ahamiyatga ega. Aynigsa, 45-po‘lat kabi
konstruksion  materiallarda  sirt  holati
ekspluatatsion xususiyatlarni belgilab beradi.
Vakuum-yoy razryadi va miltillama razryad
usullari plazmali tozalashning keng
qo‘llaniladigan usullaridir. Metall sirtlarini
tozalash ~ sanoatda  qoplama  qoplash,
korroziyadan himoya va mexanik
xususiyatlarni yaxshilashda muhim ahamiyatga
ega. Birog, vakuum-yoy jarayonlarida ishlov
berish samaradorligi  ko‘plab  texnologik
parametrlar-vakuum darajasi, tok zichligi,
katod materiali, ishlov berish vaqti va oldindan
sirtni tayyorlash bosqichiga bog‘liq. Aynigsa,

yetarlicha tizimli o‘rganilmagan. Shundan kelib
chigib- gaz ishlatilmagan vakuum-yoy razryadi
sharoitida va miltillama razryad yordamida
oldindan tozalangan po‘lat 45 namunalarining
sirt gatlamida yuz beradigan strukturaviy va
fazaviy = o‘zgarishlarni  aniqlash  hamda
texnologik parametrlarning ta’sirini
baholashdan iborat.

So‘nggi yillarda vakuum-yoy razryadi
asosidagi ion-plazmali ishlov berish jarayonlari
metall sirtini modifikatsiyalashning samarali
usullaridan biri sifatida keng tadqgiq etilmoqda.
Tadqiqotlarda ko‘rsatilishicha, katod dog‘lari
dinamikasi va ion energiyasi sirt gatlamining
morfologiyasi hamda mexanik xossalariga
sezilarli ta’sir ko‘rsatadi [1]. Vakuum-yoy
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jarayonida ionlarning yuqori energiyali ogimi
sirt gatlamida lokal qizish va tez sovish
jarayonlarini yuzaga Kkeltiradi hamda gayta
kristallanish hodisalarini keltirib chigaradi [2].
Gaz muhiti sharoitida vakuum-yoy razryadi
orgali namuna sirtini ishlov berish jarayonlari
katod dog‘lari hosil qiladigan yuqori haroratli
mikrozonalar va yuqori energiyali ion
ogimining sirt qatlamidagi oksid qatlamni
intensiv bug‘lanish va purkash mexanizmlari
orqali yo‘q qilishi bilan tavsiflanadi [3].
Shuningdek, gaz bosimi va tok zichligi
parametrlarining o‘zgarishi sirtning faollashuv
darajasini sezilarli oshirishga olib keladi.
Vakuum-yoy  razryadi  sirtni  qoplama
goplashdan oldin faollashtirish uchun samarali
plazmali usul sifatida namoyon bo‘ladi [4].
Miltillama razryad yordamida metall sirtini
oldindan tozalash masalasi ham keng
yoritilgan. Tadqiqotlar shuni ko‘rsatadiki, past
bosimli miltillama razryad sharoitida ion va
aktiv radikallar oksid va organik iflosliklarni
samarali ~ parchalab, sirtning  adgeziya
gobiliyatini oshiradi [5]. Tozalangan va
tozalanmagan namunalarning yuzasi DIGI-
MICROSCOPE vyordamida tahlil qilindi
(mikroskopning  x1000 Kattalashtirishida).
Ushbu ishda ushbu ikki usulning samaradorligi
kompleks tahlil gilindi.

I1.Tadgigot metodologiyasi.

Metall sirtini  miltillama razryad
ionlari yordamida tozalash va baholash
jarayoni. Metall sirtini miltillama razryad

plazmasi ionlari bilan tozalash jarayoni sirtni
manfiy potensial ostida ion bombardimon gilish
asosida amalga oshiriladi. Ushbu usul sirtdagi
yot moddalar, adsorbsiyalangan gazlar va oksid
gatlamlarni samarali ravishda bartaraf etib,
metall yuzaning faolligini oshiradi hamda
goplama bilan adgeziyasini  yaxshilaydi.
Natijada yuqori qattiglikka va korroziyaga
chidamli goplamalarni hosil gilish uchun qulay
sharoit yaratiladi.

Jarayon vakuum muhitida amalga
oshirilib, ishchi gaz sifatida odatda argon (Ar)

yoki azot (N;) qo‘llaniladi. Biz bu
tadgiqotimizda argon  (Ar) gazidan
foydalanganmiz. Kameradagi ishchi bosim

odatda (1x107' — 5x107') Pa diapazonida
saglanadi. Bosimning tanlanishi plazmaning
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barqarorligi va ion energiyasiga bevosita ta’sir
ko‘rsatadi. Past bosimda ionlar energiyasi
yuqori  bo‘lib, sirtni samarali tozalash
ta’minlanadi, biroq razryad barqarorligi talab
darajasida saglanishi lozim. Miltillama razryad
elektrod tizimi orgali hosil gilinadi. Namuna
katod sifatida ulanib, unga manfiy potensial
beriladi. Razryad kuchlanishi odatda 250-1000
V diapazonida, razryad toki esa 0,2-15 A
oralig‘ida tanlanadi. Tok zichligi taxminan 1-5
mA/sm? ni tashkil etadi. Mazkur parametrlar
ionlar  energiyasini  va  bombardimon
intensivligini belgilaydi.

Elektr maydoni ta’sirida ionlashgan gaz
ionlari namuna yuzasiga yo‘naltiriladi va uni
yugori energiya bilan bombardimon qiladi.
Ionlar ta’sirida sirt qatlamidagi oksidlar va
iflosliklar fizik purkash mexanizmi orqali yo‘q
gilinadi. Miltillama  razryad usulida
[6]kuchlanish va tok parametrlariga bog‘liq
holda sirt tozalanishi 60-80% gacha yetishini
aniglagan. Tadgigotda ion energiyasi past
bo‘lgan sharoitda oksid gatlamning faqat
gisman bartaraf etilishi qgayd etilgan.
Shuningdek, miltillama razryadni goplama
yotgizishdan oldin faollashtirish  bosgichi
sifatida qo‘llanilishi tavsiya etilgan.

Miltillama razryad usulida namuna
sirtini tozalash jarayoni davomiyligi odatda 10—
12 minutni tashkil etadi va u material turi
hamda boshlang‘ich sirt holatiga bog‘liq holda
tanlanadi. Jarayon yakunlangach, elektr
ta’minoti uziladi, namuna vakuum muhitida
sovitiladi va so‘ng kamera bosimi normal
holatga keltirilib, namuna chigarib olinadi.

Shunday qilib, miltillama razryad
plazmasi ionlari bilan tozalash metall sirtini
chuqur faollashtirish, uning mikro tuzilishini

yaxshilash va qoplamalar  adgeziyasini
oshirishda  muhim  texnologik  bosgich
hisoblanadi. Buni miltillama razryad plazmasi

orgali mahsulot sirtini tozalash samaradorligini
eksperimental tadqiq gilgan [7] hamda ion
bombardimoni ta’sirida sirt mikrogatlamining
aktivlashishi va qoplama adgeziyasining ortishi
gayd etilgan.

Yoy razryadi tokining tozalash
parametrlariga ta’siri. Metall buyum (quvur)
yuzasidan yot materialni olib tashlash katod
dog‘lari yordamida amalga oshiriladi va katod
dog‘larining soni yoy oqimining ortishi bilan
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ortib boradi. Bu tadgigot [8] vakuum-yoy
razryadi katod dog‘larining metall sirti bilan
o‘zaro ta’sirini tajribaviy o‘rgangan. Ularning
natijalariga ko‘ra, tok ortishi bilan katod
dog‘lari soni va ularning harakat intensivligi
ortib, sirtning purkash tezligi oshadi[9].
Shuningdek, 150-220 A tok diapazonida sirt
aktivlashuvi maksimal darajaga yetishini va
oksid qatlamning sezilarli kamayishini gayd
etgan. Katod dog‘larining harakat dinamikasi
sirt  notekisligiga va tozalash maydoniga
to‘g‘ridan to‘g‘ri ta’sir qilishi aniglangan.
Bunday holda katod dog‘larining ta’sir
ko‘rsatadigan sirtini quyidagi formula bilan
aniglanishi mumkin:

S =nvd, 1)
bu yerda: n-katod dog‘larining soni, v-ularning
tezligi, d-katod dog‘ining diametri. Vakuum
tizim parametrlarini hisoblashda katod dog‘lari
ta’sir maydoni va tozalash samaradorligini
matematik modellashtirgan[10].

Bir katod dog‘iga taxminan 10-30A tok
to‘g‘ri keldi va 8*102 Pa bosimda katod
dog‘lari tomonidan tozalanadigan sirtdagi
katod dog‘i 0,5-1,0 mm ni tashkil giladi. Shu
vaqtda sirtda hosil bo‘lgan katod dog‘larining
tezligi 102-10° sm/s gacha etadi. Bu keltirilgan
giymatlarni yoy razryadining yashash vaqti va
bosib o‘tgan o‘rtacha masofasini bilgan holda
yuqoridagi 1-formulaga qo‘yganda, tozalash
sirt maydoni 100-200 sm?*s ga teng bo‘ladi.
Bundan ko‘rinib turibdiki ish samaradorligi

27

ancha yugori hisoblanadi, chunki hagiqiy
holatda katod dog‘lari bir necha marta bir xil
joydan o‘tadi va ularning tezligi o‘zgaruvchan
bo‘lishiga sabab moddaning qalinligiga va
sirtning toza emasligiga bog‘liq.

lon bombardimoni natijasida sirtning
mikrogatlami tozalanadi, strukturasi
zichlashadi va koplama yotish uchun optimal
energiya shakllanadi. Vakuum-yoy plazmasida
bombardimon zarrachalar energiyasini
boshqarish uchun sirt modifikatsiyasini tadgiq
qgilish[11]. lon energiyasi 1-3 keV diapazonda
nazorat ostida purkash samaradorligi va sirt
zichligi sezilarli ortini saglab qolgan. Ularning
xulosasiga, ion energiyasini boshgarish sirt
mikrostrukturasini o'zgartirish va oksidlanish
kuchayishini oshirish samaradorligini
oshirishda halokatli natija beradi. Razryad toki,
kuchlanish va ishchi bo'simim parametrlarining
optimal tanlanishi natijasida samaradorligini
ta'minlovchi asosiy omillardan birlashtiriladi.

I11. Natijalar va muhokama.

Miltillama razryad usuli metall sirtini
tozalashda sirtligini tozalash quvvatlanishiga
bog'ligligi 1-jadvalda saglangan. Bu usulda sirt
tozaligi maksimal 80-85 foizga borar ekan. 1-
jadvalda  ko‘rsatilganidek, kuchlanishning
oshishi bilan sirt tozaligi sezilarli darajada
yaxshilangan. 250 V da tozalash samaradorligi
past bo‘lsa, 1000 V da ion bombardimoni
intensivligi  ortib, oksid gatlamlarining
parchalanishi tezlashgan.

1-jadval.

Miltilama razryadi yordamida metall yuzalarni tozalash.

No 1 2 3 4 5 6 7
Kuchlanish, V 250 350 500 600 750 900 1000
Yuzani tozalash, % 30-35 40-45 45-55 55-60 60-70 70-80 80-85

Yugori energiyali ionlar metall sirtiga
yetib borganda adsorbsiyalangan molekulalarni
desorbsiyalaydi hamda yuzaki oksidlarni yo‘q

giladi. Natijada, maksimal tozalash
samaradorligi 80-85% ga yetadi, energiya
zichligi vakuum-yoy razryadiga nisbatan

pastligi bilan izohlanadi va bu natijalar keyin
keltiriladigan XRD natijalari bilan tasdiglandi.

Oksidlangan plyonkaning zichligi va
gatlam qalinligi yuqori bo‘lganda tozalash

uchun yugori tok oqgimi talab qilinadi. 45
po‘latining sirtini tozalash  bo‘yicha
ma’lumotlar vakuum yoy tokining qiymatlari
bo‘yicha foizlarda 2-jadvalda keltirilgan. 2-
jadval ma’lumotlariga ko‘ra, tok kuchining 80
A dan 200 A gacha oshirilishi sirt gatlamida
sezilarli ~ strukturaviy o‘zgarishlarga olib
kelgan. Tok ortishi bilan-katod dog‘lari soni
oshgan, ion oqim zichligi ko‘paygan va lokal
gizish jarayonlari kuchaygan.

2-jadval.

Vakuum-yoy razryadi yordamida metall yuzalarni tozalash.

| Ne | 1 ] 2 ]

3 | a4 [ 5 [ 6 | 7 ]
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Vakuum yoy razryadi natijasidagi katod so‘ng namuna vakuum kamerasiga

dog‘lari  harakat trayektoriyasi va tok
parametrlari orgali sirt notekisligini boshgarish
mumkinligini eksperimental tasdiglagan[12] va
shu tadqiqotda katod dog‘lari  lokal
mikrokraterlar hosil gilishi, ammo umumiy sirt
strukturasini buzmasligi ko‘rsatilgan.

Katod dog‘lari ta’sirida organik va
oksidli ifloslanishlar intensiv destruksiyaga
uchrashini  ko‘rsatgan[13] va plazma
parametrlari yetarli darajada bo‘lmaganda
sirtda ayrim qatlamlar saqglanib golishi
mumkin.

Buni tekshirishi maqgsadida metall
namuna sifatida sanoatda ko‘p ishlatiladigan
45-po‘lat markasi tanlandi va namuna yuzasi
dastlabki mexanik va kimyoviy ishlov
berishdan o‘tkazildi. Dastlabki ishlov berishdan

o o
Vel T
\ Shy . : o

ol

a)

2

»

joylashtirildi. Vakuum kamerasida 10-10* Pa
vakuumga erishilgandan so‘ng, namunalarni
10-12 minut davomida vakuum-yoy razryadi
bilan ishlov berildi, razryad toki 80-200 A ni
tashkil qgildi. Har bir razryad rejimida kamida 3
ta namuna ishlov berildi. Olingan XRD va
mikrostrukturaviy natijalar takrorlanuvchan
bo‘lib, fazaviy cho‘qqilar intensivligidagi farq
+3% dan oshmadi. Bu natijalar eksperimental
jarayonning barqarorligini tasdiglaydi.

Xuddi shunday tartibda 45-po‘lat
namunalari mexanik va kimyoviy ishlovdan
so‘ng ionlar ta’siridagi miltillama razryad bilan
tozalandi. Miltillama razryad bilan ishlov

berish jarayonining davomiyligi 10-12 minutni
tashkil qgildi, razryad toki 2-50 mA, kuchlanish
250-1000V bo‘ldi.

- -4
A '-."2 ¢
e - .
v
B =
- . %
V)

1-rasm. Po‘lat-45 namunasi sirtining ishlov berishdan oldin (a) va ishlov berilgandan keyini
ko‘rinishi: b) Vakuum-yoy razryadi usulida tozalangan hamda v) miltillama razryad usulida
tozalangan namunalar tasviri.

1 a -rasmda metall yuzaning ishlov
berilmagan ko‘rinishi, 1 b,v -rasmda ikkala usul
bilan tozalash jarayonidan keyingi yuzaning
ko‘rinishi.

Vakuum-yoy razryadi usulida (1b-
rasm) va  miltilama razryad bilan
tozalangandan so‘ng (lv-rasm) namunalar
sirtining rasmlari keltirilgan. Tasvirlarni (a, b,
v) solishtirishidan ma’lum bo‘ldiki, vakuum-
yoy razryadining katod dog‘lari bilan ishlov
berish miltillama razryad ionlari bilan ishlov
berishdan ko‘ra samaraliroq va tozalangan
sirtda boshga yot moddalar uchramaydi.

2-rasmda XRD fazaviy tahlilida po‘lat
45 markasining ishlov berilmagan(v) sirtda 12
ta asosiy, miltillama razryad bilan tozalangan

(b) sirtda 5 ta asosiy va vakuum yoy razryadi(a)
usulida tozalangan sirtda 2ta asosiy cho‘qqilar
chiggan. Ishlov berilmagan sirtda 74.44 20
burchakda 222 FeO, 29.97 va 583 260
burchaklarda 110, 071 FeO, , 23.85, 32.86,
40.53, 50.51 va 55.30 20 burchaklarda 202,
314, 311, 517, 214 Fex0s, 35.31 va 53.71 26
burchaklarda 311, 511 FesOs4 oksidlarining
hamda 43.31 va 65.00 20 burchaklarda 111, 200
a-Fe ning miller indekslariga to‘g‘ri kelgan
cho‘qqilari chigqan. Miltillama razryad bilan
tozalangan sirtda 75.12 20 burchakda 222 FeO,
50.93 va 56.66 20 burchaklarda 517, 214 Fe2O3
oksidlarining hamda 44.24 va 64.53 26
burchaklarda 111, 200 o-Fe ning miller
indekslariga to‘g‘ri kelgan cho‘qqilari chigqan.
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2-rasm. XRD fazaviy tahlilida po‘lat 45 markasining ishlov berilmagan(v) sirti, miltillama razryad

bilan tozalangan (b) sirti va vakuum vy

Miltillama razryad bilan tozalangan

sirtda 75.12 20 burchakda 222 FeO, 50.93 va
56.66 20 burchaklarda 517, 214 Fe203
oksidlarining hamda 44.24 va 64.53 20
burchaklarda 111, 200 o-Fe ning miller
indekslariga to‘g‘ri kelgan cho‘qqilari chigqgan.
Vakuum yoy razryadi bilan tozalangan sirtda
447 va 65.1 20 burchaklarda 111, 200 a-Fe
ning miller indekslariga to‘g‘ri kelgan
cho‘qqilari chiggan. Bu ma’lumotlarni taxlil
gilsak  miltillama  razryad bilan  sirtni
tozalaganimizda sirtdagi temir  oksidlari
cho‘qqilar soni kamayganligini va temirning o-
Fe  fazasining cho‘qqilari  intensivligi
oshganligini ko‘rsatdi. Vakuum yoy razryadi
bilan sirtni tozalaganimizda esa temir oksidlari
cho‘qqilari yo‘qolganini va temirning o-Fe

oy razryadi(a) usulida tozalangan sirti.

fazasining cho‘qgqilari intensivligi oshganligini
ko‘rsatdi. Tadqgiqotda ikki bosqichli ion-
plazmali vakuum-yoy razryadi orgali ishlov
berilgan po‘latlarda nitridlangan  qatlam
strukturasini o‘rgangan[14]. Mualliflar XRD
tahlil orgali plazmali ishlovdan so‘ng oksid
fazalar intensivligining kamayishi va metall
fazalar ustunligi ortishini gayd etgan. Tadgiqgot
natijalari plazmali vakuum-yoy ishlovi sirtning
fazaviy tarkibini metall holatiga
yagqinlashtirishini ko‘rsatadi. Xulosa qilib shuni
aytamizki, vakuum yoy razryadi bilan sirtni
tozalaganimizda sirt 100% tozalanganligini va
miltillama razryad bilan tozalanganda esa oksid
gatlam borligini hamda vakuum yoy razryadi
sirtni tozalash, oksid gatlamni olib tashlashda
samarali usul ekanligi aniglandi.

111
A

1000 0(15.4%)
8004 Fe(30.9%) 202 220
S co0d FeO(69.1%) v FEe(84.6%)
E — 242
5 400+ .
™ 200-
10.00 20.00 30.00 40.00 50.00 60.00 70.00 80.00
26 (rpan)

3-rasm. XRD fazaviy tahlili. Po‘lat 45 markasining vakuum yoy razryadi usulida tozalangan sirti.
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3-rasmda esa vakuum yoy razryadi
usulida po‘lat 45 markasini tozalangan sirti
XRD fazaviy tahlili keltirilgan. Fazaviy tahlil
shuni  ko‘rsatdiki, yoy razryadi Dbilan
tozalangandan so‘ng vakuum kameradan
sovimagan namunani olganimizda yuzada
oksid qatlam hosil bo‘lib qolar ekan. XRD
fazaviy tahlil natijalari miltillama razryaddan
so‘ng oksid fazalar soni kamaygan bo‘lsa-da,
ular to‘liq yo‘qolmaganligini ko‘rsatdi.

Tozalash jarayonining ikki xil jihatini
ta’kidlash muhimdir. Vakuum-yoy razryadi
bilan tozalash jarayoni katod dog‘lari ta’sir
giluvchi joyda katod materialining portlashli
razryad natijasida amalga oshiriladi, bu plazma
mubhitini hosil qiladi. Bunda katod dog‘i
ta’sirida  hosil bo‘lgan neytral atomlar
elektronlar emissiyasi natijasida hosil bo‘lgan
elektronlar tomonidan ionlashtiriladi va hosil
bo‘lgan ionlar namuna materialning yuzasini
(katod) bombardimon giladi. lon
bombardimoni natijasida katod materiali, ya’ni
namunaning yuzasi tozalanadi. Katodda hosil
bo‘lgan ionlar oqimi zichligi va katod
potensialining pasayishi sohasidagi elektr
maydon kuchlanganligi (2) quyidagi formula
orgali aniglanadi [15]:

b(p%

Ji = aE*e’E )

bu yerda J-emissiya toki zichligi, E-elektr
maydon kuchlanganligi , @-chiqish ishi, a va b
funksiyalar doimiy geometriya tuzatma
hisoblanadi va chiqish ishiga bog‘liq. Katod
yuzasidan bir necha nanometr masofada hajmiy
zaryadi hosil bo‘lishi natijasida elektr maydon
kuchlanganligi ortadi. Katod yaqinidagi elektr
maydon kuchlanganligi va ion tok zichligi
formulalar orgali hisoblandi:

E? = 7,54+ 10°/U; [\/@1 -k ©

Namuna sirtida elektr  maydon
kuchlanganligi 107-10° VV/sm va tok zichligi 10°
A/sm? bo‘ladi[16]. Hisoblash natijalariga ko‘ra,
katod yaginida elektr maydon kuchlanganligi
10"-108 V/sm tartibida bo‘lib, bu ionlarning bir
necha keV energiya bilan sirtga yetib kelishini
ta’minlaydi. Ushbu yuqori energiyali ion

30

bombardimoni oksid gatlamning intensiv
purkash orqali bartaraf etilishini ta’minlaydi.

IV.Xulosa va takliflar.

Ushbu tadgiqot natijalari  45-po‘lat
sirtini plazmali usullar orqgali tozalash
jarayonlari samaradorligini kompleks ravishda
baholash imkonini berdi. Olingan
eksperimental ~ ma’lumotlar  vakuum-yoy
razryadi miltillama razryadga nisbatan yuqori
tozalash samaradorligiga ega ekanligini aniq
ko‘rsatdi.

Vakuum-yoy razryadi 80-200 A tok
diapazonida va 10~-10~* Pa vakuum sharoitida
amalga oshirilganda katod dog‘ining yuqori
harorati hamda yugqori tok zichligi ta’sirida sirt
intensiv. ion  bombardimoniga  uchradi.
Vakuum-yoy razryadi sharoitida katod
dog‘ining yuqori harorati va yuqori energiyali
ion bombardimoni ta’sirida sirtdagi temir
oksidlari (FeO, Fe,03, Fe;0,4) to‘liq bartaraf
etildi va faqat a-Fe fazasi ustunligi kuzatildi.

Bu esa sirtning to‘lig metall holatiga
o‘tganligini tasdiglaydi. = 200-220 A tok
giymatlarida  sirtning 100% tozalanishi

kuzatildi. Bu holat sirtning metall holatiga
o‘tganligini va uning yuqori aktivlashganligini
tasdiglaydi.

Miltillama razryad usuli 200-1500 V
kuchlanish va 2-50 mA tok oraligida
bajarilganda ion bombardimoni ta’sirida oksid
gatlam qgisman kamaydi. Birog XRD
natijalarida oksid fazalarning qoldiq cho‘qqilari
saglanib golganligi aniglandi. Miltillama
razryadda maksimal tozalash samaradorligi 80—
85% atrofida bo‘lib, bu uning energiya zichligi
vakuum-yoy razryadiga nisbatan past ekanligi
bilan izohlanadi.

Katod yaqinida hosil bo‘ladigan yuqori
elektr maydon kuchlanganligi (107-10° V/sm)
va tok zichligi ta’sirida sirt yaqinida fazaviy
hamda strukturaviy o‘zgarishlar yuz berdi.
Ayrim holatlarda martensit va austenit
gatlamlarining shakllanishi kuzatildi, bu esa
sirtning mexanik Xxususiyatlariga ijobiy ta’sir
ko‘rsatishi mumkin.

Tahlillar shuni ko‘rsatdiki, vakuum-yoy
razryadi sirtni chuqur tozalash, oksid gatlamni
bartaraf etish va keyingi qoplama yotgizish
jarayonlari uchun yugori adgezion asos
yaratishda eng samarali usul hisoblanadi.

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026



Phisics

Miltillama razryad esa kam energiya sarfi talab
etuvchi va yumshoq tozalash rejimi sifatida
go‘llanilishi mumkin.

Tadgigot natijalari vakuum-yoy
razryadining  sirtni  aktivlashtirish,  oksid
gatlamni bartaraf etish va keyingi texnologik
jarayonlar uchun tayyorlashda yuqori samarali
usul ekanligini ilmiy jihatdan asoslab berdi.
Shuningdek, mazkur usul yuqori energiya
samaradorligi va ekologik tozaligi bilan sanoat
miqyosida qo‘llash uchun istigbolli texnologiya
hisoblanadi.
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PECVD usulida 550°C da uglerod nanostrukturalari sintezi va ularning

strukturaviy tahlili
YOK 621.315.592:544.022.822:546.26

Ismatov A.A., Mirzagandova S. X., Ashurov X.B., Xudayqulov I.X., Adilov M.M.

Annotatsiya. Ushbu ishda Fe/Al203/SiO2/Si ko'p qatlamli strukturada uglerod nanonaychalarini
(UNN) past haroratda sintez qilish imkoniyati o‘rganildi. UNN lar 550°C haroratda plazma bilan
kuchaytirilgan kimyoviy bug‘ fazasida cho'ktirish (PECVD) usuli yordamida o'stirildi. Tajribalarda Si(100) va
Si(111) kristall orientatsiyali tagliklarda turli galinlikdagi SiO2 bufer gatlamlari (120 nm va 160 nm) go'llanildi.
Fe katalizator plyonkasi EB-PVD usulida hosil gilinib, Al2Os yordamchi gatlam orqgali bargarorlashtirildi.
Hosil gilingan nanostrukturalarning morfologiyasi, element tarkibi va strukturaviy xossalari SEM, EDX va
Raman spektroskopiyasi yordamida kompleks tahlil gilindi. Natijalar UNN o'sish jarayoni SiO2 bufer gatlam
galinligi va taglikning kristallografik orientatsiyasiga sezilarli darajada bog‘liq ekanini ko‘rsatdi. Raman tahlili
SiO2(160 nm)/Si(111) substratida o‘stirlgan UNN namunalarida grafitlash darajasi yuqoriroq va defektlilik
darajasi pastrog ekanini tasdigladi. SiO2 gatlami qalinlashishi katalizator—taglik o‘zaro ta’sirini kamauytirib,
katalizator nanozarrachalarining faolligini saglab golishga yordam berishi aniglandi. Olingan natijalar past
haroratli PECVD jarayonida UNN sifatini boshqarishda bufer gatlam qalinligi va taglik orientatsiyasini
optimallashtirish muhim omil ekanini ko‘rsatadi.

Kalit so“zlar: PECVD, uglerod nanostrukturalari, Raman spektroskopiya, SEM, EDX.

AHHoTaumAa. B gaHHonm paboTe vccnegoBaHa BO3MOXHOCTb CUHTE3a YrNEepPOAHbIX HaHOTPyOOK
(YHT) npu HM3Kkon Temnepatype B MHorocronHon crpyktype Fe/Al,03/SiO,/Si. YHT BbipawmBanuce npu
TemnepaTtype 550 °C meTOAOM MNNasmMeHHO-YCUINIEHHOrO XMMUYECKOro OCaXAeHust M3 rasoBowv pasbl
(PECVD). B akcnepumeHTax ucnonb3doBanuck nognoxkn Si(100) m Si(111) ¢ pasnuyHon TOMWMHON
BydepHoro cnos SiO, (120 Hm n 160 Hwm). Katanutuuyeckas nnéHka Fe dopmmpoBanacb MeToaom
3MNEKTPOHHO-Ty4eBOro hn3M4eCcKoro ocaxaeHus M3 naposon dasbl (EB-PVD) u ctabunusmpoanach ¢
nomoLlbto BcrnomoraTenbHoro cnoda Al,Os;. Mopdgonorns, anemMeHTHbIN COCTaB U CTPYKTYPHbIE CBOMCTBA
NOMyYeHHbIX HAHOCTPYKTYP ObINM KOMMIEKCHO UCCreaoBaHbl C UCMOMNb30BaHMEM METOAOB CKaHMPYHOLLEN
3MNEeKTPOHHOW  MuKpockonuu (SEM), aHeprogMcnepcuoHHOro peHTreHoBckoro aHamms3a (EDX) wu
pamMaHOBCKOWN cnekTpockonuu. Pe3ynbTaTbl nokasanu, 4to npouecc pocta YHT cyllecTBeHHO 3aBUCUT OT
TonwmHbl BydepHoro cnos SiO, 1 kpuctannorpaduryeckon opueHTaunm NoAN0XKKN. AHanNn3 pamaHOBCKNX
CNeKTpoB noaTeepamn, Yto obpasubl YHT, BbipalweHHble Ha nognoxke SiO,(160 Hm)/Si(111), obnagatoT
Oonee BbLICOKOW CTEMEHbI0 rpacuMTu3auum U MEeHbLUMM YpPOBHEM AeEeKTHOCTU. YCTaHOBMEHO, YTO
yBenuyeHve TonwmHbl crnos SiO, CHmwXKaeT B3aMMOAENCTBME MEXAY KaTanms3aTopoM W MOAMOXKOW,
CnocobCTBYst COXPaHEHWMIO aKTUBHOCTU KaTanuUTUYecKnx HaHoyacTud. [lonyyeHHble pesynbTaThl
nokasblBalT, YTO ONTUMU3ALMS TONLWMHBI BYEPHOro Crosi 1 OpUeHTaLUN NOAMNOXKN ABNSETCA BaXXHbIM
dakTopoM ynpasneHus kayecteoMm YHT B npouecce HuskoTemnepatypHoro PECVD-cuHTesa.

KnioueBble cnosa: PECVD, yrnepogHble HaHOCTPYKTYpbl, paMaHoBckasi cnektpockonus, SEM,
EDX.

I.KIRISH

Uglerod nanostrukturalari, xususan
uglerod nanonaychalari (UNN) o‘zining yuqori
elektr o‘tkazuvchanligi, mexanik
mustahkamligi va katta sirt maydoni sababli
nanoelektronika, sensorlar hamda energiya
saglash qurilmalarida keng qo‘llanilmoqda
[1,2]. Birog UNN va boshga uglerod
nanostrukturalarini past haroratlarda,
boshgariladigan usulda sintez qilish dolzarb
ilmiy muammo bo‘lib qolmoqda[3,4].Chunki
uglerod manbai sifatida foydalaniladigan
uglegazlarning  parchalanish temperaturasi
ma’lum kritik nugtaga ega.

Plazma bilan kuchaytirilgan kimyoviy
bug‘ fazasida cho‘ktirish (PECVD) usuli
nisbatan past haroratlarda UNN o‘stirish

imkoniyati bilan an’anaviy CVD usulidan
samaraliroq hisoblanadi[5]. Plazma ta'sirida
uglevodorodlar parchalanishining jadallashuvi
hisobiga sintez jarayoni ancha tezlashadi [6].
Past haroratlarda UNN hosil bo’lishi fagatgina
sintez metodi bilan emas, balki, reaksiya
davomida foydalaniladigan prekursorlar turiga,
ularning ogim miqgdoriga, katalizatorlar va
buffer gatlamlar turi va galinliklariga ham
bevosita bog'lig [7]. Bundan tashgari UNN
sintezida keng qo’llanilib kelayotgan Si
tagliklarining kristall orientatsiyasi
0 zgarishining  sirtda hosil  bo’layotgan
nanostrukturalar sifatiga ta'siri tadgiq gilingan
[8,9]. Taglik va katalizator o'zaro tasirini
kamaytirish va silisid hosil bo’lishini cheklash
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uchun kiritiladigan buffer gatlamlar galinligi
ham UNN sifatiga sezilarli ta'sir giladi [10,11].
Lekin tadgigotlarning ko'lami keng
emasligi va olingan natijalarning ma’lum
gismlari bir biridan farq gilishi bu tadgigotlarda
ishonchsizlik va noma lumliklarni
ko payishiga olib kelgan. Bu borada optimal
gatlam galinligi hamda taglikning
kristallografik orientatsiyasini aniglash va
ularning ta’sir mexanizmlarini tahlil qilish
asosiy tadqiqot yo‘nalishlaridan biri sifatida
garaladi.
Il. MATERIAL VA USULLAR

Tadgiqgotlarimiz  uchun Si(100) va
Si(111) kristall orientatsiyali tagliklar tanlab
olinib, ularning sirti turli iflosliklarni yo qotish
magsadida kimyoviy usullarda tozalandi.
Undan keyin Si tagliklar 1x2 cm o’lchamda
kesib olinib, Mufel pechiga kiritildi va Si sirtida
qurug termik oksidlanish usulida 1000-1100
® C haroratda 2 h mobaynida SiO, gatlami
o stirildi (1-rasm).

1-rasm. SiO; qatlami o’stirishda
foydalanilgan Mufel pechi.

Hosil  qilingan  bufer  gatlamlar
galinligini spektroskopik ellipsiometr
yordamida tahlil gilindi va 1000 ° C da termik
oksidlantirilgan namunalar sirtida 120 nm
galinlikdagi SiO; gatlam, 1100° C dagi
namunada esa 160 nm SiO. gatlami hosil
gilinganligi o’ Ichandi. Olingan namunalar PVD
qurilmasiga kiritilib, dastlab 10° torr bosim
hosil gilingan hamda katodga 10 kV kuchlanish
va 60 mA tok tuchi berilgan. Hosil bo’lgan
elektronlar ogimi tigelda turgan AlO3

33

materiallariga magnit maydon yordamida aniq
tushirilib, material sirti lokal bug lantiriladi.
Bug fazaga o'tgan Al.Oz (30s) yugorida
joylashgan Si tagliklarga borib
kondensatsiyalanadi va yupga gatlam hosil
gilinadi. Bu gatlam qalinligi buglanish vaqti
orgali nazorat qilinadi. Undan keyin shu
kamerada va bosim ostida keyingi target
material Fe Kkatalizatori ham shu usulda
buglantiriladi (7s). Hosil bo’lgan Al.Oz va Fe
plyonkalari yana spektroskopik ellipsiometrda
o’Ichanib, Al>Os qalinligi 120 nm, Fe esa 8-9
nm qalinlikda ekani aniglandi. PVD
jarayonidan keyin, UNN o’stirish uchun
namunalar PECVD qurilmasiga joylashtirilib,
10 barr bosim ostida gizdirila boshlaydi. Bu
vagtda kamera ichiga Ar gazi 170 sccm ogimda
yuboriladi. Harorat 300 ° C dan oshgandan
keyin kameraga qo shimcha H. gazi ham 50
sccm ogimda kiritila boshlanadi va plazma
generatori yogiladi. Hz gazining Kiritilishidan
asosiy magsad PVD da hosil gilingan Fe
plyonkasi atmosferaga chigarilganda sirti
oksidlanishga uchrashi va katalitik xususiyati
kamayib ketishining oldini olish. Harorat 550
% C ga yetganda 5 dagiqalik gizdirish jarayoni
boshlanadi. Undan keyin C2H: gazi 25-30 sccm
ogimda berila boshlanadi. Plazma va uglerod
manbai 10-15 min davomida berilgandan so 'ng
o chiriladi. Qizdirgich element ham o’chirilib,
Ar+H> muhitida sovitiladi.

I11. NATIJALAR VA MUHOKAMA

Olingan namunalar sirt morfologiyasi,
element tarkibi va strukturaviy xossalarini
aniglash magsadida SEM, EDX hamda Raman
spektroskopiyasi usullari yordamida kompleks
tahlil qilindi. Hosil bo‘lgan qatlamlarning
strukturaviy xususiyatlari Raman
spektroskopiyasi yordamida 300-1800 cm™
spektral ~ oralig‘ida, = Renishaw = Raman
spektrometrida 532 nm to‘lqin uzunligiga ega
lazer nurlanishi asosida o‘lchandi. Sirt
morfologiyasi va gatlamning nanostrukturaviy
holati yuqgori aniglikdagi skanerlovchi elektron
mikroskop — SEM (Thermo Fisher Scientific
Apreo 2S) yordamida 500 nm va 200 nm
masshtablarda olingan tasvirlar asosida batafsil
tahlil qgilindi. Qatlamning element tarkibi
hamda asosiy elementlarning sirt bo‘ylab
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miqdoriy tagsimlanishi EDX analizi orqali
aniglanib, ularning nisbiy ulushi baholandi.
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2-rasm. (avab) SiO2(160 nm)/Si(111) namuna, (c va d) SiO2(160 nm)/Si(100) namuna, (e va
f) SiO2(120 nm)/Si(100) namunalarning morfologik tasvirlari.

Tasvirlar uch xil sharoitga tegishli: 160
nm qalinlikda o’stirilgan SiO2/Si(111), 160nm
qalinlikda o’stirilgan SiO2/Si(100), 120nm
qalinlikda o’stirilgan  SiO2/Si(100). SEM
tasvirlaridan ko‘rinishicha, UNN lar substrat
yuzasida nisbatan bir tekis tagsimlangan bo‘lib,
bu Al, Oz bufer gatlamining katalizator
zarrachalarini  bargarorlashtirishdagi muhim
rolini ko‘rsatadi. Yugori haroratda termik
oksidlanish orgali olingan SiO, gatlami
sirtining silligligi va kimyoviy bargarorligi

keyingi qatlamlarning bir xil hosil bo‘lishiga
sharoit yaratgan. Al, O; gatlamining 120 nm
galinlikda tanlanishi Fe katalizatorining
diffuziyasini cheklab, uning aglomeratsiyasini
kamaytirgan, natijada katalizator
nanozarrachalarining o‘lchami nisbatan tor
diapazonda shakllangan. SEM kuzatuvlari
UNN lar asosan silindrsimon shaklga ega
ekanini va o°sish jarayonida kuchli yonma-yon
yopishish (bundling) hodisasi cheklanganini
ko‘rsatadi. Bu holat past haroratli (550 °C)
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CVD jarayonining plazma ta’siri ostida uglerod
manbai faollashuvi bilan izohlanadi.

Plazma mavjudligi katalizator yuzasida
uglerod atomlarining samarali parchalanishi va
yo‘naltirilgan o‘sishini ta’minlagan. 8-9 nm Fe
gatlam PECVD jarayonida parchalanib, faol
katalizator nanozarrachalariga aylangan va
UNN vyadrolanishi uchun yetarli markazlar
hosil gilgan. Natijada qisqa vaqt (5 daqgiga)
ichida zich UNN qatlami shakllangan.
SiO2(160  nm)/Si(111) va  SiO2(160
nm)/Si(100) substratlarida UNN nisbatan
yuqori zichlikka ega bo‘lib, amorf uglerod
miqdori kamligi bilan ajralib turadi. Shu bilan
birga, ushbu namunalarda UNN
diametrlarining nisbatan katta ekani kuzatiladi.
Bu holat past haroratli (550 °C) PECVD
sharoitida Fe katalizator gatlamining yetarlicha
mayda nanozarrachalarga parchalanmasligi
bilan izohlanadi. Ya’ni, uglerod prekursorining
parchalanishi ta’minlangan bo‘lsa-da,
katalizatorning cheklangan faolligi UNN
yadrolanish markazlari sonini kamaytirib, kam
sonli, ammo yirik diametrli nanotrubkalarning
o‘sishiga olib keladi.

Bunga garama-garshi ravishda,
Si02(120 nm)/Si(100) substratida SEM
tasvirlari sirt yuzasining katta gismi amorf
uglerod bilan qoplanganini ko‘rsatadi va faqat
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ayrim lokal hududlardagina UNN o°‘sishi
kuzatiladi. Bu holat parchalanib hosil bo‘lgan
uglerod atomlari yetarli darajada aktiv
katalizator markazlarini topa olmagani sababli,
energetik jihatdan qulayroq bo‘lgan amorf
uglerod gatlamini  hosil gilgani  bilan
izohlanadi. Mazkur natija shuni ko‘rsatadiki,
past haroratlarda UNN sintezi jarayonida fagat
uglerod prekursorining parchalanishi emas,
balki katalizator gatlamining aktivatsiya
energiyasi va uning nanozarrachalarga
parchalanish qobiliyati hal giluvchi omil
hisoblanadi. Shuningdek, turli qalinlikdagi
SiO, bufer gatlamlari (masalan, 120 nm va 160
nm) bilan olingan Si(100) substratlaridagi SEM
natijalari UNN va amorf uglerod miqdoridagi
sezilarli  farqlarni ko‘rsatadi. Bu holat
katalizator ~ shakllanishida  substrat  va
katalizator o‘rtasidagi o‘zaro ta’sir kuchi
nafagat material turiga, balki ular orasidagi
masofaga, ya’ni oksid qatlam qalinligiga ham
bog‘liq ekanini anglatadi.

Qalinrog SiO, qatlam katalizatorning
substrat bilan kuchli o‘zaro diffuziyasini
cheklab, uning nanozarracha holatida nisbatan
yugori faollikni saglab golishiga imkon beradi.
Natijada UNN o°‘sishi uchun qulayroq sharoit
yuzaga keladi.
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3-rasm. a) SiO, (160 nm)/Si(111) namuna, b) SiO, (160 nm)/Si(100) namuna, c) SiO, (120
nm)/Si(100) namunalarning EDX tahlillari.

EDX tahlilidan o‘stirilgan uglerod
nanonaychalari (UNN) mavjudligini element
tarkibi bilan tasdiglandi, shuningdek bufer
gatlam (SiO, , AlOs) qalinligi va taglik
orientatsiyasiga bog’liq ravishda sirt bo‘yicha
asosly elementlar ulushi qanday o‘zgarishi
baholandi. EDX spektrlarda C, O, Al, Si, Fe
elementlari bargaror gayd etilgan (3-rasm).

Ayrim spektrlarda Ni (nikel) juda Kkichik
miqdorda ko‘rinadi (odatda 7.5-8.3 keV
atrofidagi liniyalar). Bu magsadli dopant emas,
balki iz miqdordagi instrumental/texnologik
kontaminatsiya sifatida talgin gilindi.

Raman spektrlari Renishaw
spektrometrida 532 nm lazer bilan, 300-1800
cm? oraligda o‘lchangan. Bu spektrlarda
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yakuniy uchta namuna tagqgoslangan (4-rasm).
D va G piklari (UNN sifati indikatori) - barcha
namunalar spektrida uglerodga xos ikki asosiy
pik mavjud: D piki (~1350 cm™ atrofida) —
defektlar, tartibsizlanish, amorf komponent
ulushi, G piki (~1580 cm™ atrofida) — sp?
bog‘langan grafitlashgan tuzilma (grafen
gatlamlari/UNN devorlarining tartibli
tebranishi) indikatori. Shuning uchun Ip/lg
nisbati kamayishi odatda grafitlash darajasi
yugori va defektlar kamroq ekanini anglatadi.
SiO, (160 nm)/Si(111) substratida
o‘stirilgan UNN namunasi uchun Ip/lg nisbati
0,85 ni tashkil etadi. Bu uch namuna ichida eng
past qiymat bo‘lib, mazkur sharoitda o‘stirilgan
UNN larda grafitlash darajasi nisbatan yuqori
va strukturaviy defektlar kam ekanini
ko‘rsatadi. Ushbu natija SEM tahlilida
kuzatilgan nisbatan zich va kam amorf
uglerodli morfologiya bilan mos keladi.
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SiO, (160 nm)/Si(100) substratida
o‘stirilgan UNN lar uchun Ip/lg nisbati 1,1 ga
teng. Bu giymat Si(111) namunasiga nisbatan
yuqoriroq bo‘lib, defektlar va tartibsiz
komponentlar ulushi  ortganini  bildiradi.
Mazkur holat substrat orientatsiyasining
katalizator zarrachalarining shakllanishi va
UNN yadrolanishiga ta’siri bilan izohlanadi.

Eng yuqori Ip/le giymati SiO, (120
nm)/Si(100) substratida o‘stirilgan UNN
namunasi uchun gayd etildi va 1,2 ga teng. Bu
holat mazkur namuna tarkibida defektlar va
amorf uglerod ulushi eng yugori ekanini
ko‘rsatadi. Raman natijalari SEM tasvirlarida
kuzatilgan sirtning katta gismi amorf uglerod
bilan qoplanganligi va UNN o°‘sishining faqat
ayrim lokal hududlar bilan cheklanganligi
haqidagi xulosalarni to‘liq tasdiglaydi.
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4-rasm. PECVD metodi orgali sintez gilingan turli namunalardagi UNNIlarining Raman spektrlari.

Har uch spektrda “Amorf uglerod” keng
fon komponenti mavjud. Bu past haroratli

PECVD
natijasida

sharoitida
hosil

plazma parchalanishi
bo‘ladigan uglerod

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026



Phisics

radikallarining bir gismi tartibsiz (amorf) faza
sifatida qolishi mumkinligini ko‘rsatadi. Bu
holat SEMda kuzatilgan “toza o‘sish” bilan zid
emas: UNN mavjud, lekin fon komponenti
uglerodning  bir qgismi  yuqori tartibga
yetmaganini bildiradi. Spektrlarda juda kuchli
Si piki (odatda ~520 cm™) va qo‘shimcha Si
bilan bog‘liq signallar ko‘rinadi. Shuningdek,
past chastotalarda Al20s bilan bog‘liq
vibratsion signallar ham gayd etilgan va bu
bufer gatlam mavjudligini tasdiglaydi.
IV. XULOSALAR

Ushbu ishda Fe/Al,03/SiO, /Si
strukturada 550 °C haroratda PECVD
yordamida UNN sintezi amalga oshirildi.
Kompleks SEM-EDX-Raman tahlillari UNN
hosil bo‘lganini ishonchli tasdigladi. SEM
kuzatuvlari UNN morfologiyasi va sirt
goplanishi bufer qatlam sharoitiga sezgir
ekanini ko‘rsatdi: 1100°C da hosil qilingan
SiO, qatlamda o‘sish bir xilroq va zichroq
bo‘ldi, 1000 °C da esa lokal notekislik va sifat
pasayishi alomatlari kuchaydi. EDX spektrlari
sirt tarkibida C elementining sezilarli ulushga
ega ekanini ko‘rsatib, UNN mavjudligini
element tarkibi orgali tasdigladi. Si, O va Al
signallari esa taglik hamda SiO2/Al>O3
gatlamlar hissasiga mos keldi. Raman spektrlari
barcha namunalarda D va G piklarning
mavjudligini qgayd etdi, piklarning nisbiy
intensivligiga ko‘ra SiO, (160 nm)/Si(111)
namunasi nisbatan pastroq defektlilik va
yugoriroq grafitlash darajasini namoyon gildi.
SiO; (120 nm)/Si(100) namunasi esa yuqoriroq
defektlilik darajasini namoyon etdi. Umuman
olganda, natijalar SiO, qatlam galinligini
oshirish va taglik orientatsiyasini tanlash past
haroratli PECVD sharoitida UNN sifatini
yaxshilashga xizmat qilishini ko‘rsatadi.
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Polikristall yarimo‘tkazgichlarda tenzogarshilik mexanizmlari

Sulaymonov Husanboy Mannopovich

Farg‘ona davlat texnika universiteti, O‘zbekiston, 150107, Farg‘ona, ko‘ch. Farg‘ona, 86

Annotatsiya. Maqolada polikristall yarimo‘tkazgichlarning tenzogarshilik mexanizmlari tahlil
gilingan. Tenzorezistiv effektning yangi mexanizmi taklif etilgan: polikristall yarimo‘tkazgich bir o'qli
deformatsiyaga uchraganda, kubik shaklidagi kristallitining deformatsiya yo‘nalishiga ko‘ndalang va
bo‘ylama yoglaridagi sirt holatlari o‘rtasida zaryad tashuvchilarning ogib o'tishi sodir bo‘ladi. Tenzogarshilik

koeffisiyenti uchun analitik ifoda olingan.

Kalit so'zlar: (Bio3Sho7)2Tes polikristall plyonkalar, elektr garshilik, tsiklik mexanik deformatsiya,
temperaturaviy qarshilik koeffitsienti, tenzosezgirlik, datchiklar.

Abstract. The analysis of mechanisms of tenzo-resistance polycrystalline semi-conductor samples
is carried out. The new mechanism of tenzo-resistance effect is offered: in a case of polycrystalline
semiconductor deformation occurs transition carriers of a charge between superficial conditions cross and
longitudinal to the direction of deformation of crystalite sides of the cubic form. It is received the analytic

expression for tenzo-sensuality factor.
Keywords:

polycrystalline (Biy.3Sbe.7),Tes thin films, electrical resistance, cyclic mechanical

deformation, temperature coefficient of resistance, strain sensitivity, sensors.

Yarimo‘tkazgichlarning deformasion
xossalarini  o‘rganishga  oid  eksperimental
ma’lumotlardan shu narsa ko‘rinadiki, PbS ning
mono- va polikristall namunalarida pyezogarshilik
effektning gonuniyatlari katta farglanadi. Masalan,
tegishli harorat va legirlash darajasida monokristall
uchun tenzosezgirlik koeffisiyenti (TSK) o‘zgarmas
kattalik bo‘lsa, u holda polikristall uchun TSK
deformatsiya kattaligi € = AL / £, ning nochiziq
funksiyasidan iborat [1].

Ma’lum bo‘lishicha [1,2], polikristallardagi
bo‘ylama tenzoeffektning monokristall
pyezogarshiligidan farg giluvchi asosiy
xususiyatlari quyidagilardan iborat:

a) K=AR/(Roe) - tenzosezgirlik koeffisiyenti va
qarshilikning nisbiy o‘zgarishi AR/Ro ning
giymatlariga legirlash darajasi, aralashma turi va
havoda termik ishlov berish juda kuchli ta’sir etadi.
Yugori garshilikli namunalar uchun K nishiy
birlikdan ham ortig ancha katta giymatlarni gabul
giladi va zaryad tashuvchilar konsentratsiyasi ortishi
bilan K keskin kamayib ketadi;

b) past temperaturalar sohasida (T < 300 K) da,
aynigsa yugori garshilikli namunalarda, K va AR/Ry
giymatlar T ga kuchli chizigsiz bog‘liq (deyarli
eksponensial qonuniyat bo‘yicha kamayadi). Zaryad
tashuvchilar ~ konsentratsiyasi ~ oshishi  bilan
tenzosezgirlik va qarshilikning temperaturaniy
koeffisiyentlari awx Va aws berilgan harorat uchun
doimiy giymatga intiladi;

v) bir yo‘nalishdagi siqilish va cho‘zilish
deformatsiyalarida K ning giymatlari 10 martagacha
farg qilishi mumkin. Bundan tashqgari yuqori
qarshilikli PbS uchun kichik ¢ da tenzogarshilik
o‘zini anomal tutadi: K <0, ya’ni siqilishda R oshadi
va aksincha, cho‘zilishda kamayadi;

g) K(g) Dbog‘lanishi n-PbS uchun monoton
kamayuvchi funksiya, p-PbS uchun esa monoton
emas, shu bilan birga hatto ba’zi bir kichik qarshilik
namunalar uchun, masalan zaryad tashuvchilar
konsentratsiyasi n=7-10* sm= bo‘lganda ¢ ortishi
bilan TSK ning oshishi kuzatiladi.
d) kam legirlangan (deyarli stexiometrik tarkibdagi)
namunalarda tok zichligining ortishi bilan TSK
keskin kamayadi, bu esa tenzogarshiliklarning VAX
ida chizigsiz sohani paydo bo‘lishi bilan sodir
bo‘ladi.

PbS ning bir jinsli bo‘lmagan (presslangan

polikristallar) ~ namunalarida  anomal  Kkatta
pyezoqgarshiliklarning  hosil ~ bo‘lishini  N.N.
Arsenyeva-Geyl polikristall gatlamlarda p-n

o‘tishlar hosil bo‘lishi bilan tushuntiradi va K ning
juda Kkatta qgiymatlarini  deformatsiyalardagi
kristallararo to‘siglar balandligini o‘zgarish bilan
bog‘laydii. Ammo B.X. Gurevich  shuni
ta’kidlaydiki,  Arsenyeva-Geyl talgin  etgan
tenzoeffekt katta deformatsiyalarda hosil bo‘ladigan
ko‘ndalang makroskopik yorilish tufayli kontakt
qarshilik o‘zgarish effektining aynan o‘zidir, ya’ni
go‘rg‘oshin sulfididagi tenzoeffektni u “yorilish”
effekti deb ataluvchi kuchsiz kontakt effekti
xarakteriga ega bo‘lgan va ma’lum o‘xshashlikda
ko‘mirli mikrofon ishi bilan (“mikrofon effekti”)
talgin etib bog‘laydi. [1] dagi tadgigotlarning
natijalari, xususan shuni ko‘rsatadiki, K kattaligini
zaryad tashuvchilar konsentratsiyasi, aralashma turi,
harorat, tok zichligi va nishiy deformatsiya ishorasi
va qiymati bog‘ligligi odatdagi oqib o‘tish
nazariyasi asosida yoki mikrofon effekti bilan to‘liq
tushuntirib bo‘lmaydi, chunki PbS dagi TSK ni
yugori giymatlari hali biror mikroyemirilishlar hosil
bo‘lishi haqida gap bo‘lishi ham mumkin bo‘lmagan
2,5-107° nisbiy birlikdagi deformatsiyalarda hosil
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bo‘ladi. Oxirgi paytda oqib o‘tish nazariyasi faol
o‘rganilib, amorf yarimo‘tkazgichlar, kuchli
legirlangan kristall yarimo‘tkazgichlar yoki ikki xil
moddalar - dielektriklar va metallar aralashmasidan

n-PbS Tenzorezistor garshiligining chastotaga bog'ligligi (taxminiy)

450 1 & —- (=1mA
\‘\\ — | =5mA
400 = —— | =10mA
i B ———e—— ¢
350 4 T
300
=]
& 350
200 4
150
00— o |
o —— ¢
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1-rasm. n-PbS dan tayyorlangan tenzorezistor
qarshiligining xona haroratida o‘zgaruvchan
tok chastotasiga bog‘ligligi. Tok kuchi | = 1.0
(1), 5.0 (2), 10.0 (3) mA.

iborat tartibsiz sistemalarning elektr
o‘tkazuvchanligini  hisoblashda qo‘llanilmoqda
[3,5]. Polikristall yarimo‘tkazgichlar
tenzoqarshiliklarini  oqib  o‘tish  nazariyasi
yordamida ma’lum materiallar uchun hisoblash
katta giyinchiliklar bilan bog‘liq.

Shuningdek, polikristall namunalardagi
pyezoqgarshilik hodisasida potensial to‘siq effekti
ma’lum rol o‘ynasa ham, PbS da topilgan
tenzoeffekt xususiyatlarini bir o‘Ichovli potensial
to‘siq mexanizmi tasavvurlari asosida oxirigacha
tushunib bo‘lmaydi.

p-PbS polycrystal tensoresistor volt-ampere characteristic

- 1
12— 2

I Y AP

T T T T T T T
Q 50 100 150 200 250 300 350 400
U, my

2-rasm. p-PbS dan tayyorlangan polikristall
tenzorezistorning iste’mol kuchlanishining
turli chastotalaridagi volt-amper
xarakteristikasi: v =2 (1), 200 (2) kGs.

Potensial  to‘siqlarning ~ mavjudligini
paygash magsadida [1] lampali voltmetr yordamida
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sinusoidal kuchlanishning turli giymatlari uchun
polikristall PbS namuna garshiligining chastotaga
bog‘lanishi olingan (1-rasm). Shuni ta’kidlash
kerakki, kuchlanish U ning ma’lum chegaraviy
giymatgacha R qarshilik v chastotaga bog‘liq
bo‘lmay, keyin R(v) ning nochizigli bog‘lanishi
boshlanadi. 1-rasmdagi 1, 2 va 3 egri chiziglar n =
6,3-10® sm™ li n tipli PbS polikristall tenzorezistor
uchun mos ravishda 1,5 va 10 mA tok kuchi
giymatlari uchun R(v) bog‘lanishini ifodalaydi.

Ko‘rinib turibdiki, o°‘zgaruvchan

kuchlanishning chastotasi ortishi bilan
namunalarning gqarshiligi kamayadi, hamda tok
zichligi ortishi bilan u yanada seziladi.
Ushbu hodisani polikristall namuna hajmida o‘z
qarshiligi va sig‘imiga ega bo‘lgan potensial
to‘siglarning mavjudligi haqgidagi tasavvurlardan
kelib chiggan holda tushuntirish mumkin, xolos. 2
va 3 egri chiziglarda shartli ravishda v ni orttirish
bilan R ni tez va sekin tushish sohalari ajratiladi.
Ulardan birinchisini tor potensial to‘siglar bilan,
ikkinchisini esa kengroq to‘siglar bilan bog‘langan
deb hisoblash mumkin (R.=1/iwC), demak, keng
to‘sig oz sig‘imga ega bo‘lib katta chastota va
kuchlanishlarda shuntlanadi.

Namunaning garshiligini sezilarli

kamayishi 63 mV dan yugori kuchlanishlarda
kuzatiladi. Ta’minlovchi kuchlanish chastotasi
orttirilishi bilan polikristall VAX egri chiziglarining
siljishida ham potensial to‘siglar aniq aks etadi. 2-
rasmda p-PbS dan olingan zaryad tashuvchilar
konsentratsiyasi n,=3.5-10'8 s li tenzoqarshilikning
o‘zgaruvchan tok chastotalari vi=2 kGs (2-rasm, 1-
chiziq) va v,=200 kGs (2-rasm, 2-chiziq) giymatlari
uchun VAX keltirilgan.
Bu grafiklardan qarshilikning nisbiy o‘zgarishini
(~50%) aniglash mumkin (kuchlanishning tadgiq
etilgan sohasida v ning ortishi bilan VAX ning
chizigliligi buzilmaydi):

R(vz) — R(vy) _ I(vy) —1(vy) ~
R(vy) I(v1)

PbS polikristall garshiliklarining chastotaga
bog‘ligligini o‘rganish dastlabki qarashda go‘yo
namunalarni  pyezoqarshiligi  asosan  to‘siq
mexanizmi tufayliday va katta chastotalar (v~10°-
10’) da K—0. Ammo bunday emas. Tajriba
ko‘rsatadiki,  bir  jinsli = bo‘lmagan  PbS
namunalarining TSK si v — o da yo‘qolmay, K(v)
ning l-rasmdagi R(v) bog‘lanishi kabi tekis
bog‘ligligi kuzatiladi. Bunday (tashqi maydon
yo‘nalishida) potensial to‘siqlarning mavjudligi
tufayli pressalangan polikristallardagi
pyezoqarshilik effektini to‘liq tushuntirmaydi va
PbS polikristallarda tenzosezgirlikning boshga

0.5
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mexanizmlari bo‘lishi mumkinligi haqidagi fikrga
olib keladi.

Shuni ta’kidlash joizki, mikrokontaktlash deb
atalgan effekt ham muammoni hal etmaydi. Unga
ko‘ra TSK ma’lum darajada namuna hajmida
kristall donalari orasidagi mikrokontaktlar tekish
yuzalarining o‘zgarishi bilan bog‘liqdir.
Mexanizmning qissasi hamuna tayyorlangan
kukunning dispersligi va uning govushishi bilan
to‘liq aniglanadi. Bunda zaryad tashuvchilarning
namuna butun hajmi bo‘yicha notekis tagsimlanishi
inkor etilmaydi va yetarlicha govushtirilgan, ammo
bu barcha defektlar, xususan g‘ovaklik bo‘linish
chegarasi va shu kabilarni to‘la yo‘qotmaydi. Siqish
deformatsiyasi namunani zichlashtirib kontakt
tekish yuzalarini oshiradi, cho‘zish deformatsiyasi
esa namunani g‘ovakliklarini ushbu yuzani
kamaytiradi va shu sababli unda Kun(g) ishorasi
cho‘zilishda ham siqilishda ham musbatdir:

R—Ry, | AR
Ry Ll—1ly Rye

PbS polikristall yarim o‘tkazgichlardagi
pyezogarshilik effektining ifodalanishida tilga
olingan uchta mexanizmga yana quyidagi uchtasini
go‘shish mumkin:

1. Alohida kristallitlarning  hajmiy
pyezogarshiligi. Ammo kristallitlarning xaotik
joylashishi tufayli hajmiy pyezoqarshilikni barcha
fazoviy yo‘nalishlarda o‘rtachalashtirish lozim, bu
esa ogib-o‘tishli polikristallardagi tenzorezistiv
effektni miqdor jihatidan kamayishiga olib keladi.
Shuningdek, donalar orasida oqib o‘tish jarayonlari
bilan bog‘liq bo‘lgan katta pyezoqarshilik effektlari
kichik hisoblanishi mumkin emas ham bo‘lardi.
Shunga qaramay PbS kabi tor zonali yarim
o‘tkazgichlarda kichik effektlar bilan bog‘liq hajmiy
tenzoeffekt hissasi ma’lum sharoitlarda kichik emas.
Kichik effektlarning  ta’siri to‘g risidagi
taxminlarning foydasiga kichik garshilikli PbS
polikristallarni TSK katta deformatsiyalar sohasida
haroratga kam bogligligi va monokristall
namunalardagi kabi bir necha o‘n birlikni tashkil
etishi mumkin bo‘ladi.

2. Yupga dielektrik gatlamlar orgali tok
o‘tishi mexanizmi. Polikristallarning
tenzoeffektiga qo‘shgan hissasi yupga va baland
bo‘lmagan kristallararo potensial to‘siglar holida
sezilarli bo‘lishi mumkin.

3. Geometrik faktor hisobiga uning
qarshiligini o‘zgarishi. TSK dagi bu hissa PbS
uchun v = 0,35 ga teng bo‘lgan va deformatsiya
tufayli kam o‘zgaradigan Puasson koeffisiyenti
(Kgeom=1+2v) bilan aniqlanadi. Kgeom Ning maksimal
giymati bir necha birlikni tashkil etib uni amalda
hisobga olmasa ham bo‘ladi.

K =
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Pyezogarshilikning 6 ta mexanizmida
hajmiy pyezoqarshilik va geometrik faktordan
tashgari, barcha 4 tasini  o‘zgaruvchan
kuchlanishning yuqori chastotalarida inkor etish
mumkin. Shuning uchun, ushbu mexanizmlar PbS
turidagi  kichik  zonali  yarim  o‘tkazgich
birikmalarining polikristall namunalaridagi
tenzoeffekt hagidagi savolni to‘liq hal etmaydi.
Keyin polikristallarni yangi mexanizmlarini taklif
etib [1] da PbS wuchun bu hodisani nazariy
tavsiflashga urinishlar bo‘lgan, ammo ularning
ko‘rib chiqishlari miqdoriy emas, balki sifat
jihatidan bo‘lgan.

Polikristall yarim o‘tkazgichlardagi
tenzorezistorli effekt yuqorida ko‘rsatilgandek,
monokristallarga qaraganda ma’lum xususiyatlarga
ega. Bu avvalom bor, tabiiyki, bir jinsli bo‘lmagan
struktura hisobigadir, xususan, turli
oriyentatsiyalangan kristall donachalar har xil shakl,
o‘lcham va kristallararo qatlamni mavjudligidir
(ammo zona strukturasining kuchli o‘zgarishi va
zaryad tashuvchilar donachalarning chegaraviy
sohalariga sochilishi shartli darajada kinetik
hodisalarda aks etadi). Bir jinsli emaslik
parametrlari ko‘pincha texnologik faktorlar va
tashqi ta’sirlarga kuchli bog‘liq. Nobirjinslilikning
kelib chiqish tabiatiga to‘xtamay polikristall yarim
o‘tkazgichning elektr o‘tkazuvchanligiga ta’sir
etuvchi asosiy faktorlarni ko‘rsatamiz:

a) sirtga yagin sohadagi hajmiy zaryad;

b) kristallararo dielektrik gatlam, xususan,
g‘ovaklar;

v) kristallitlararo
holatlarning mavjudligi;

g) stexiometriyadan chetlashish va ko‘p
komponentli  birikmalar  hollarida  turlicha
kvazimuvozanat fazali holatlarning mavjudligi.

Ushbu faktorlarning xossalari ma’lum
materiallarga bog‘liq holda qay darajadadir mexanik
deformatsiyaga bog‘liq.

Tenzorezistiv effektni tekshirishda odatda
birinchi ikki faktorni birgalikda ko‘rishadi va
to‘sigli pyezoqarshilikni o‘rganish predmetini
tuzishadi. Ammo shuni ta’kidlash lozimki,
tenzoeffektning to‘siq mexanizmini o‘rganishga
bag‘ishlangan ishlarda (masalan, [1] da) birjinsli
bo‘lmagan strukturalarning bir o‘lchovli modellari
ko‘rib chiqgilgan, xolos, ya’ni elektr toki o‘tish
yo‘nalishi bo‘ylab joylashgan (turli to‘rtburchak
shakldagi) bir o‘lchovli potensial to‘siglarning
chizigli zanjiri. Kelgusida biz ularni “bo‘ylama
to‘siqlar” deb ataymiz. Shunga ishonch hosil qilish
mumkinki, ushbu model to‘siqli tenzoeffektning
ba’zi bir muhim tomonlarini yoritib, uning barcha
xususiyatlarini qamrab ololmaydi. “Ko‘ndalang
to‘siqlar” va ularga mos zaryadlaring fazoviy

chegaradagi  Sirtqi
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sohalari (ZFS) ham bir tomonlama deformatsiyaga
juda sezgir va polikristall yarim o‘tkazgich
pyezoqarshiligida asosiy rollardan birini o‘ynaydi.
Birinchi vazifa, deformatsiya ta’sirida ko‘ndalang
sirtga yagin ZFS modulyasiyasining TSK ga
go‘shgan hissasini hisobga olishdan iborat.
To‘ldirish ~ jarayoni o‘zgarishi, ya’ni
deformatsiya Sirtgi holatlarni gayta zaryadlanishi
pyezogarshilikka kuchli aks etishi shart, aynigsa
kichik zonali yarim o‘tkazgichlar uchun, chunki
Sirtgi holatlarning aktivatsiya energiyasi oksidlar
uchun kam.
Sirtqi holatlarning tenzosezgirlikka ta’siri bir
o‘lchovli potensial to‘siq monoenergetik Sirtqi sath
mavjudligi hol uchun ham muhokama gilingan.
Ikkinchi vazifa, polikristall TSK ni ko‘ndalang PQK
(ya’ni tokka perpendikulyar to‘siglarni hosil
qilishda ishtiroq etgan PQK) ni e’tiborga olgan
holda hisoblash.
Stexiometrik tarkibdan chetga chigish ham
namunalarning tenzometrik xossalariga ba’zida
kuchli ta’sir etadigan polikristallarning strukturasi
nomkammalliklariga olib keladi. Bunday masala [1]
da pleyonkalar ko‘rib chiqilgan. [3] dagi xalkogenid
birikmalar holatini fazali diagrammasi sinchikovlik
bilan o‘rganish shuni ko‘rsatdiki, aniq stexiometriya
(P, X, T) ni juda kichik intervalda erishiladi. Tashqi
deformatsiya ta’sirida esa ushbu sohada polikristall
elektr o‘tkazuvchanligi deyarli sakrab o‘zgaradigan
fazaviy  aylanishlar  kvaziqaytuchan bo‘ladi.
Tenzogarshilikning bunday fazaviy aylanishlar
bilan bog‘liq bo‘lgan mexanizmi haqida batafsil
to‘xtamay, tok uchun alohida qism qilib kiritish
bilan hisobga olinadi.
Soddalashtirish magsadida kub shaklidagi kristall
donachasini unga yaqin bo‘lgan dielektrik
qatlamlari ko‘rib chiqamiz. PbS polikristallini 1-
rasmda ko‘rsatilgandek alohida yachalarga bo‘lish
mumkin. Polikristall uchta OX, OY va OZ fazoviy
yo‘nalishlarda davriy almashinuvchi bir xil (identiq)
parametrli bir xil kristallardan tuzilgan.

Masalan bunday jun quyilish tufayli
polikristallining impedans-garshiligi
Z=rq Zy (1)
kabi aniglanadi, bunda
Ld
To_ab

L,a va b - namunaning uzunligi, eni va balandligi;
d=lo+do, lo va do - kristallitning chiziqli o‘lchami va
dielektrik gatlamning galinligi; ZO - bitta yachaning

impedansi.
3-rasmda OX bo‘ylab joylashgan dielektrik
gatlamlari bilan olingan alohida kristallitning

energetik zona diagrammasi sxematik keltirilgan.
Sirtki holatlar (PQK spektri bo‘lishi mumkin) va
tomondan hajmdan erkin zaryad tashuvchilar ushlab
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olinishi energetik zonadagi ortigcha zaryadning
chegaraviy gatlam fazoviy zaryad sohasini hosil
bo‘lishiga olib keladi. Ushbu qatlam qalinligi Lg
(Debay ekranlanish uzunligi va to‘siq balandligi ¢s -
sirtki  elektrostatik  potensial)  deformatsiya
yo‘qligida barcha olti yo‘nalishda bir xil deb
hisoblanadi.

Byl
P

I
: X3C b i

3-rasm. Kubik shakldagi kristall donning XOY
tekislik bilan kesilishining modeli va asosiy
geometrik parametrlari.

Aniglik uchun n-turdagi yarim o‘tkazgichni ko‘rib
chigamiz, akseptorli PQK ko‘pincha o‘tish zonasi
elektronlari bilan almashinib turadi. Unda kristallit
sirtlarida manfiy zaryadlar (hosil bo‘ladi) uning
chegaraviy gatlamlarida esa elektronlar kamayib
golgan musbat fazoviy zaryadlar hosil bo‘ladi. FZS
ni elektr o‘tkazuvchanligi uchun vaziyatlar
hajmidagi sohalari farq qiladi. Zo ni elektr
xossalariga ko‘ra bir necha sohalarga bo‘lish qulay.
Buning asosida o‘lchov qarshiligini ekvivalent
elektr sxemasi orgali olish mumkin. Shuning uchun
biror qarshiliklar va sig‘imlar deformatsiya ta’sirida
o‘zgarishi mumkin.

3-rasmdagi elektr sxemadan kelib chigsak,
polikristall  bitta kristall donasi yachasining
impedansi

Z =Ry +2g) +Zm (@
Bu yerda Rgy va Zgn - bo‘ylama va ko‘ndalang
dielektrik gatlamlar garshiligi va impedansi, Zy -
kristallit impedansi.
_ Rpy +iwCpyRE,
P71 + (wCpyRpy)?
i=+-1, © - iste’'mol kuchlanishining siklik
chastotasi; Rp; - bo‘ylama dielektrik gqatlamning
aktiv qgarshiligi; Cpo - ko‘ndalang dielektrik
qatlamning elektr sig‘imi.
2 1

Zo=(Zrr+e) =(z+2)
“* " \R, " Z, Ry \Z, R,

-1
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bu yerda Ry =Ry; +Ryz+Ri3, R3=R3 +
Rz, + R33; bunda R11=Rs; Rap- bo‘ylama hajmiy
zaryadlar sohasining mos ravishda xarakterli
sohalarining aktiv garshiligi (3-rasm).
Ry1 +iwCoiR3; | Rys +iwCy3R3s
1+ (wC31R21)? 1+ (wC33Rz3)?
bunda Ry=R2 - kristallitning kvazineytral hajmining
garshiligi;
C21, Ca3 va R21, R2s - ko‘ndalang hajmiy zaryadlar
sohasining mos sig‘imlari va aktiv qarshiliklari.
Qat’iy qilib aytganda, agar (1) formuladadan
foydalanmasak, u holda (2) ifodalarning har bir
holda har bir blokning real joylashuvini va
individual xususiyatlarini hisobga oluvchi tuzatma
koeffisiyentlar Kiritish zarur.
Ba’zi bir xususiy hollarni ko‘rib chigamiz:
1. =0 - doimiy tok bo‘lgan hol. (2)+(5)
formulalardan

Zo =Ro = (2Rp; + Ryp) + Rpp

ZZZR2+

a) aytaylik Rpj, Roo>> Rk bo‘lsin. U holda (6) dan
Zo=Rpp va qarshilik deformatsiya ta’sirida faqat
ko‘ndalang dielektrik qatlam gqarshiligi hisobiga

o‘zgarishi ~mumkin. Bunda polikristallning
pyezogarshiligi tunnel mexanizmi orgali sodir
bo‘ladi.

b) agar Rpy » Rk >Roo bo‘lsa, (6) dan

Ry = Rpp + Ry
ifodani olamiz. Undan R: >» Rz >» Rs shart
bajarilganda
Ro = Rpo + R21 + Ry3 = Rpy
ya’ni, bir o‘lchovli potensial to‘siglar modeli
bo‘yicha pyezoqarshilik tasavvurlariga mos
keluvchi ifodani hosil gilamiz. Ammo bu holda
bo‘ylama hajmiy zaryadlar sohasi (BHZS) ning sirt
holatlarini deformatsiya ta’sirida qayta
zaryadlanishi tufayli ko‘ndalang hajmiy zaryadlar
sohasi (KHZS) ga ta’sirini hisobga olish zarur.
Umumiyroq holda R, > Ry, Rz « R1 shartlar
bajarilganda (8) ko‘rinishni oladi
Ro = Rx*+Roao
2. O‘ta yugqori chastotali kuchlanishlar holati -
®—oo. Bu holda (2) formula
Zy =Re = (2Rpy + Ry1 + 4RTH) ™!
ifodaga keladi. Bu yerda Rp; > Ry, R1 bo‘lganda
R = Ryt +4RTH™1
ni olamiz, Rx < R shartda esa —
4R,
R =, (1)
R,

Biroq shuni qayd etish joizki, oxirgi ifodada ®—o0
da polikristallardagi tenzoeffekt fagat hajmiy
pyezogarshilik tufayli yuza beradi deb aytish
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mumkin emas, chunki sirt holatlarining gayta
zaryadlanishi Rx ning sezilarli o‘zgarishlariga olib
kelishi mumkin.

Bu holda polikristallarning bir ofqli
deformatsiyada yetarlicha yugori
tenzosezgirligi zaryad tashuvchilarning

bo‘ylama sirt holatlardan ko‘ndalang sirt
holatlarga va, aksincha, oqib o'tish jarayonlari
bilan bog‘langan.

= ®—4| M | R +
A A

4-rasm. Kristall don
ekvivalent elektr sxemasi

garshiliklarining

Bunda ixtiyoriy bir o‘qli deformatsiyada
atomlarning siljishi kristallning bo‘ylama va
ko‘ndalang yoqlarida garama-garshi ishoraga ega,
natijada bu sirtlarda sirt energetik sathlar
deformatsiya ta’siridagi siljishlari qarama-garshi
bo‘ladi. Bu o‘z navbatida elektronlarning energetik
sathlar ko‘tarilgan sirtdan energetik sathi pasaygan
sirtga oqib o‘tishiga sabab bo‘ladi.

Aynan mana shu hodisa tor  zonali
yarimo ‘tkazgichlarning polikristallaridagi
pyezoqgarshilikning bosh mexanizmi bo‘ladi. R
garshiliklarni ~ konkret hisoblash uchun  sirt
aralashmaviy  holatlar  konsentratsiyalari  va
aktivatsiya energiyalari, legirlash darajasi va
deformatsiyaga bog‘liq ravishda o‘zgaruvchi
bo‘ylama va ko‘ndalang potensial to‘siglarining
parametrlari Loy , Loo , @si va @so larni bilish zarur.
Bu os parametrlar o‘z navbatida o‘tayotgan tok
zichligi j ga ham bog‘ligdir.
Tashgi doimiy tok manbai qutblari 4-rasmda
ko‘rsatilgandek ulanganda 5-rasmda Keltirilgan
chap potensial to‘siq balandligi kamayadi, unga mos
holda hajmiy zaryadlar sohasi ham torayadi. Ushbu
to‘sigdan o‘ng tomondagi potensial to‘siqqa zaryad
tashuvchilar aksincha kechadi. Shu sababli
polikristall yarimo‘tkazgichlarning VAX nochiziqli
bo‘lishi mumkin.
Izlanayotgan Lo va ¢s kattaliklar Puasson
tenglamasi
, _ A4me ep _ep

\Y (p—T no(ekT—l)—po(e kT—1)]
ni yechish bilan topiladi, bunda & - yarim
o‘tkazgichning dielektrik singdiruvchanligi; no, po -
hajmiy elektronlar va teshiklarning muvozanatli
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konsentratsiyalari. Kichik energiyali aralashmalar
to‘lig ionlangan va Maksvell-Bolsman tagsimoti
o‘rinli, deb qabul gilamiz.

Bir o‘lchovli holda (6) tenglama

C(ileC:O = Qs
@1 _—o
dxly 0

chegaraviy shartlarga ega. Qat’iy qilib aytganda,
Ri1, Riz, Ra1 va Rss qgarshiliklarga mos keluvchi
hajmiy zaryadlar sohalari uchun (12) tenglamani
yechish katta qiyinchiliklar tug‘diradi, chunki bu
sohalarda elektrostatik potensial fagat x ga emas,
balki y va z o°zgaruvchilariga ham bog‘liq. Shuning
uchun ma’lum soddalashtirish Kiritib, garalayotgan
sohada ¢ bir o‘Ichovli funksiya, deb hisoblaymiz.
Agar

V- ep(x) ny  m L= 2me kT
- kT’ n; py | en
shakl almashtirishlar gilsak, u holda (12) va (13) lar

dY—L_lF/lY
dx_ * (,),

F(A,Y)
=JAe" —1) -1V -1D)+@A1-2)
natijalarini olamiz, bunda n; - xususiy yarim
o‘tkazgichda zaryad tashuvchilar konsentratsiyasi.
Sirt oldi hajmiy zaryadlar sohasining kengligini
L1 st dy
Py FN

munosabatdan topamiz. Bunga noma’lum Y =

%
kT
parametr kiradi va uni musbat hajmiy zaryad Q; va

manfiy sirt zaryad Qs larning tenglik sharti Q;f =

Qs dan aniglaymiz.
Ame (Lp e(p(x)
st - S—J;) Ng (exp T — 1)

— Do (exp ei;x) — 1)] dx

= 2en;L.F(1,Y,)
E

Qss = —€ fs (Es) gs(Es) dEj
0

bunda f;(E;) - sirt energetik sathining egallanganlik
darajasi, g (E;) - bu sathlarning holatlar zichligi.
Akseptor tipidagi monoenergetik sirt sathi uchun

—eN,
Qs = s

munosabat o‘rinli, bunda Ns va Es - sirt holatlar
konsentratsiyasi (m~2) va aktivlashish energiyasi, Er
- Fermi energiyasi. Lpy va s, Loo va @so
kattaliklarini umumiy holda fagat sonli usul bilan
hisoblash mumkin. Ular juft-juft holda mos ravishda
Ri1, R21 va Ra3 garshiliklarni aniglaydi.

44

Yugorida 3-rasmda keltirilgan model asosida PbS
tipidagi polikristall yarim o‘tkazgich
namunalarining  tenzosezgirlik  koeffisiyentini
umumiy (1) va chegaraviy (10), (11) formulalar
asosida hisoblasak

w=0
Ry Rpg
Ko = —Ky +—K
w — 0
R, 8R, R\? R,
Ko =— (1 ——)K +4<—) —K
R, R,/ Ri) Ry !
Ifodalarga kelamiz. Bu yerda
R R 1-244
- )2

Kristallit kvazineytral hajmining qarshiligi bo‘lib,
unga

2L
R, = D

4o 1 = Lpy + Lpg _2Lp
p St 4 1 £0 4 2 ’eo "
garshiliklar Ro va R., (10) va (11) formulalar bilan

aniglanadi. R: va Rpg lar esa quyidagi
munosabatlardan topiladi.
o Ry = Rxpjzfl,
L N+ -Y
fi= _of exp(Y) + Xexp(=Y)
Yo Jy, F(A,Y)
Ryn =Ry (f*+f7) +Rpo

Lp 0 FYAY)dy
F* = |
8o(1 =202 Jy, exp(¥) £ A Zexp(=1)
Agar ko‘ndalang dielektrik gatlamlar orgali elektr
toki tunnel mexanizmi asosida oqib o‘tadi deb
hisoblasak, u holda Rpg ni 5-rasmga ko‘ra

2,/2my,
Rpo = Rpexp <_ A n\/Ws —Eq do)

ko‘rinishida ifodalash mumkin.

Polikristall pyezogarshiligiga kvazineytral hajmlar,
ko‘ndalang va bo‘ylama potensial to‘siglar
sohalarining qo‘shadigan parsial ulushlarini mos
holda aniglovchi Ky, Kuo va Ki tenzosezgirlik
koeffisiyentlari

o _ R,
* " R,de
dRyn

Kpp = = K'yo,

b0 =R b0
dR,

K — — " B

ko‘rinishida aniqglanadi. (14) ni (19) ga qo‘yib
K,=1+2v+m+ K.,

ks = d(Lpy + Lpn) dLpp

reoM T pyde Lo de’
larni olamiz. Bu vyerda K3, sirt elektron
holatlarining qayta  zaryadlanishi  natijasida

bo‘ylama va ko‘ndalang hajmiy zaryadlar sohalar
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geometrik  o‘lchamlarining  modulyasiyalanishi
bilan bog‘liq tenzosezgirlik;

v - kristall uchun Puasson koeffisiyenti; m - fazoviy
yo‘nalishlar  bo‘yicha (mqq +mq3)/2 ni
o‘rtachalashtirish natijasida olingan elastoqarshilik
doimiyligi.

(22) ifodadan ko‘rinadiki, agar kristall doning kam
qarshilik sohasining o‘lchami

lo > Lo , ya’ni hajmiy zaryadlar sathlarining
o‘lchamlaridan juda katta bo‘lsa, bu esa oz
navbatida ingichka zonali kristall ikki sirt holatlar
konsentratsiyasi Ns 0z hollarda bajariladi,
K _geom”s ulushi juda kichik va uni e’tiborga
olmasak ham bo‘ladi. Xuddi shunday holat boshqa
bir chegaraviy shart lo << Lp va dLo/de «< lp da ham
o‘rinlidir. Tabiiyki dLo/de<lo shart bajarilganda,
ma’lum texnologik sharoitlarda ustirilgan yuqori
qgarshilik namunalarda amalga oshadi, K., kattalik
yetarlicha giymatlarga ega va natijada deformatsiya
vagtida kvazineytral hajmlar geometrik
o‘lchamlarining modulyasiyasi polikristallarda katta
pyezogarshilik effektiga olib keladi. (16) va (17)
larni (21) va (20) larga qo‘yib,

Kpg

dif "+ ) |R(T 4+ D)
(f*+f7)de Rpo

:[1+2v+m+

+ 1+2VD+mD

+ exp

2./2m;, AW
- W, — Eg + —— | d,

Roo

h W, —E Rpo

dfi
fide
fodalarga kelamiz. Bu yerda vo va mg - ko‘ndalang
dielektrik gatlamning Puasson koeffisiyenti va
elastoqarshilik  doimiysi; AW - bir o‘qli
deformatsiyada kristallitning  dielektrik  bilan
chegarasidagi potensial to‘siq balandligining
o‘zgarishi. Shuni ta’kidlash joizki, berilgan
lokalizatsiya kristallit va ko‘ndalang dielektrik
qatlamlardagi deformatsiya Kkattaliklari €1 va &
larning giymatlari turlichadir:

dE, dE;
T o, FdoE, O 2T BB, + doks o
bunda E; va E; - mos holda kristallit va ko‘ndalang
dielektrik gatlam Yung modullari (3-rasm). Oxir
ogibatda

Kb"=1+2V+m—

&

45
df*+f7)  df
S
Kreom (f+ +f_) de’ f1 de Ba AW,
kattaliklarni ~ hisoblash ~ (10)-(14) tenglamalar

sistemasini yechishga keltiriladi.

Bu esa fagat sonli hisob usulidagina bajarilishi
mumkin. Oxirgi kattaliklarning barchasi sirt holatlar
energetik sathlarining deformatsiya tufayli siljishi
va buning oqibati o‘laroq, ko‘ndalang sirt elektron
holatlari o‘rtasida zaryad tashuvchilarning oqib
o‘tish effekti bilan bog‘langan.

5-rasm. Elektr toki o‘tish yo‘nalishida kristall don
energetik zonasining sxematik diagrammasi.
Shunday qilib, ushbu maqolada polikristall yarim
o‘tkazgichlarning deformatsiya ta’sirida elektr
qarshiligining o‘zgarishi, ya’ni tenzoqarshilik
masalasi kubik kristall donlar modeli asosida
nazariy tahlil qilingan va tenzogarshilikning
hozirgacha ma’lum bo‘lgan mexanizmlari ko‘rib
chigilgan. Kubik kristall don bir o‘qli
deformatsiyaga uchraganda tenzogarshilikning
yangi mexanizmi yaratilgan: Kkristall donning
impedansi  hisoblab chiqilgan, so‘ngra tok
yo‘nalishiga (deformatsiya yo‘nalishi bilan bir xil
mos kelgan) bo‘ylama va unga tik ko‘ndalang sirt
elektron holatlar ta’siri hisobga olingan holda
tenzoqarshilik koeffisiyenti hisoblangan,
kvadraturada analitik natijalar olingan.
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CTtpaterum ontTuMm3auum TepMo3NeKTpMUYeCKUX napamMeTpoB B cucteme Bi—Sh-Te

AN TepMO3NeKTPUYECKOWN reHepauum
YOK: 537.32:621.315.592

[.A.lOcynoBa’, C.3.CupoxuagauvHosa’, M.LLU.Py3umaToBa’
'®epraHckuii rocyaapcTBeHHbIN yHUBepcuTeT, kacdeapa «Pusnkar», Peprana, [150100],
Y36ekucrtan. E-mail: dilfuza.physic@mail.ru

Annotatsiya: Bi—-Sb-Te tizimi 300—450 K oralig‘ida ishlaydigan past temperaturali termoelektr
generatorlar uchun asosiy materiallardan biri hisoblanadi. Ushbu ishda p-tipli Bi-Sb—Te materiallari
parametrlarini SPB modeli asosida hisoblash yondashuvi taklif gilindi. ZT(T,p) xaritalari, Pisarenko
bog‘lanishlari va optimal legirlash oynasi aniglandi. Zonalar yaginlashuvi ZT ni oshirishi va optimal
tashuvchilar konsentratsiyasini yugoriroq sohaga siljitishi ko‘rsatildi.

Kalit so‘zlar: Bi—Sbh—-Te, termoelektrik generatsiya, ZT, SPB model, Pisarenko bog‘lanishi, zonalar
yaqinlashuvi, legirlash, tashuvchilar konsentratsiyasi.

AHHoTauuma: Cuctema Bi—-Sb-Te aBnsetcs ogHOM M3 OCHOBHbIX NNAT(OPM HU3KOTEMMIEPaTYPHbIX
TEPMOINEKTPUYECKNX MaTepuanoB Ans reHepaumm B avanasoHe 300—450 K. B pabote BbinonHeHa
pacyéTHas onTuMmsaumsi napameTpoB p-Tuna Bi—Sh—-Te B pamkax SPB-mogenu. [ocTpoeHbl KapTbl
ZT(T,p), onpegeneHbl 3aBUCMMOCTM [MMcCapeHKo M OKHO ONTMMarbHOro nernpoBaHus. [loka3aHo, 4To
cbnkeHne 30H noBbiwaeT ZT 1 cmellaeT oNTMManbHYK KOHLIEHTpaUMIo HocuTenen B obnacTte 6onee
BbICOKMX 3HAYEHWI.

KnroueBble cnoBa: Bi-Sh—Te, TepmoanekTpudeckas reHepauus, ZT, SPB-mogenb, 3aBUCMMOCTb
MucapeHko, conmxeHue 30H, NermpoBaHne, KOHLEHTPaLmnsa HOCUTENEN.

I.BBEIEHHUE MHOIOIIAPAaMETPUYECKON U CYIIECTBEHHO
TepmoanekTpuieckoe npeoOpa3oBaHUEe 3aBUCAIIEH  OT  OCOOCHHOCTEH  30HHOU
SHEPruu TMpeJCTaBiIsieT co0oil OAMH M3  CTPYKTYpbl U MEXaHU3MOB paccesHus [3, 4].
MEePCIEKTUBHBIX croco0oB npsimoro  [losromy onTuMH3anus TEPMOIIEKTPUUECKUX

HOIYyYEHHsl DIIEKTPUYECTBA M3 TEIUIOBOIO  CBOWCTB TPEOYET COrNIaCOBAHHOIO YIPABJICHUS
IIOTOKA, OCOOEHHO B CHCTEMaxX YTWIM3ALUU  AJIEKTPOHHOU MOACUCTEMOH (AJIs MOBBILICHUS
HU3KOMOTCHI[MAIBHOTO TEIIa M aBTOHOMHOTO ko3 duimenta mommuoctd PF = S%0T ) u

YHEPTrOCHAOKEHUSI [1]. KiroueBsIM  (pOHOHHO#M MOACUCTEMOM (11 CHUKEHUS KL).
[apaMeTpOM, OINHUCHIBAIOIIMM NOTCHIMANbHYIO  Cpenu Haubosee 3¢ (HEeKTUBHBIX
3¢ PeKTUBHOCTD TEPMODIIEKTPUYECKOIO  HU3KOTEMIIEPATYPHBIX — TEPMOAIEKTPUUECKUX
MaTtepHana, SBJISIETCSI OespasMepHas MarepualoB  0co0Oe  MECTO  3aHHMAIOT
JOOPOTHOCTB: COEIMHEHUSI Ha OCHOBE TEIUTypUJa BUCMYTA,
S?6T  S?0T OTIIMYAIOMUecs  CIOKHBIM  XapaKTepOM
=——= o+ K, B3AMMOCBA3H Mexray 3neKTp0HUH017I
e S — kodduument 3eebexka, ¢ — CTPYKTYPOi, KOHLEHTpaLWeil HOCHTENCH |
IEKTPOIPOBOAHOCTh, T — abcomorHas TCIUIONEpeHOCOM. s HHU3KOTEMIepaTypHOi
Temieparypa, K - cymmapHast 007acTH (BOIM3M KOMHATHOMW TeMIEPaTypbl)
TEILIONPOBONHOCTD, Ke U KL — SJIEKTPOHHAs 1~ HAKOOJeE 3HAYMMBIMU OCTAKOTCA MaTepUabl
peméTouHast cocraBmsomme CeMeidctBa  BizTes,  Bkmrouas — TBEpABIC
TETUIONPOBOAHOCTH. [ToBbiIeHnEe ZT pactBopsl ¢ SbeTes (p-tum) u BizTes (n-um).
NPUHIMIHAIBHO  OCIHOXKHAETcs TeMm, uro VX TpaKTHYecKas LEHHOCTb  ONpE/IeNeTes
BeJMUMHBI S, G H Ke He sBIstorcs COYETAHHMEM BBICOKOH TEPMOIJIEKTPUUYECKOM
HE3aBUCHMBIMM: M3MEHEHHE KOHLEHTpaluu 3‘1"1’6KTHBHOCTHV mpu 300450 K wm
Hocuteneil,  spQexTuBHON  Maccel ~ u  TCXHOJOTMYECKOH —peaqu3yeMOCTH B BHIC
MEXaHI3MOB PACCESHIS OJHOBPEMEHHO Biiusier ~ O0BEMHBIX HOJTMKPHUCTAIITHICCKUX
Ha DJEKTPHYECKHil U TErIoBO# mepeHoc [2]. Marepuaios. B cucreme Bi—Sli)—Te MOKHO
O — TEPMOOIEKTpUYecKol ~ LCICHANPABICHHO H3MEHATH CBOHCTBA 33 CUET
> PEKTHBHOCTH CBS3aHO ¢ HEOOXOAMMOCTbio ~BPIOOpa cooTHomenus Bi/Sb/Te, ynpasienus
OJHOBPEMEHHOM ONTHMU3AIMH SEKTPOHHOro KOHIEHTpAIHeH HOCHTENeH (uepe3

U TEIUIOBOT'O TPAHCIIOPTA, YTO JejiaeT 3amauy JICTHPOBAHHC 1 NEDEKTHYIO XUMHUIO), & TAKIKE

[OWCKA  «HAWJYYIIEro  TepMOdJIeKTpukay KOHTPOJSA MHKPOCTPYKTYPBI, BIMAIOIICH Ha KL
1 3(ppexTUBHYIO MOABUKHOCTH [5,6].
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IIppy >TOM  1mId  TEPMOIIEKTPUYECKON
renepanuu  (TEG) npuHIMnuansHO BaXkHa
cnenu(rka SKCIUTyaTallud: TEPMODIIEMEHT
paboTaer Ha TeMIIEpaTypHOM TIpajJueHTe, a
MaTepuan UMeeT ¢buKcupoBaHHOE
JIETUPOBAHHUE, T.C. «IIepeHacTponKa»
KOHIICHTPAallMM HOCHTENEH C TeMmIepaTypoi
HeBO3MOkHA. Cie10BaTeNIbHO, B HHKEHEPHOM
CMBICIIe HanOoJiee MOJIe3HO HE TOJIBKO 3HAHUE
MakcumyMma ZT 1ipu 0JJHOM TeMnepaType, HO U
MOHMMAaHWE TOTO, B KakhX  00IacTIx
napametpoB (T,p) wmarTepwamm  coxpasseT
Boicokuid ZT Ha BcéM pabouem HHTEpBaje
temmneparyp. B atoit noruke 3¢ dekTuBHBIM
HHCTPYMCHTOM CTaHOBSITCS KapThI
npoektupoBanus (design maps) ZT(T,p),
no3Bosisromye: (i) BH3yalM3UpPOBaTh 00JIACTH
MOBBINICHHBIX 3HaueHud ZT, (ii) omnpenenuTh
TPACKTOPUIO  ONTHUMAIBHON  KOHIEHTPALUU
Popt(T), wm (ill) OUEHUTh UIMPUHY «OKHA
JICTUPOBAHHUSY, BaXHOTO TUTST
TEXHOJIOTUYECKOH  BOCIPOM3BOJAUMOCTH U

47
YCTOHYMBOCTH XapaKTEPUCTUK B PEKUME
TCHEpaIny.
Opnoit u3 MIEPCIIEKTUBHBIX
MaTepHaloBeIUeCKuX cTpareruii B Bi—-Sb-Te
spisiercss  commkenne 3o (BC, band
convergence) — CcOJMIKEHHE 10 DHEPrHH

HECKOJIBKUX SKCTPEMYMOB 30HHOH CTPYKTYpHI,
4YTO yBEIMUYUBAET 3(P(PEKTUBHYIO TOJUHHYIO
BBIPOXKACHHOCTh Ny W/HINM Maccy IUIOTHOCTH
cocTosiHMA my. B TepMo3jeKTpHuYecKuX
MOJIENIIX 3TO MOXET TNPUBOIUTH K Ooee
0JaronpusATHOMY COOTHOILEHHUIO MEXAY S U G,
OJIHAKO  peaJbHBI  BBIMTPBII  YACTO
OTPaHUYMBACTCS CHHKEHHEM IOABHIKHOCTH L
u3-3a M3MEHEHHs OJ(PQPEKTHBHOH Macchl U
ycunenusi paccesnust [7, 8]. Ilostomy mnpu
BBIYUCIUTEIIEHOM aHam3e BaXKHO
paccMaTpuBaTh CLIEHAPUH, I'/1e POCT INIOTHOCTH
aneKTpoHHBIX cocTtosiHuil (DOS, density of
states) yduTBIBaeTCs BMECTe C Y4ETOM
CHIDKEHHUS TTOIBUKHOCTH L.

Cbnmxenue 30H B Bi~Sb~Te: poct Ny n m,*

bazosbiti cLueHapuin

—

« IKCTpEeMyMbl
§1 L1F f--———7f-L1 300
“ ; 2.
L1 L2
L
@ m;/=08m,
\\gv/» Ny =6

CueHapwmin cbnmkenun 30+ (BC)

/

g \ ’é@ / ' DOS
g L /
i Cénwxerue 1S, 1PF,
3KCTPEemMymoB +ZT
~ U
—_— O (cHMXeHue)
my =1.0mg T
Ny=12 171

Puc.1. KoHuenuunsa conuxeHus 3oH (band convergence) B Bi-Sb-Te un eé otpaxeHue B
napametpax mopaenu (Ny, m3) ¢ y4éTOM CHMXKEHUA H.

JUiss  KOppPEKTHOM  MHTEPIPETALUU
TPAHCIIOPTHBIX XapaKTEPUCTUK MaTepHasioB
cemeiictBa Bi;Tes BakHOE 3HaueHHWE HMeEET
aHAIM3 UX KPHUCTAJUIMYECKOW CTPYKTYpHI,
MEXaTOMHBIX ~ CBsi3el M 0coOeHHocTel
JNIEKTPOHHOM 30HHON cTpykTypsel [9, 10].
CymiecTBeHHOE BIIUSIHUE Ha
TEPMODIIEKTPUYECKUE CBOMCTBA MATEPHAIIOB Ha
ocHoBe BiyTes oka3piBaeT JierupoBaHUe,

MO3BOJISIIOIIEE  M3MEHATh  KOHIIEHTPALUIO
HOCHTEJICH, MOJBIKHOCTh M YHEPreTHYECKYIO
CTpYKTypy Marepuana [11, 12].

Jns p-tuma BioTes ocoOblit uHTEpEec
NPEACTaBIsIeT OIpeJesieHHe ONTUMAIbHOTO

JIHana3oHa KOHIEHTPALINI HOCHTEJIEH,
00ecIevnBaroIero Hauiay4diiee COOTHOIICHUE
MEXIY K03 HUITHEHTOM 3ecbeka,
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AIEKTPONPOBOIHOCTHIO M TETIJIONPOBOIHOCTHIO

[13].

Lenp  wacrosimedt  paboTel  —
BBITMIOJHUTH BBIYMCIUTEIHLHOE POCKTUPOBAHUE
p-tuna Bi-Sb-Te pmna pexuma TEG B
nuamnazone 300450 K wu chopmupoBaTh
PaKTUYECKHE pEeKOMEeHIauU o
ONTUMM3ALMU TapaMeTpoB. s JOCTHUKEHUS
LIEJIM PEILAOTCA CIIEYIOIIME 3a1a4M:

1. moctpouth KapThl IPOEKTUPOBAHUS
ZT(T,p)) nmns OGa3oBOro ClEHapuUs U
cueHapus cOJMKEHUS 30H;

2. OIpenenuTh OKHO ONTUMAJTbHBIX
KOHIEHTPAUH popt U TMPOCIETUTH €ro
TEMIIEPaTYPHYIO SBOJIIOLIUIO;

3. paccuutath 3aBucuMocTH [Tucapenko S(p) u

CBSI3aTh WX C OKHOM popt Kak ¢
MPAKTUYECKUM  KPUTEPUEM  HACTPOUKH
JICTUPOBAHHS,

4. MOCTPOUTH CeUYCHUS ZT(p) npu
T={300,350,400,450} K mus anamuza
dbopMbl  MakcuMymMa M CMEIICHHUSA
ONTHUMYMa;

5. copmupoBaTh BBIYHCIUTENHHYIO
«IOPOKHYIO KapTy» JlanbHenen

JKCIIEPUMEHTAIILHON ONTUMHU3ALUKA COCTaBa
Y TEXHOJIOTMHU IOJIy4€HUs MaTepuanoB Bi—

Sh-Te JUISt TEPMODIIEKTPUYECKON
reHEepaLyHy.
2. MATEPUAJIBI U METO/bI
Pabora BBITIOJIHEHA Kak
BBIYHCIIUTEIILHOE UCCIIEI0BAHUE,
OPHUEHTHPOBAHHOE Ha pexuM

tepmoanekTpudeckoir renepanuu (TEG) B
nuarnazone temrepatyp 300-450 K. 3amaua
chopMynMpoBaHa KaK aHaIMU3 3aBUCHUMOCTEH
TEPMOIEKTPUYECKUX  XAPAaKTEPUCTHUK  OT
TeMriepaTypbl T U KOHIEHTpaIMu HOCUTEIIEH P
¢ mnocrpoenuem kaptel ZT(T,p), a Takxke
ceuenur S(p) (3aBucumocth IlucapeHko) u
ZT(p) npu BeIOpaHHBIX TemIiepaTypax. Beibop
MOJIETTbHBIX MapaMeTPOB U UX BapbHUPOBAHUE B

pamKax paccMaTrpuBaeMbIX CIIEHapueB
comlacyeTcsi C  paHee  BBINOJIHEHHBIMHU
HCCJIEJIOBAHUSAMHU ANEKTPOPUZNYECKUX

CBOWCTB TEPMODJICKTPUUECKHX MaTepHalIOB Ha
OCHOBE BHCMYT-CypbMa-TeJUTypusoB [14].
Takoli  MOIXOJ  TO3BOJIAET  OINPENENUTh
ONTUMAJIbHBIE O00JIaCTH 1O P W OICHHTH
4yBCTBUTEIBHOCTh 3P PEKTUBHOCTH K
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OTKJIOHCHUSAM JICTUPOBAHUA W K H3MCHCHHUIO
30HHBIX [TAPAMETPOB.
Bbespasmephnas 100poTHOCTH

3aIIMCHIBAETCS KaK:
7T = SZJT’
K
TJIC Ke - DJICKTPOHHAS, K. —
peméToyHas TerI0npPOBOAHOCTb. [
AJIEKTPOHHOTO BKJIAJa UCTIOIB3YeTCs
0000mEHHBIN 3aKkoH Bunemana—®panna:
K, = LaT,
rue L- K03 ULIHECHT Jlopenna,
pacCUMTHIBAEMBI B paMKax TPaHCIOPTHOH
MOJIETM M HE TMPUHUMACMBIH ITOCTOSHHOMN
BEIIMYMHOM.
Koapdpuument Jlopenma omnpenensercs o

dbopmyrie

K=K, + KL

(H%)FH; (m (T‘+§)Fr+% )

L= (k_B 2 3 - 3

) [Erae T
rne ks - mocrogauas bomsnmana, e -
aNeMeHTapHbll  3apsa, Fj(m)— wuHTerpan
®epmu—/lupaka mopsaka j, — HMpUBEIEHHBIN
ypoBenp  Depmu, r —  IOKa3arelb
DHEPreTUYECKOM  3aBUCHUMOCTH  BPEMEHH
penakcanuu, 3a1aBaeMOi COOTHOLIEHUEM TXET,
XapakTEepU3yIOIMMM  MEXaHU3M  PACCESHUS
HOCHTEJIEN 3apsa

Pemérounas TEILIONPOBOJIHOCTD
3afaéres MpocToil yobiBaromeil pyHKIMen:

300

Kk (T) = L300 =5~
kL30=1.2 Br ™' K. Takas
rapameTpHu3aLus o0ecrieuynBaer
BOCIIPOU3BOAMMBINA  0a30BbI  clieHapuil U
ITO3BOJISIET COCPENOTOYUTh aHAIN3 HA BIMSIHUN
KOHIEHTPALlUM  HOCUTENEM U 30HHBIX
[apamMeTpoB.

Jnst onmcaHus mepeHoca IMPUMEHEHa
onHo-napabonuyeckas Monens 30H (SPB), B
KOTOPOH TePMODJIEKTpUUEeCKHEe KOAPPHUIIUEHTHI
BBIPAKAIOTCS Yepe3 NPHUBENEHHBIM YPOBEHBb
@epmMu M U NONHBIE HHTErpansl Pepmu—

Hupaka:

rac

o

xJ
Fi(n) = d
) -fo T+expx—n)
rie  x = kiT- Oe3pa3mepHasi  BHeprus
B
HOCUTEJNA, ] — MOPANOK HHTerpana depmu—
Hupaka.
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B wmacrosgimeM HcclIeIOBaHUM I
06azoBoro cueHapus npuHATO 1=0, YTO
COOTBETCTBYET MPUOIMKCHUIO TOCTOSHHOTO
BPEMEHM pelIakCcallii M HCIIOJB3YyeTCs Kak

yIpOLEHHAs rapaMeTpu3anus JUTS
HUHXXEHEPHOIO CpaBHEHUs BIIUSHUSA
KOHLICHTPALlUM  HOCUTEIEM U 30HHBIX

napamMeTpoB. AHaIM3 BIUSHUS KOHIICHTPAIIUU
HOCHTENEeH u 30HHBIX napaMeTpoB
NPEACTaBISIET MPAKTUICCKUI HHTEPEC TAKKe C
TOYKU 3PCHHSI U3YUCHUS TEPMOITCKTPUYECKHIX
CBOWCTB M MEXAaHHM3MOB YYBCTBUTEIHLHOCTH
criaBoB cuctembl Bi—Sb—Te [15].

B TEPMOIJICKTPUICCKUX
WCCJICIIOBAHUSX ITHPOKO HCIIOJIB3YETCS
3aBucuMocTh [lucapenko S(p), oTpaxkaroias
CBsI3b MEXIy Kod(h¢unmentoMm 3eebeka S u
KOHIIEHTpanue Hocutened 3apsga p. OnHa
MO3BOJIICT  OICHUTh  BIHMSHHUE  YPOBHS
JICTUPOBAaHUS H  OCOOCHHOCTECH  30HHOM
CTPYKTYPBI Ha TEPMODIICKTPUICCKUE
napameTphbl marepua’a. Koa¢ppunuenr
3ecOeka  BBIUMCISETCS MO dbopmyme:

kg (r + %) Fr+%(n)
S = ? 3 -n
(r+3)F re2 (D)
KoH1eHTparus JpIpoK BbIpa)kaeTcsi Kak
2(2mkpT)3/?
p(m,T) =N, " 23 Fi2mm
rae Fj(m) - uarerpan ®epmu—/lupaka nopsaka
j, my. - oSbdexTHBHAT Macca IUIOTHOCTH
cocrosHud, Ny - 3ddexTHBHAsS TOIUHHAS
BBIPOXKJIEHHOCTb, T —  aOcomroTHas
Temreparypa, h— mocrosiHHas [lmaHka.
DEeKTPOIIPOBOTHOCTh  OTIPEEIISIETCS
KJIACCUYECKHM COOTHOIIEHUEM
0 = epu.
B pabote cpaBHMBaIOTCS J1Ba CLIEHApPUSL:
+ Base (0a3oBbrii): m; = 0.8my , N,=6,
11300=0.02 m?*/Bc.

« BC (peaJMCTHYHBIN cLeHapuil
comkenns 30H): my; = 1m,, N\=12,
IPU 3TOM YUYUTBHIBAETCS PEATMCTUUHBIN mTpad

10 TIOIBU)KHOCTH M3-32 YBEITHUCHHUS M3

BC Base mg -

* * _

U300 = U300 ( > > y=1.
Mao

Urto6s! cBsi3arh “unctyio” SPB-uacth
peaTuCTUYHBIM YPOBHEM paccesHus,
HOABMKHOCTB 33JaHa (PyHKIMEN TeMIepaTypbl
Y KOHLICHTPALIVHU:
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—a 1

» |2)

e Moo - noaBwxkHocTh mpu 300 K, o -
MOKA3aTellb TEMIIEPATYPHOH 3aBUCUMOCTH, Pref
U [} OMHMCHIBAIOT CHIKEHHE | TIpH pocTe p. B

t(T,p) = Uzoo (

pacuérax  wWcmoib3oBaHbl  0=1.5, =1,
Prer=2x10" cm 2.

Takum  oOpasom, cuenapuii BC
MOJENMHUpPYeT  (U3UYECKH  PeaTUCTHYHYIO
CUTYAIMIO, B KOTOPOH MOBBIIIEHUE MNIOTHOCTU
COCTOSIHMM ~ CONMPOBOXKAACTCS  YaCTUYHBIM

CHUXXCHUCM IIOABUKHOCTH L. NHbIMEU CJIOBaMH,
YIY4YIICHHUEC TCPMOIJICKTPUICCKHUX ITAPaMCTPOB

JIOCTUTACTCS HECHOH OIpeIeIEHHBIX
TPAHCIIOPTHBIX MTOTEPb.
Kapter  mpoektupoBanust  ZT(T,p)

(bopMHpOBaIHCH B TEMIIEPATYPHOM JIHATIa30HE
T=300-450 K (mar 5 K). Jas kaxmoro
3HAUCHHUSI TEMIIepaTyphl BBITTOJTHSIIOCH
CKaHHUpOBaHHWE TIO0 MPHUBEIEHHOMY YPOBHIO
depmu n € [-6,6] (401 Touka), mocie 4Yero
Beruucisuiuck  p(T,m), S(M), L), o(Tp),
Ke(T,p)=LoT wu ZT(T,n). Hanee 3nauenus ZT
MHTEPHOIUPOBAINCh Ha JIOrapu(MUUECKYIO
cetky KoHueHTpamuii pe[10'86,10"%] cm3
(220 TOuek), dYTO TO3BOJSLIO TOMYYUTH
marpunty ZT(T,p) u TpaekTopHio onTUMalIbHON
KOHIIEHTpaIu# Popt(T) kKak mMakcumym ZT 1o n
mpu kaxaoM T (cm. puc. 2).

Ha cnenyromem miare paccuuThIBaIUCh

3aBUCUMOCTHU [Incapenko S(p) pu
T={300,350,400,450}K n Ha HUX HAHOCHJIOCh
OKHO ONTHUMAJIBHOTO JICTUPOBAHUS,

onpeenéHHoe o Habopy 3HaYeHUH popt(T) (5—
95% nmama3oH) (cMm. puc. 3). AHaJIOTUYHO
ctpownuch cedenus ZT(p) mpu Tex xe
TeMIIeparypax C BBIICIICHHEM OKHA Popt, YTO
MO3BOJISIIO BU3YyaJIn3upoBaTh MakcumyM ZT u
€ro CMellleHne MeX Ay CLieHapHusIMH (CM.puc. 4).

IT1. PE3YJIBTATBI

Ha puc. 2 npeacraBieHbl KapThbl
npoektupoBanus ZT(T,p) nns p-tuma Bi—Sb—
Te B mmamazone 300-450 K: (a) 0a3oBblil
cueHapuii u (b) creHapuil COMMKEHHUS 30H

(band  convergence) B  peaTUCTUYHOMN
nocranoBke (BC). B  obeux  kaprax
MPOCICKUBACTCS  XapaKTepHas o0acthb

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026



Phisics

3¢ HEKTUBHOTO JETUPOBAHUS T.€. MOBBIIIEHHBIX
sHauyeHut ZT B xoopaunarax (T, logio(p)).
MakcuMyM 10 KOHIEHTpamuu (QopMHpYyeT
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yAOOHO OMHCHIBAeTCS TpaeKTopuer popi(T) -
KOHLIEHTpaluen, npu kotopoit ZT pocturaer
MaKCUMyMa Iipu (PUKCUPOBAHHOM TeMIleparype

“xpedetr” (ridge) >¢dekTuBHOCTH, KOTOpbIH (Oemast TMHUS HA puUC. 2).

Base: ZT(T, p)

420

BC: ZT(T, p)

400

¥ 380

360

340

320 0.8

300
18.6 18.8 19.0 19.2 19.4 19.6 19.8 18.6 18.8 19.0 19.2 19.4 19.6 19.8
log1o(p), cm™ log1a (p), €m ™~
Puc. 2. Kapta npoekTtupoBaHus (design map) TepmoanekTpuiyeckux cBOUCTB p-tuna Bi-Sb-Te B
pamkax opHo-napabonuyeckon mogenu 3oH (SPB) B auanasoHe 300-450 K: (a) 6asoBbin
cueHapui u (b) cueHapui band convergence BC (mj; =1.0m0, Nv=12, wrpad no nogBuKHOCTH
H300x(m,)-1. LiBeToBas wkana coorBeTcTBYeT nonto ZT(T,p) B koopauHatax T un log10(p). Benas

KpuBas nokasbiBaeT popt(T), o6ecneunBarowyo makcumym ZT npu Kaxgom Temneparype.

CpaBHeHue naHenei puc. 2 nokas3blBaeT

JIB€ IPUHIIMITUATIEHBIE 0COOCHHOCTH CIICHAPUS
BC o otHOMmIeHU10 K 0a30BOMY:
BBICOKHX
Oonee
cpeaHeM ZT Bblllle B 3HAYUTEIBHOU
yactu oonactu (T,p)),
Popt(T)
Oonee

1. mone
CTAHOBUTCA

2. TpaeKkTopus
CTOPOHY

3HAUYEHUN ZT

“OorareiM” (B

CMCIIACTCA B
BBICOKHX

KOHLICHTPALIUH HOCUTEIIE.

coracyercs c buzuKoi

napamMeTpu3aluy COMMKEHHs 30H: YBEJIMYEHUE
Ny ¥ mj TOBBIIIAET TUIOTHOCTh COCTOSHHUMN
BONMM3u ypoBHA dDepMmH, a 3HAUYUT U3MEHSET
CBA3b MEXKY 1| U P, UTO IPUBOIUT K CMEILIEHUIO
ONTUMAJIBLHOIO OKHA JIESTUPOBAHMS.

Tabnuua 1.

MapamMeTpbl pacyE€THbIX CLUeHapUeB U KrtoveBble UTOroBble MeTpuKU (p-tun Bi—-Sb-Te, pexum

reHepauumn 300-450 K)

ITapamerp / MeTpuKa

ba3sosslii cuenapmii (Base)

PeamncTnuHbIN cLHeHapuil
commxenusi 300 BC ¢ yuérom
CHMIKEHUS L

my 0.8 mo 1.0 mo
Ny 6 12
1300, M2/B-c 0.0200 0.0160

a B W(T,p) 1.5 1.5

BB WT,p) 1.0 1.0
Dref , CM 2x10" 2x10"
KL,300, Brom K 1.2 1.2
TemneparypHblid 300450 K 300450 K
JIMana3ox

OKHO popt (5795%),

oM

1.809x10" ... 2.062x10"

2.494x10" ... 2.753x10"

771300450

~1.169

~1.461
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Cwmenienue OINTHMAJIbHOTO OKHa
KOHLIEHTpaluu HocuTeneil B cueHapuu BC B
001acTh 60J1ee BEICOKMX 3HAYEHUH COITIacyeTcst
C MpEICTaBICHUSIMH O COJMMKEHHUU 30H U C
pe3ybTaraMu HCCIEIOBAHUM, IOCBAIIEHHBIX
ONTUMM3AIMKU TEPMOAIEKTPUUECKUX CBOMCTB
TEJUTYPUJIOB BUCMYTa U CYpPbMBbI IOCPEICTBOM
nerupoBanus [7, 12, 13].

Jns  TEXHOJOTMYECKOM  pealn3aluu
TEPMORJIEKTPUUYECKUX MaTEpUAIOB B PEKUME
TeHEpalUu Ba)XHO, 4YTOOBI (PUKCHPOBAHHOE
JIETUPOBaHKE 00ECIIEUNBaJIO BEICOKHUM YPOBEHB
ZT He mpu ONHOW TEMIIepaTrype, a BO BCEM
pabouem  nguamazone. Iloatomy  BMmecTo
eAMHUYHOTO 3Ha4eHUs! popt(T) mpu 3amannom T
B paboTe BBEIEHO OKHO ONTUMAIbHOIO
JETUpOBaHus, omnpeaenéHHoe kak 5-95%
IUarna3oH 1o Habopy 3Ha4eHUU Popt(T),
u3Bned€HHbIX U3 Kaptel ZT(T,p) (puc. 2) npu
T=300-450 K.

B 6a30BoM crieHapuu noay4yeHo

pggge = (1.809 — 2.062) x
10%%cm 3,

torga kak B creHapun BC-B okHO
onTUMyMa cMenlaercsi B o0Omacte Oosee
BBICOKMX KOHIIEHTPAITHIA:

p5S, = (2.494 — 2.753) x

10cm3,
CaBur popt B BC siBnsieTcst oxxuaeMbiM
CIIEJCTBUEM  IapaMETpPU3ALUU  CTpPaTeruu

Base: zaeMcumMocTk MucapeHko S(p)
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commkenus 30H (BC) uepes yBenuueHne Maccol
IUIOTHOCTH COCTOSHHUA My | JOJHUHHOM
BeIpoxeHHOCTH Ny: mpu  Oompmem DOS
TpeOyemass KOHLEHTpalus A JTOCTHKECHUS
ONTUMAJIBHOIO peXHMa IO 1 OKa3bIBAETCs
Bbie. Ilpaktuyeckn 3TO O3Hauaer, 4To Ipu
peayM3aliii  YCJIOBUHM, COOTBETCTBYIOIIMX
COMKEHUIO 30H, LIEJIEBYIO0 HACTPOMKY cocTaBa
U J1eQEeKTHON XUMHUU CIEAYeT OPHUEHTHUPOBATH
Ha Oosiee BBICOKME KOHLIEHTPALMU HOCHUTENEH

0 CpaBHEHUIO C 0a30BBIM CIICHAPHEM.
[TomyueHHsie 3aBHCHUMOCTH TaKxe
COMIACYIOTCS C MPEACTABICHUSMU O BIMSIHUHU
ocoOeHHOCTeH KPUCTAJUIMYECKOM u

SIIEKTPOHHON CTPYKTYphl BixTes-momo0HbIx
MaTepuaoB Ha TPAHCHOPTHBIC MapaMeTpsl [9,
10].

Ha puc. 3 npuBeneHsl 3aBUCUMOCTHU
[Tucapenko S(p) mpu T={300,350,400,450} K
TUISE oboux CIICHApHEB. Kpussie
JEMOHCTPUPYIOT ~ OXHUJAAEMYIO  TCHICHIIHIO:
ko3 dunment 3eebeka yMEHbIIACTCS MPU
pocTe  KOHIIGHTpAalMM  HOCHTENCH,  d9TO
OTpakaeT yCUJICHUE BBIPOXKICHUS U CMEILICHUE
ypoBHa @Depmu. Ilpy 3TOM € yBEnTUYECHHEM
TEeMIepaTyphl 3HaUCHUS S 1151 GUKCUPOBAHHOU
KOHIICHTpAIIMK  OKAa3bIBAIOTCS  BBINIC, YTO
COTJIACyeTCsl ¢ TEPMOAMHAMUYECKON MPUPOIOI
S 1 ero 4yBCTBUTEIHHOCTHIO K PACIIPECIICHUIO
HOCHTENEH M0 YHEPTHSIM.

it —— T=300K
T=350K e

700

—— T=400K
500 — T=450K

OKHO t
500 - Pe

400 400

S, MKB/K
5, MEB/K

300 - 300

200 + 200

100 A

i 600 -

500 -

BC: 3aeucumocTs Mucaperko S(p)

— T=300K
T=350 K
— T=400 K
— T=450K
ORHE Pop

10‘1“ 1{;)0 1(‘::_)[

p, o7

1.::"13

1[]')(.‘ 10)1

p, cm?

10‘]2 10‘1!

Puc. 3. 3aBucumocTtb MNMucapeHko S(p) ansa p-tuna Bi-Sb-Te npu Temnepatypax 300, 350, 400 u
450 K: (a) 6a3oBbIi cueHapui u (b) cueHapui BC. Monynpo3spayHas o6nactb 0603Ha4aeT OKHO
onTUManbHOW KoHueHTpauuun popt (5-95% ananasoH 3HayeHun popt (T), nonyvYeHHbIX U3 KapThbl
ZT(T,p), Puc. 2) 1 noka3biBaeT 3Ha4eHUs1 S, COOTBETCTBYOLME ONTUMaNIbHOMY flerMpoBaHUIO B
paboyem TeMnepaTypHOM Anana3oHe TEPMOINEKTPUYECKOMN reHepaumm.

KitoueBoit anmeMeHT HHTepHpeTanun
puc. 3 — HaHECEHHE MOJYNpPO3PavYHOU
0011aCcTH, COOTBETCTBYIOIIEH OKHY Popt U3 PUC.2.

bnaromapst atomy 3aBucumocth Ilucapenko
HCIIONIB3yeTCs HE Kak “‘o0Iasi TeopeThyeckast
KpuBasi’, a KaKk MPAKTUYECKUN HHCTPYMEHT:
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OHAa  TMOKa3bIBaeT, KaKWe 3HAUeHUs S
COOTBETCTBYIOT ONTHMAaJIbHOMY JIETHPOBAaHUIO
B pabouem JMarna3oHe TEMIIeparyp
TepModsiekTpuueckoit reaeparuu (300450 K).
B uactHocTu, caBur okHa popt B BC o3Hauaer,

YTO ONTHMAJIbHBIN PEXKUM OOCTHUTACTCA IIPHU
Base: zasucumocTs ZT(p)

52
Oonee BBICOKUX KOHIEHTpALUAX, Tae S
3aKOHOMEPHO HHXKE, OJHAKO CYMMAapHBII

apdexr (¢ yuy€ToM G U Ke) NPUBOIUT K
BBIUTPHBIITY B Z T, 4TO MOATBEPKIAETCS KapTOH
puC. 2 ¥ KpUBBIMU pHUC. 3.

1.4 1

1.2 4

1.0 1

0.8

0.6

0.4 1

0.2 1

0.0 4

BC: zaBucumocTe ZT(p)

— T=300K

T=350K
— T=400 K
— T=450K
OKHO Pogt

10]8 101"-] 102C 102I
p. cm~?

10'® 1012 107 107!
p. cm™

Puc. 4. PacuyéTHble 3aBucumoctu ZT(p) ansa p-tuna Bi-Sb-Te npu Temnepartypax 300, 350, 400 n
450 K: (a) 6a3oBbIN cueHapui u (b) cueHapun BC. Monynpo3payHasa o6nacTb COOTBETCTBYET OKHY

popt (5-95% no popt (T),

Puc.2). Hanuuue BbipaxeHHOro makcumyma ZT(p) oTpaxaer

KOMMNPOMUCC MeXAy POCTOM INeKTPONpoBOAHOCTU U yBeJIMYeHUeM JJIeKTPOHHOro BKnagda B
TennonpoBoAHOCTbL NpU NOBbLILWEHUN KOHUEeHTpauuu HoOcUTenemn.

Puc. 4 nokassiBaer 3aBucumoctu ZT(p)
npu TeX xKe TeMIeparypax
T={300,350,400,450} K. Bo Bcex cmyuasx
HaOmronaercsl BoIpakeHHbIH MakcuMyMm ZT mo
KOHLIEHTpAallUM, 4YTO  SIBJIAETCA  NPSMBIM
CIIEICTBUEM KOHKYPUPYIOIIMX TEHJEHIII:
pOCT p YBEIMYMBAET G, HO OJHOBPEMEHHO
CHIKAET S U MOBBILIAET ANEKTPOHHBIN BKJIAJ B
TEIUIONPOBOIHOCTh  Ke. [loaTOMy  mocne
ONpENEIEHHOTO 3HA4YECHHs P JajbHennee
YBEJIMUEHUE  KOHLUEHTPALIMM INPUBOJUT K
yosiBanuio ZT.

[Tonynpo3padynas 061acThb popt HA pHC. 4
pacrionaraeTcsi BOJIM3M BEPIIMHBI KPUBBIX, YTO
MIOKa3bIBA€T CONIACOBAaHHOCTb PE3YIbTATOB:
OKkHO, HaiinenHoe w3 kaptel ZT(T,p),
NEMCTBUTENIBHO  COOTBETCTBYeT  00JacTu
MakcumyMa ZT(p) Ha OTHOMEPHBIX CEUEHUSX.
s BC kpussle ZT(p) pacnonaratoTcst BbIIIE
[0 YypPOBHIO, a ONTHUMallbHasg o00JIacTh
CMEIIAeTcss  BIPaBO, YTO COOTBETCTBYET
o0umieMy TpeHIy pHUC. 2 U TOATBEPKIAeT
PEUMYIIECTBO CTPATETUHU COMMXKEHUS 30H IPU

peaTUCTUIHOM yuére mrpada 1o
MOJIBU>KHOCTH.
Hns TE€HEepPaTOPHOTO pexuma

1enecoodpa3Ho oreHuBaTh 3hHEeKTUBHOCTD HE
B OIHOW TeMmIeparypHOM TOYKe, a Kak

HHTCIpaJIbHYIO XapaKTCPUCTUKY 110 AUAIIa30HY

450
ZT300-450 = ———— | ZT(T)dT.
s00-150 = 755 =505 .. 2T
I[lo nomydeHHbIM pacuétam  (as

3aJaHHOro Habopa mapaMeTpoB  MOJEIIN)

CpEIHUE 3HAUEHUS COCTABUIIN:

—base

T300-450 = 1.169,

—BC

ZT300-450 = 1.461,

Takum  oOpasom, cuenapuii BC

o0ecrieyrBaeT 3aMEeTHBII POCT MHTETpalbHOU
sbpdexTuBHOCTH B pabodyeMm  Juamna3zoHe
temneparyp TEG, a He TOJBKO JIOKaJIbHOE
yAydlllEeHHe IIPU OJHOM TeMIlepaType.

IV. OBCYXKXIEHUE

I'eneparopusbIit pexUM
NPUHLUNUAIBHO  OTJIMYAeTCsl  TEM,  YTO
TEPMOJIEMEHT paboTaeT Ha pacnpeieseHuu
TeMmneparyp, TOrga  Kak  JIETUpPOBaHUE
Marepuana (buKcUpoBaHo. [TosTomy

uHpopmatuBHee He onHa kpuBas ZT(T), a
MMEHHO 00J1acTh BBICOKUX ZT B KOOpAMHATax
(T,p). Ioctpoennas kapta (Puc.2) mo3pomuser
OIICHUTh, HACKOJBKO “IIMPOK’ ONTUMYM IO
KOHILEHTpAallUd W  HAcKOJIbKO  YCTONYMB
Marepuanl K TEXHOJOTHMYECKHM BapHalusM p.
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Hanuune tpaexkropun popt(T) ma€r opuenTHp
JUId 1LeJIEBOM HACTPOWKM KOHIIEHTpALUH, a
mupuHa obnactu Bbicokux ZT ompenenser
IPAaKTUYECKYI0 BOCIIPOU3BOIUMOCTb.
3aBucumocts [Iucapenko S(p) cama no
cebe oTpakaeT oOmmMi TpeHa “Oomibine p —
Menbiie  S”. OpHako €€ mpakTUuecKas
LIEHHOCTh PE3KO BO3pacTaeT, Korja Ha rpapuk
HAHECEHO OKHO Popt: TOTJAa CTAHOBUTCS BUIHO,
Kakue 3HA4YeHUs S COOTBETCTBYIOT
OonTUMaJIbHOMY pexxkuMy umeHHo st TEG B
300450 K. DOro mnpepamaer Puc.3 B
UHCTPYMEHT KOHTPOJIS JIETUPOBAHMSL:
U3MEPEHHBI OKCIEPUMEHTAIbHO S MOXKHO
COIOCTABJISITh C PAacYETHBIM JHANa3oHOM S B
OKHE Popt. Ceuenus ZT(p) (Puc.4)
JEMOHCTPUPYIOT 4ETKO BBIPAKECHHBIN
MaKCUMYM, BO3HUKAIOUIMH W3 KOHKYPEHLUHU
3 EeKTOB: yBEIMUYEHHE P IMOBBIIIAET G, HO
CHI)KAET S W YBEIMYUBACT JJIEKTPOHHYIO
TEIUIONPOBOJHOCTD Ke. [IoaTOMY ZT pactér no
HEKOTOPOTo OINTUMAJILHOT'O JMarnazoHa
KOHIIGHTpallMid ¥ 3aTeéM  yMEHbBIIAETCS.
CoBrnagenne obmactu makcumyma ZT(p) c
OKHOM popt , IOJy4eHHbIM u3 Puc.2,
MOJITBEP>KIA€T BHYTPEHHIOK COINIACOBAHHOCTh
pe3yabTAaTOB M KOPPEKTHOCTH JIOTHKU design
map — 3aBucumocts Ilucapenko — ZT(p).

Commxenne 30 (BC) B manHO# paboTte
OTpa)keHo yepe3 yBenndeHue Ny 1 my, To ecTh
yepe3 yCUJICHHE TUIOTHOCTH COCTOSTHUM BOJIN3H
ypoBHs @epmu. B “uneanusupoBaHHBIX”
CIIEHapHMsIX TaKoM MOAXOJ Mor Obl JaBaTh
3aBBILICHHBIA BBIUTPBIIL, €CIM CUUTaTh |l
HeusMeHHOU. [loatomy B BC-B BBenén yuér
CHIW)KEHHSI  TOABMXKHOCTH [,  KOTOPBIN
MOJIETIMPYET yXyIUIEHWE TpaHCIOpTa IpU
yBEIMYEHUH dSPPEKTUBHOM Macchl W/MIU
ycuiieHuu paccessHus. Jlake mnpu 3TOM
peanuctuuHoM gonymeHun kapra ZT(T,p)
MOKa3bIBaeT PpACIIMPEHHE OOJACTH BBICOKHX
ZT W CcMeIIeHHEe ONTUMAJbHOIO OKHAa K
OOJIBIINM .

Takum ob6pazom, BC nemoncTpupyer,
4YTO CTpaTerusi CONMKEHUsS 30H MOXET
octaBaTbCsi  d(PPexkTuBHOM  nmaxke  TpH
YaCTUYHOW IOTepe TMOJABUKHOCTH, €CIHU
BBIUTPBIII OT pocta DOS nomuHupyer Haj
CHIDKEHHEM |L.

IIpakTuyeckue
ONTUMM3ALMH.

BbIBOAbI AJIA

53

ITony4yenusie KapThl ZT(T,p),
3aBucuMocTu Ilucapenko S(p) um cedeHus
ZT(p) II03BOJISIIOT copMynupoBaTh

MIPUKJIAHbIE PEKOMEHIAIMU JJisi HACTPOUKH
cocraBa u JierupoBanus p-tuna Bi—Sb-Te mox
TEG B nquamnazone 300450 K.

Bo-niepBrix, 1eseBas 00J1acTh
KOHIEHTpalUWi  JOJDKHAa  BbIOMpaThCcs B
npezesiax OKHa Popt, OMPEIACIEHHOTO IO pUC. 2
u Tabm. 1, TOCKOJNbKY HMMEHHO Tam
o0ecrieynBaeTcss MaKCUMaJIbHBINA ypoBeHb ZT
BO BCEM JIMaIla30HE TEMIIEPaTYp.

Bo-BTOpBIX, NpH peanu3anuu yCIOBHU
commxenus 30H (BC) ontumym cmemaercst K
O0oiee  BBICOKMM  KOHLEHTpALHUsAM,  4TO
HEOOXOUMO  YYHMTHIBaTH  IpH  BBIOOpE
Ne(EeKTHON XUMHH U JISTUPYIOMIHX T00aBOK.

B-tpetpux, 3aBucumoctu Ilucapenko
JAIOT OPSIMYIO CBSI3b MEXJYy OINTHUMAlbHBIM
JIETUPOBAHUEM U U3MEPSAEMBIM [1apaMeTpoM S,
YTO TO3BOJIIET UCIONB30BaTh S KaK OBICTPBIN
KpUTepui KOHTpPOJIA KauecTBa u
BOCIIPOM3BOJAMMOCTH 00Pa3IoB.

Takum  oOpazoMm,  TpEIIOKEHHBIN
BBIUMCIUTENbHBI MOAXOJ MOXET CIYXUTh
MPaKTUYECKUM MHCTPYMEHTOM
IIpEIBAPUTELHOTO IPOEKTUPOBAHNUS COCTaBa U
napameTpoB JIETUPOBAHUS nepexn
AKCIIEPUMEHTAJIbHONU BepUUKaLUEH.

V. BBIBO/JbI

1. TloctpoeHsl ~ KapThl  TPOEKTUPOBAHUS
ZT(T,p) nns p-tuna Bi—-Sh—Te B quamnasone
300450 K wu BbImeNeHa TpaeKTOpHUs
ONITHMAIBHOTO JierupoBaHus Popt(T).

2. [loka3zaHo, 4TO CIIEHApH COJMKCHHE 30H
BC (poct mg;, Ny + yuér CcHmKeHus
MOJBMKHOCTH W) IoBbIMAeT ZT B HIMPOKOM
nuana3one (T,p) U cmemaer onTuManibHOE
OKHO KOHILIEHTPAIMI B CTOPOHY OOJIBIIUX P.

3. 3aBUCHMOCTH [Tucapenko S(p) c
HaHECEHHBIM OKHOM Popt IO3BOJISIOT CBA3ATh
“TEOpEeTUYECKYIO” OIITUMU3ALUIO c
U3MEpsIEeMBbIM TapaMeTpoM S U 334al0T
y10OHBIN KpUTEpUH JUTSt
JKCIIEPUMEHTAIBHON HaCTPOUKHU
JICTUPOBAHMS.

4. Kpusble ZT(p) JEMOHCTPUPYIOT
BBIPQKEHHBIH MaKCUMyM H IIOKa3bIBAIOT,
YTO OKHO popt COOTBETCTBYET 00JacTu
MaKCHMaJIbHOT'O 7T, obecneynBas
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COTIACOBAaHHOCTH Puc.2—
Puc 4.

5. Ilomyuennsie xaptbl ZT(T,p), OKHO popt U
3aBUCUMOCTH S(p) MOTYT HCHOJIb30BaThCS
KaK NPaKTHYECKUI OpPHEHTHp Ui BBIOOpa
JIETUPOBAHUS u TUTAHUPOBAHUS
MOCJIEIYOLIEH JKCIIEPUMEHTAIILHON
Bepudukanuu marepuaioB Bi-Sb-Te s
TEG B nuanazone 300—450 K.

JIoCTYTHOCTH TaHHBIX U KOJa
Bcee pacuérel BeimonmHensl B Python.

Hcnonp3yemble  CKpUNTHL  00€CHEUYUBAIOT

BOCIIPOM3BOJAUMOCTb PE3YJIbTATOB, BKJIIOYAs

3aJjaHHBIe ceTKU 1Mo T, M U p, KIIIUPOBaHUE

UHTETPAJIOB ®epmu—/lupaka U

ABTOMATUYECKYIO TeHepalnio rpadukoB (puc.

2-4). Ilpu HEoOXOIUMOCTH KOJ| MOXET OBIThH
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Rodiy atomlari bilan legirlangan kremniy monokristallarining tuzilmaviy

va fazaviy holatlari
UDK 539.216:621.315.592

A.Y.Boboyev?, A K.Rafikov?, Z.M.Ibrohimov3, M.M.Arabboyeva?!

1Z M.Bobur nomidagi Andijon davlar universiteti, 1700100, Andijon, O‘zbekiston
20'zbekiston Respublikasi Fanlar akademiyasi Yadro fizikasi instituti, Toshkent, O‘zbekiston
3Andijon davlat texnika instituti, Andijon, O‘zbekiston

Annotatsiya: mazkur ilmiy ishda rodiy atomlari bilan legirlangan kremniy monokristallarining
strukturaviy va fazaviy holatlari rentgen difraksion usullar yordamida kompleks tarzda tadqiq gilindi. Tadgigot
obyekti sifatida Choxralski usulida o‘stirilgan fosfor bilan legirlangan n-tipli kremniy monokristallari tanlandi.
Eksperimental jarayonlarda boshlang‘ich namuna, yuqori haroratli termik ishlovdan o‘tgan namuna hamda rodiy
atomlari diffuziyasi amalga oshirilgan namunalarning sekin va tez sovitilgan holatlari o‘rganildi. Rentgen
difraksion o‘lchovlar Empyrean Malvern difraktometri yordamida Bragg—Brentano geometriyasida 26 = 10°-80°
burchaklar oralig‘ida amalga oshirildi. Olingan natijalar shuni ko‘rsatdiki, barcha namunalarda asosiy difraksion
maksimum kremniyning (111) kristallografik tekisligiga mos keladi va bu namunalarning yuqori darajada
orientatsiyalangan monokristall ekanligini tasdiglaydi. Yuqori haroratli termik ishlovdan so‘ng (111)Si refleks
intensivligi  kamayishi va panjara doimiylarining kengayishi kuzatildi, bu esa kristall panjarada
mikrokuchlanishlarning ortishi hamda fon kirishmalar tagsimlanishining o‘zgarishi bilan izohlanadi. Rodiy
atomlari diffuziyasidan so‘ng esa kristall panjara parametrlari o‘zgarishi, ikkilamchi fazalar hosil bo‘lishi hamda
mikrostrukturaviy o‘zgarishlar qayd etildi. Sekin sovitish sharoitida SiRh3 silitsid fazasi shakllanishi aniglangan
bo‘lsa, tez sovitish jarayonida esa RhO2 oksid nanofazalari hosil bo‘lishi kuzatildi. (222)Si va (111)Si reflekslari
intensivliklarining nisbati asosida kristall panjaradagi mikrokuchlanishlarning evolyutsiyasi tahlil gilindi. Olingan
natijalar rodiy atomlari kremniy panjarasiga diffuziya gilganda strukturaviy deformatsiyalar, fazaviy
transformatsiyalar va mikrostrukturaviy gayta tashkillanish jarayonlari yuzaga kelishini ko‘rsatdi.

Kalit so‘zlar: kremniy monokristallari, rodiy diffuziyasi, rentgen difraksiyasi, silitsid fazalar, SiRh3,
kristall panjara, mikrokuchlanish, nanoelektronika

Abstract: this study investigates the structural and phase states of rhodium-doped silicon
monocrystals using X-ray diffraction techniques. Phosphorus-doped n-type silicon monocrystals grown by the
Czochralski method were used as the main research material. Several experimental samples were prepared
including an initial reference sample, a thermally annealed sample, and rhodium-diffused samples subjected
to slow and rapid cooling regimes. X-ray diffraction measurements were performed using an Empyrean Malvern
diffractometer in Bragg—Brentano geometry within the angular range of 26 = 10°-80°. The results show that
the dominant diffraction peak in all samples corresponds to the (111) crystallographic plane of silicon,
confirming the highly oriented monocrystalline structure. Thermal annealing resulted in a slight lattice
expansion and a decrease in diffraction intensity due to increased microstrain and redistribution of impurity
atoms. After rhodium diffusion, significant changes in lattice parameters and additional phase formations were
observed. In slowly cooled samples, rhodium silicide (SiRh3) phases were formed, while rapid cooling led to
the formation of RhO2 oxide nanophases. The ratio of forbidden (222)Si to main (111)Si reflections was used
to evaluate microstrain evolution in the crystal lattice. The obtained results demonstrate that rhodium
incorporation significantly modifies the structural state and phase composition of silicon monocrystals.

Keywords: silicon monocrystals, rhodium diffusion, X-ray diffraction, silicide phases, crystal lattice
microstrain

AHHOTaUMA: B AaHHON paboTe mccnenoBaHbl CTPYKTYPHbIE U (0a30Bble COCTOAHUST MOHOKPUCTAIIIOB
KPEMHUS, NErMpPOBaHHbIX aTtoMamMu poausi, METOAOM pPeHTreHoaAndpakLMOHHOro aHanusa. B kavecTtBe
0OBbEKTOB MCCNeAoBaHMS UCMOb30BaNIMCb MOHOKPUCTaIbl KPEMHUS N-TUNA, fnerMpoBaHHble hocopom U
BblpalleHHble MeTogoM Yoxpanbckoro. bbinv  mccrnegoBaHbl McxogHble oOpasubl, obpasubl nocne
BbICOKOTEMMNEPATYPHON Tepmmyeckon obpaboTkM u obpasubl nocrne auddysun poaus ¢ MenJieHHbIM U
ObICTpbIM OXNaxaeHnem. PeHTreHoandpakLMoHHbIE U3MEPEHUSI MPOBOAMIMCH Ha AndpakTomeTpe Empyrean
Malvern B reomeTtpumn Bparra—bpeHTaHo B agmanasoHe yrnoB 20 = 10°-80°. ony4yeHHble pe3ynbTaThl
nokasanu, YTO OCHOBHOW OUMPaKUWNOHHBLIN MakCUMMYM COOTBETCTBYET KpucTannorpaduyeckon nriocKoCcTu
(111) kpemuus. MNocne TepMuyeckon obpaboTkn HabNAanoCch yBENMYEHNE NapameTpa PeELLETKN U CHKEHnE
WHTEHCUBHOCTU AMMPAKLUMOHHOTO MaKCMMyma, 4YTO CBS3aHO C rMepepacnpegeneHvemMm npumecen u
yBenuyeHnem mukpogedopmauuin. MNMocne guddysnm poansi Obinm oOHapyXeHbl 4ONONHUTENbHbIE (ha3oBble
obpasoBaHus. B ycnoBusax menneHHoro oxnaxgeHus cdopmupyetcs cunuumpHas dasa SiRh3, torga kak
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ObICTpoe oxnaxgeHwe NpUBOAUT K 00pa3oBaHMO OKCUAHBIX HaHoda3d RhO2. OTHoWweHne UHTEHCUBHOCTEN
oTpaxeHun (222)Si n (111)Si ncnonb3oBaHoO 4SS OLEHKM MUKpoaedopMaLnii B KPUCTANIMYECKON peLleTKe.

KnioyeBble cnoBa:
MUKpogedopmaunm

I.Kirish

Bugungi kunda qgattiq jismlar fizikasi va
yarimo‘tkazgichlar texnologiyasining ustuvor
yo‘nalishlaridan biri materiallarning elektrofizik
xossalarini  atom  darajasida  boshgarish
hisoblanadi. Monokristalli kremniy (S1), 0‘zining
texnologik moslashuvchanligi va tabiatda keng
targalganligi tufayli, zamonaviy mikro va
nanoelektronikaning  "fundamenti"  bo‘lib
golmoqda. Birog, zamonaviy qurilmalarning
(yugori  chastotali  tranzistorlar, quvvatli
tiristorlar va yuqori samaradorlikka ega quyosh
elementlari) o‘lchamlari nanometrlar migqyosiga
tushishi, materialning tuzilmaviy
mukammalligiga bo‘lgan talabni keskin oshirdi.
Kristall panjarasidagi har qganday nazorat
gilinmagan nugson yoki qirishma atomlari
asbobning  foydali ish  koeffitsiyentini
pasaytiruvchi asosiy omil bo‘lib xizmat
gilmogda. Shu bilan birga Choxral usuli bilan
olinadigan kremniy monokristallarida "foydali™
va "zararli" xolatlarni keltirib chigaruvchi
kislorod atomlari ham eng ko‘p uchraydigan
texnologik fon girishma (konsentratsiyasi 1017-
1018 sm-3 gacha) hisoblanadi [1]. Kislorod
atomlari ayrim hollarda kristall panjarani
mustahkamlaydi va dislokatsiyalar harakatini
cheklaydi [2]. Issiglik ishlovlarini berish
jarayonlarida (450°C va 650°C atrofida) kislorod
atomlari "termo donorlar” hosil giladi, bu esa
materialning solishtirma garshiligini kutilmagan
tarzda o‘zgartirib yuboradi [3]. Shuningdek,
kislorod pretsipitatlarining (SiOx) notekis
tagsimlanishi kristall ichida kuchli mexanik
kuchlanishlarni  keltirib  chigarib, zaryad
tashuvchilarning  sochilishiga va energiya
yo‘qotilishiga olib keladi [4].

Kremniyni 4d-o‘tish metallari, xususan
rodiy (Rh) bilan legirlash, material xossalarini
modifikatsiya  qilishning  eng istigbolli
usullaridan biri hisoblanadi. Rodiy atomlari
kremniyning tagiglangan sohasida ham donorlik,
ham akseptorlik xususiyatiga ega bo‘lgan chuqur
energiya sathlarini (masalan, Ec - 0.32 eV va Ev

KpemHun, aunddysma poaus,

peHTreHoamdpakums, cunuunaHele dassbl,

+ 0.35 eV sohalarida) hosil giladi [5]. Bu esa
zaryad tashuvchilarning rekombinatsiya tezligini
keng diapazonda boshqgarishga imkon beradi.
Shuningdek, rodiyning kremniydagi diffuziya
koeffitsiyenti yuqoriligi sababli, uni termik
diffuziya usuli bilan Kiritish orgali monokristall
hajmi bo‘ylab qirishmalarning bir jinsli
tagsimlanishiga erishish mumkin [6]. Bundan
tashgari, rodiy atomlari kislorod va boshqga
texnologik kirishmalarni o‘z atrofida to‘plab
(getterlab), kristallning ishchi sohalarini tozalash

Xususiyatiga ham ega [7]. Rh-O
komplekslarining hosil bo‘lishi
yarimo ‘tkazgichning yuqori haroratlarga
chidamliligini oshiradi [8]. Bu esa ishlab

chigarish jarayonida yuqori haroratli termik
oksidlanish ~ va  diffuziya  bosgichlarida
materialning degradatsiyaga uchrashini oldini
oladi. Shu bilan birga rodiy bilan legirlangan
kremniyda radiatsiya natijasida hosil bo‘lagan
nugsonlar (masalan, A-markazlar yoki YE-
markazlar) rodiy atomlari bilan o‘zaro ta’sirga
kirishib, o‘zlarining elektrik faolligini yo‘qotadi
[9]. Shu munosabat bilan kremniyni rodiy va
kislorod atomlari bilan birgalikda komplekslarni
tuzilmaviy xossalar va fazaviy holatlarini tadqiq
gilish, nafagat qattiq jismlar fizikasidagi
fundamental jarayonlarni tushunish, balki amaliy
nanoelektronika uchun ekstremal sharoitlarda
bargaror ishlaydigan yangi materiallar yaratish
imkonini beradi.

I1.Namunalar tayyorlash va tadgigot
metodikasi

Tadqgiqot obyekti sifatida Choxral usulida
o‘stirilgan, fosfor bilan legirlangan n-turdagi
monokristall kremniy (KEF_15)
namunalari tanlandi. Tajribalar uchun namunalar
10 x 10 x 1 mm3 o‘lchamda tayyorlandi.
Namunalar yuzasining tozaligini ta’minlash
magsadida ularga ikki bosqgichli ishlov berildi:
avval yuza mexanik sayqallandi, so‘ngra
kimyoviy ishlov berish orgali organik va
anorganik ifloslanishlardan to‘liq tozalandi.
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Rodiy (Rh) atomlarini namunalar hajmiga
Kiritish jarayoni gaz fazasidan diffuziya gilish
usulida, yugori vakuumlangan kvars
ampulalarda amalga oshirildi. Diffuziya jarayoni
izotermal sharoitda, 1300 °C haroratda 5 soat
davomida olib borildi. Jarayon yakunlangandan
so‘ng, kiritilgan atomlar va hosil bo‘lgan
defektlarning tagsimotiga ta’sirini o‘rganish
magsadida namunalar ikki xil meyorda, ya’ni
sekin (sc) va tez (rc) sovitildi.

i,

1-rasm. Boshlang‘ich n-Si<P> (yashil chiziq),
1300°C haroratda 5 soat davomida issiqlik
ishlov berilgan n-Si<P> namunalari (qizil
chiziq), rodiy atomlari diffuziyasidan keyin
sekin sovitilgan n-Si<P,Rh> namunalari (ko‘k
chiziq) va rodiy diffuziyasidan Kkeyin tez
sovitilgan n-Si<P,Rh> namunalari (jigarrang
chiziq)

Tadgigot gilingan namunalarning tuzilmaviy va
fazaviy holatlarini nazorat gilish Empyrean
Malvern rentgen difraktometri yordamida
amalga oshirildi. Rentgenodifraksion o‘lchovlar
Bregg-Brentano  geometriyasida  o‘tkazilib,
targalish burchi 206 B = 10° + 80° bo‘lgan
diapazonda  uzluksiz ~ skanerlash  tezligi
1gradus/min etib belgilandi. Bunda burchak
gadami 0.02 gradus etib olindi. Tuzilmaviy
cho‘qqilarning maksimal qiymatlarini aniqlash
va olingan natijalarga grafik ishlov berish uchun

OriginPro 2022  dasturiy  ta’minotidan

foydalanildi.

I11.0lingan natijalar va ularning tahlillari
Tadgigotda kirishma atomlarini

(masalan, rodiy kabi) maxsus ravishda

kiritmagan holda tayyorlangan n- Si<P>

namunalarining  rentgenotuzilmaviy  holati
baholandi (1-rasm yashil rangli chizig). Bu esa
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0°‘z navbatida issiqlik ishlovi ta’sirida kremniy
kristall panjarasida yuzaga keladigan tabiiy
tuzilmaviy o‘zgarishlar, fon kirishmalar (aynigsa
kislorod) hamda fosfor atomlarining gayta
tagsimlanishi  natijasida paydo bo‘ladigan
ikkilamchi fazalarni aniglashdan iborat. Nazorat
namunasining rentgenogrammasida 20 = 28.54°
burchakda (111)Si kristallografik yo‘nalishiga
mansub yuqori intensivlikdagi (I = 1268300
imp/s) difraksion akslanish kuzatildi. Ushbu
cho‘qqgining yuqori intensivligi va tanlanma
tabiati namunaning sirti (111) oriyentatsiyaga
nisbatan  yo‘nalganligini  ko‘rsatadi.(111)
akslanish uchun tekisliklararo masofa d=3.125A
giymatidan foydalangan holda n- Si<P>
namunalarining panjara doimiyi a = 5.4126 A

anigladi. Shuningdek mazkur aslanishninsh
eksperimental giymatlari yordamida
tashkillovchi  subkristallitlarning  o‘lchami

hisoblanganda D = 59.7 nm ni tashkil etdi. Bu
giymat kremniy monokristalliq tabiati saglangan
holda, ammo hajmda ma’lum miqdorda
chegaraviy sohalar va mikronogsonlar mavjud
bo‘lishidan dalolat beradi [10]. Shu bilan birga,
nazorat namunasi rentgenogrammasi spektrida
past intensivlikdagi qo‘shimcha cho‘qqilar ham
kuzatilgan (2 a, b va c-rasmlarga qarang).
Xususan, 20 = 30.90° burchakda SiP, fazasiga
tegishli (200) akslanishi kuzatilishi fosfor
Kirishmasining bir gismi kremniy bilan kimyoviy
birikishga moyil sohalarda lokal to‘planishi
mumkinligini ko‘rsatadi. Ushbu akslanishning
eksperimental giymatlarini gayta hisoblashlar
yordamida mazkur birikmalar asosida xosil
bo‘lgan polikristallit sohalarning o‘lchami D =
75.1 nm teng ekanligi aniglandi. SiP, fazasining
kuzatilishi ko‘p hollarda yuqori haroratli
ishlovlar  jarayonida  fosforning gayta
tagsimlanishi va ba’zi “energetik qulay”
markazlarda bog‘lanishi bilan izohlanadi [11].
Nazorat namunasida kislorod ishtirokida hosil
bo‘ladigan oksid fazalarining izlari ham
aniqlandi. 26 = 42.43° burchakda SiO, fazasiga
tegishli (211) akslanish kuzatildi. Mazkur akslani
uchun FWHM kattaroq bo‘lib, hisoblangan
nanokristallitlar o‘lchami D = 25 nm atrofida
chiqdi. Shuningdek, ushbu SiO, fazasi uchun
trigonal P3221 fazoviy guruhiga xos panjara
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doimiylari a = b = 5.031 A va ¢ = 5527 A
giymatlarda berilgan. Oksid
nanokristallitlarining nisbatan kichik o‘lchamda
bo‘lishi kislorod atomlarining asosan chegaraviy
sohalarda, dislokatsiya atrofida yoki sirtga yaqgin
gatlamlarda pretsipitatlarni hosil bo‘lishi bilan
tushuntiriladi [10].

Keyingi bosgichda n- Si<P>namunalari 1300°C
haroratda 5 soat davomida issiglik ishlovlari
berilgan  namunlarning  rentgenotuzilmaviy
xossalari o‘rganildi (1-rasm qizil rangli chizig).
Odatda issiqglik ishlovlaridan kristall panjaradagi
ichki kuchlanishlarning qayta tagsimlanishi,
diffuziya jarayonlarining jadallashishi, nugsonlar
konfiguratsiyasining  o‘zgarishi va  fon
kirishmalar (kislorod, uglerod) hamda fosfor
atomlarining dinamik muvozanat holatiga
keltirish uchun foydalaniladi [12]. Bunday
sharoitda  panjara  doimiylari,  difraksion
akslanishlarning turli burchaklar tomon siljishi,
intensivlik va yarimkenglikning o°zgarishi orqali
tuzilmaviy evolyutsiya baholanadi. Termik
ishlovdan keyin (111)Si akslanishi 20 = 28.36°
gasiljigani kuzatildi. Ushbu akslanishning kichik
burchaklar ~ tomon  siljishi  tekisliklararo
masofaning biroz o‘zgarganini (d = 3.131 A),
panjara doimiysi a = 5.423 A gacha ortgani
ko‘rsatadi. Bundan tashqari (111)Si akslanish
intensivligi 1 = 758700 imp/s gacha kamaygan.
Bu esa o0°‘z navbatida sirtiy holatlarda
mikrodeformatsiyalarni ortishi, diffuziya
natijasida tarqalish markazlarining ko‘payishi
hamda ayrim soha va chegaralarda ikkilamchi
fazalar ulushining ortishi dalolat beradi [13]. Shu
bilan birga, (111)Si akslanishning eksperimental
giymatlari yordamida  subkristallitlarning
o‘lchami (D = 64.9 nm gacha) ortgani aniqlandi.
Issiglik ishlovlari natijasida subkristallitlar
chegaralarining “yiriklashishi” bilan bog‘liq
bo‘lib, bu jarayon  yuqori  haroratda
termodinamik jihatdan qulay hisoblanadi [14].
Ammo intensivlik kamayishi bilan bir vaqgtda
subkristallitlar  o‘lchamining ortishi  kristall
panjarada tuzilmaviy tartib bir xil emasligini,
ya’ni ba’zi sohalarda yiriklashish, boshga
sohalarda esa defektlar va
mikrokuchlanishlarning ortishi dalolat beradi
[15].
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1300°C  haroratda issiqlik ishlovdan
keyin SiP, fazasiga tegishli (200) cho‘qqi 26 =
30.86° burchakda saqlangan, biroq uning
intensivligi pasaygan
va hisoblangan polikristallit sohaning o‘lchami D
~ 62.6 nm atrofida chiggan. Bu fosforning bir
gismi gayta erishi yoki diffuziya orgali kamroq
lokal to‘planishga o‘tishidan dalolat beradi [16].
Boshgacha aytganda, yuqori haroratda fosfor
atomlari kremniy hajmi bo‘ylab nisbatan bir teks
tagsimlanishga intiladi, ammo ayrim energiya
jihatdan qulay markazlarda
stabil faza holati saglanib qgolishi ehtimol ham
bor [17].

Kremniy monokristallarini Choxralskiy
usulida o‘stirish jarayonida kislorod va uglerod
kabi fon kirishmalarning ma’lum miqdorda
kristall hajmiga kirib qolishi amaliyotda yaxshi
ma’lum [2]. Kislorod atomlari ko‘pincha
tugunlararo holatida
yoki Si—O bog‘lari ko‘rinishida klasterlarni hosil
qilishi, termik ishlovlarda esa SiOy va SiO,
kristallitlarigacha rivojlanishi mumkin. Shu
sababli rentgenogrammalarda SiO, fazasiga
tegishli cho‘qqilarning paydo bo‘lishi fon
kirishmalarning faol ishtirokini tasdiglaydi.
SiO, nanokristallitlarining 20-30 nm atrofidagi
o‘lchamlarda shakllanishi oksid pretsipitatlari
zaryad tashuvchilarning harakatlanishiga to‘siq
bo‘lib xizmat qiladi, rekombinatsiya markazlari
hosil gilishi yoki aksincha, ayrim texnologik
sharoitlarda “getterlash” effekti orqali zararli

kirishmalarni ~ to‘plab, hajmdagi tozalikni
oshirishi mumkin [4].
Mikrokuchlanishlarning  sifat  bahosi

sifatida (222)Si kabi “tagiqlangan” yoki odatda
ideal olmossimon tuzilmada kuchsiz
ko‘rinadigan akslanishlarning mavjudligi va
ularning intensivlik nisbatlari qo‘llanadi (2 c-
rasm qizil chizigga garang). Shakllangan
mikrokuchlanishlarning miqdorini 1(222)/1(111)
~ 2.5x107 * nisbati orqali baholash mumkin va
ushbu giymat ideal holatdagi ~10~ * tartibidan
katta  bo‘lib,  kristall  panjarada  lokal
deformatsiyalar, dislokatsiyalar, chegaraviy
sohalar va notekis kirishmalar tagsimoti borligini
anglatadi [18]. Issiglik ishlov jarayonida bunday
mikrokuchlanishlar nugsonlarning
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2-rasm Kichik (a), o‘rta (b) va yuqori (c)
burchakli sochilishlarda oshlang‘ich n-Si<P>
(yashil chiziq), 1300°C haroratda 5 soat
davomida issiglik ishlov berilgan n-Si<P>
namunalari (qgizil chiziq), rodiy atomlari
diffuziyasidan keyin sekin sovitilgan n-
Si<P,Rh> namunalari (ko‘k chiziq) va rodiy
diffuziyasidan keyin tez sovitilgan n-Si<P,Rh>
namunalari (jigarrang chiziq)

annigilyatsiyasi va gayta tashkillanish orqali
ichki kuchlanishlar kamayishi

hamda kislorod pretsipitatlari, ikkilamchi fazalar
(SiP; , SiO, ) va ularning panjara doimiylari
nomutonosibliklari tufayli yuzaga keladi.

Sekin sovitish meyorida tayyorlangan n-
Si<P,Rh> namunalarining rentgenogrammalarini
tahlil gilish shuni ko‘rsatdiki (1-rasm ko‘k rangli
chizig), rodiy atomlari kremniy kristall
panjarasida nisbatan muvozanatli  holatga
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erishgan. Asosiy difraksion akslani 20 = 28.45°

burchakda kuzatilib, u (111)Si
kristallografik ~ yo‘nalishiga tegishli  ekani
aniglandi. Mazkur cho‘qqining intensivligi

860220 imp/s ni tashkil etdi. Asosiy (111)Si
akslanishining  yuqori intensivligi  kremniy
kristall panjarasining umumiy tartiblanganligi
saglanganini ko‘rsatadi. Rodiy atomlarining
diffuziyasiga garamasdan, kremniyning asosiy
olmossimon tuzilmasi  buzilmagan. Ushbu
akslanish uchun tekisliklararo masofa d = 3.136
A

aniqladi.  Cho‘qqining  burchak  bo‘yicha
joylashuvi panjara doimiysida katta o‘zgarish
yo‘qligini anglatib, sekin sovitish jarayoni
termodinamik muvozanatga yagin holatni
ta’minlaganini ko‘rsatadi [19].

Shu bilan birga, rentgenogrammada 20 =
32.2° burchakda qo‘shimcha difraksion cho‘qqi
kuzatilgan. Ushbu cho‘qqi SiRh3 birikmasiga
tegishli bo‘lib, (110) kristallografik yo‘nalish
bilan ifodalanadi. SiRh3 fazasining tetragonal
simmetriyaga ega ekani xamda tekisliklararo
masofa d = 2.778 A aniqlandi. Bu faza rodiy
atomlarining kremniy bilan kimyoviy birikishga
kirishganini ko‘rsatadi. Sekin sovitish sharoitida
shakllangan SiRh3 fazasi, asosan, subkristallit
chegaralari va
sirtga yagin qatlamlarda joylashgan deb
hisoblash mumkin. Bu holat rodiy atomlarining
diffuziyadan so‘ng harakatchanligini yo‘qotib,
energetik  jihatdan qulay  markazlarda
stabil holatga o‘tishi bilan izohlanadi [20].

Sekin sovitish meyorida tayyorlangan n-
Si<P,Rh> namunalarda shakllanidagan
mikrokuchlanishlar darajasini baholash uchun
(222)Si va (111)Si akslanishlarining
intensivlik nisbati hisoblandi (2 c-rasm ko‘k
chiziqga garang). Sekin sovitish rejimida
ushbu nisbat [(222)/I(111) = 5.9x10™ * ni
tashkil etdi. Bu giymat nazorat namunalariga
nisbatan
kichik bo‘lib, rodiy atomlari ta’sirida kristall
panjaradagi ichki kuchlanishlar
ma’lum darajada relaksatsiyaga uchraganini
dalolat beradi.

Tez sovitish meyorida tayyorlangan n-Si<P,Rh>
namunalarida esa rentgenotuzilmaviy holat sekin
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sovitish rejimiga nisbatan sezilarli darajada farq
gildi (1-rasm jigarang rangli chiziq)). Asosiy
(111)Si akslanish 20 = 28.42° burchakda
kuzatilib, uning intensivligi
623530 imp/s gacha kamaygani qgayd etildi.
Intensivlikning kamayishi tez sovitish natijasida
kristall panjarada yuqori darajadagi defektlar va
mikrokuchlanishlar saglanib golgani bilan
izohlanadi [21]. Bunday sharoitda atomlar
termodinamik muvozanatga yetib ulgurmaydi va
mavjud struktura “muzlatib qo‘yilgan” holatda
goladi.

Tez sovitish meyorida tayyorlangan n-
Si<P,Rh> namunalarning rentgenogrammalarida
20 = 71.4° burchakda qo‘shimcha cho‘qqi
kuzatilgan. Ushbu cho‘qqi RhO2 oksid fazasiga
tegishli bo‘lib, (301) kristallografik yo‘nalish
bilan ifodalanadi. RhO2 fazasining tetragonal
tuzilmaga ega eckani va kristallit o‘lchami
taxminan 8.5 nm va tekisliklararo masofa esad =
1.325 A ekanligi aniglangan. RhO2 fazasining
shakllanishi tez sovitish sharoitida rodiy
atomlarining kislorod bilan
faol o°zaro ta’sirga kirishganini ko‘rsatadi [22].
Bu holat kremniyda mavjud bo‘lgan fon
kirishmalardan kislorod atomlarining rodiy bilan
birikishga moyilligini
yaqgqol namoyon giladi [23].

n-Si<P,Rh> namunalarda tez sovutish
natijasida yuzaga keladigan mikrokuchlanishlar
darajasi tez sovitish rejimida sezilarli darajada
ortib, 1(222)/I(111) = 1.0x10™ 3 ni tashkil etdi (2
c-rasm jigarrang chizigga garang). Bu giymat
sekin sovitish rejimiga nisbatan ancha Kkatta
bo‘lib, tez sovitish jarayoni kristall panjarada
yugori darajada ichki deformatsiyalarni saqlab
golishini ko‘rsatadi [24].

IV.Xulosa
Nazorat namunalarida yuqori haroratli

ishlovlar berish natijasida fosfor va fon
kirishmalarda kislorod atomlarining gayta
tagsimlanishi  hisobiga SiP2  (polikristallit

o‘lchami D = 88.4 nm) va S102 (D = 25 nm) kabi
ikkilamchi fazalar hosil bo‘lishi aniglandi.
1300°C haroratda 5 soat davomida
qizdirish kremniy panjara doimiysining a =
5.4104 A gacha ortishiga va difraksion akslanish
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intensivligining kamayishiga olib kelishi, bu esa
mikrodeformatsiyalar va targalish markazlarini
ko‘payishiga olib kelishi aniglandi.

Sekin sovitish (sc) meyorida
subkristallitlarning bo‘linish chegaralarida rodiy
atomlari kremniy bilan kimyoviy birikib,
tetragonal simmetriyaga ega bo‘lgan SiRh3
fazasini hosil gilishi aniglandi.

Rodiy bilan legirlangan va sekin
sovitilgan namunalarda  mikrokuchlanishlar
darajasi (1(222)/I(111) = 5.9x10" *) nazorat
namunasiga nisbatan kamayishi, bu rodiy
atomlarining panjaradagi ichki kuchlanishlarni
relaksatsiya  qilish  xususiyati  mavjudligi
aniglandi.

Tez sovitish (rc) meyorida rodiy atomlari
fon kislorod bilan faol ta’sirlashib, RhO2 oksid
fazasini (kristallit o‘lchami =~ 8.5 nm) hosil
qgilishi, bu rodiyning kuchli getterlik xususiyati
mavjudligi aniglandi.

Tez  sovitish  jarayonida  atomlar
muvozanat holatga yetib ulgurmaydi, natijada
kristall panjarada yuqori darajadagi ‘'muzlatilgan’
defektlar va maksimal mikrokuchlanishlar (1.0 x
10™ 3) saqlanib qolishi qolishi aniglandi.
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UccnepoBaHue anekTpodusmyeckue napameTpbl CybHaHO— CEKyHOHOMU
OMNTO3MEKTPOHMKN Ha OCHOBE apCeHuA rannmeBbiX TUPUCTOPHbIX
dopmupoBaTenem MOLHbLIX UMNYJLCOB

A.CynTtaHos!, X. BosopoB®.
1 HamaHraHckuii rocyapCTBEHHbIN TEXHUYECKUIA YHUBEPCUTET, Y36eKcTaH, r.HamaHraH.

AHHoTaumA. PaspaboTaHa TexXHONOrMA U HangeHo OonTUManbHOE pelleHne npobnem reHepauum
CBEPXKOPOTKMX OMTUYECKUX UMMYIbCOB GONBLUON NMMKOBON MOLLHOCTN Ha OCHOBE retepocTpykTyp GaAs un
AlGaAs ONTUYECKM U 3NEKTPUYECKM CBsi3aHHble OObIuHbIN n+-p°-n°(GaAs) n onto TpaHsucTop P —p-
N(AlIGaAs)-n® —p(GaAs).

KnioyeBble crnoBa: [eTepoCTpykTypbl, OMNTUYECKME WMMYNbChl, MOMYNPOBOAHMKOBLIA nasep,
ONTO3NEKTPOHHbIE NPNBOOPLI, (POTOHHO-NHXKEKLMOHHBIV MMMAYNbCHBIV TUPUCTOP.

Abstract. A technology has been developed and an optimal solution has been found for generating
ultrashort optical pulses with high peak power using GaAs and AlGaAs heterostructures optically and
electrically coupled between a conventional n+-p%-n%(GaAs) transistor and a P—p-N(AlIGaAs)-n°—p(GaAs)
optotransistor.

Keywords: Heterostructures, optical pulses, semiconductor laser, optoelectronic devices, photon-
injection pulse thyristor.

Annotatsiya. An'anaviy n+-p®-n°GaAs) tranzistor va P—p-N(AlGaAs)-n—p(GaAs) optotransistor
o'rtasida optik va elektr bog'langan GaAs va AlGaAs geterostrukturalaridan foydalanib, yuqori cho'qqi
quvvatiga ega ultra gisqa optik impulslarni yaratish texnologiyasi ishlab chigildi va optimal yechim topildi.

Kalit so'zlar: Geterostrukturalar, optik impulslar, yarimo'tkazgichli lazer, optoelektron qurilmalar, foton
in‘ektsiyali impulsli tiristor.

|. BBEAEHHE. MOAYIATOpaM BIEKTPUUECKUX HMITYJIbCOB.
Heo0xomuMbl CTPYKTYpBI, B KOTOPBIX JIa3e€pHBIC U
YIPaBIISIOLINE SIEMEHTHI ObUTH OBl UHTEIPUPOBAHBI
B €JUHYI0 MOHOJHUTHYIO WM THOPUAHYIO CXEMy.
[lepBoe, Kkak mOpaBUiIO, SBISIETCS  CJIOKHOH
TEXHOJIOTHYECKOM Mpo0IeMol, a, BTOpoe, TpeOyeT
LIMPOKOTIOJIOCHOTO ~ COTJIACOBAHUSI HU3KOOMHOI'O
nazepHoro auoga ¢ CBY tpakrom.

1. METO/I.

Hurepec  x  mpobneme  reHepaunuu
CBEPXKOPOTKUX ONTUYECKUX HMITYJIHCOB OOIBIION
NUKOBOH MOIIHOCTH OOYCIIOBIICH MIMPOKHM HX
NPUMEHEHUEM B PA3IMYHBIX O0JIACTAX, TAKUX, KaK
OIITHYCCKAas1 CBA3b, METPOJIOTHU:, CHCTEMBI
00paboTKku HHPOPMANIAHN, CIIEKTPOCKOITHS U T.1.

Unes renepauud NUKOCEKYHAHBIX ONTUYECKHUX
CUTHAJIOB 32 CU€T NpsAMON MOIYJSIIMKU TOKa
HaKa4KH COCTOMT B TOM, YTOOBI MEPEBOINTE Ja3ep Pexxum ObicTpolt  Momymsiuuu  koddduimenTta
3a MOpor TreHepallii TOJbKO B MHUHUMAIbHBIC ycuineHUs U3MEHEHUEM TOKA 4Yepe3 Ja3ypHOU oA
WHTEpBAJC BPEMEHH, a OCTaBIIyIOCS YacTh
pabodero IMMKJIA JEp)KaTh Ja3ep HIDKE IMOpora.
JAUTEeNbHOCTE UMITYJIbCA U3TYYEHHS COCTABIISIET 110
MOPSIIKY BEJIMYMHBI HECKOJIBKO MPOJIETHBIX BPEMEH
W OIpeAensercs AWHAMHUKON B3aMMOJIEHCTBUS hopMHpyEeMBIMU JHOLAMH C HAKOILUICHUEM 3apsiia
(I)OTOHOB C DJJICKTPOHHOC — ,Z[I:IpO‘IHOfI HJ'Ia3M0ﬁ, WJIN JIaBUHHBIMU TPAH3UCTOPAMHU [9,10], a TaKXE
AHAJIOTMYHO TOMY, KaK IIpU PENAKCALMOHHBIX 3JICKTPHUUYCCKUMHU HMITYJIbCAMH, IOJIYyYaeMbIMH C

MOJIHO ocyIecTBuTh cuiibHON BY (60ee 300 MI'm)
HAaKa4YKOM, HaJa)KEHHOH Ha cjJaObli IOCTOSHHBIN
TOK [8], BIEKTPUUECCKUMU HMITYJIbCAMU,

OCHMJIIAIMAX MHTEHCUBHOCTH [7]. MIOMOIIBI0  NUKOCEKYHIHBIX  ONTOXJIEKTPOHHBIX

BaxHOl  OCOOEHHOCTBIO  IIOJYHPOBOJIHMKOBBLIX IIEPEKIFOYATENEH C HAYMHKOW OT JPYyroro Jiasepa

Ja3epoB  SABIAETCA ~ BO3MOXKHOCTH  ObicTpod [11]. OmHako, B yKa3aHHBIX PEKHMaX MOIYJISIMU

HETIOCPEICTBCHHOM MOMY/ISLNN U3ITy4CHHS MYyTEM  pcnencTBHE CYLIECTBEHHOT'O OTpaHUYCHUS

WHXEKIUM Toka. Meroj mpsMOM  TOKOBOM

MOAYJISILUU YCUJICHUS HCIIOJIB3YET 3Ty

0COOEHHOCTD U MO3BOJIIET T€HEPUPOBATH KOPOTKHE

ONTUYECKHE HWMIIYJIbCHl  HETOCPEJICTBEHHO B

nasepaoM sjemente [1,4,5,6,7]. Ilpu ostom, mis 34aTPYAHCHO.

TOr0, 4TOOBI MOAOOHBIC JIAa3EPHBIE YCTPOMCTBA HE 1. SKCIIEPUMEHT.

TEpsUTH TIIaBHBIE MPEUMYIIECTBA — KOMIAKTHOCTH,

MPOCTOTYy W JIETKOCTh B ympaBieHHH, B HacTosiied paboTe IIOKa3aHbl IEPCIEKTHUBBI

onpenenéHHble  TpeOOBaHUS MPEOBSBISIOTCS K  HCIIOJNb30BaHMS B KauecTBe MCTOYHHKA
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aMIUTATYIBl 3JEKTPUYECKOTO WMIYyJhCa HaKadK{
(Imaxaukm = 500 mA) noxy4eHne MUKOCEKYHIHBIX
ONTHUYECKUX HMITYJIbCOB OONBLIION MOLIHOCTH
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MOYJTUPYIOITIX UMITYJIbCOB (hoTOHHO -
WH)KEKITHOHHBIX THPHUCTOPOB

(®UUAT). pu Brmouenun GUNT mopenupyercs

HUMITYJIBCHBIX

UMITyJbC TOKa aMmrmmutyaoi g0 40 A c¢ ¢dbpoHTOM
HapacTaHHs 200 Tnc
HecTaOunbHOCTH 70 S5 mc [7]. JnurensHOCTh H

npu BPEMEHHOUN

¢opMa mMITynbca TOKa, KaK MpPaBUIIO, 3amaércs

XapakTepoM  3apsiiHOM  JIMHUM, a  4acToTa
CIEeIOBaHMsI — TEHEpPaTopoM TOKa B IENH
ynpaBneHus. Takod TokoBoil QopmupoBarens

WCIIOJIB30BAJICSI HAMHU IS HaKaykKd JIa3epoB Ha
OCHOBE JIBOWHBIX TETEPOCTPYKTYP.

1 2 _rw
Nl

1R—:'vl)l) Om

R=50] Om

r

. O

Puc.-1. [IpuHuunuajbHas 3jieKTpuYecKasi cxema
prJovyeHus JAIC. 1-cTadnan3upoBaHHKI HCTOYHUK
nutanust TB-2; 2-popmupyromas koakcuaabnas 50-

OMHasl JIMHUSA; 3-TeHepaTop HMIYJILCOB ynpasJjeHus U1-

11; 4-®UUT; 5-AT'C na3zep; 6,8-cTpodockonnyeckmii
ocumnorpag C1-91/3; 7- p-i-n auoga

CTpyKTypa COIAEPKUT ONTHUYECKU U DIECKTPUUCCKU
cBsizaHHbIe 00bI4HbIN n+-P°-n%(GaAs) TpansucTop u
ontotpanzucrop P-p-N(AlGaAs) -n0-p(GaAs).
DakTHUeCKH  HMMEETCsl  BepTUKaldbHAs  CcXeMma
MHTErpalny J1a3epa U MOAYJISITOpa UMITyIbcoB. Kak
OBUTO TMOKa3aHO B [7] MpW BKIIOYCHUH THPHUCTOpa
yepes BCTPOCHHYO B HEro JIBOMHYIO
reTEePOCTPYKTYPY HNPOTEKAaeT UMIYJIbC TOKa B 10 A
¢ ¢pponrom 200 mc, mmmrenbHOCTRIO 0,5 - 5 HC U
npeaenpbHoit yactorod 1o S50 xI'm. Tem cambiM,
CO3JIAI0TCS YCIOBHS ISt 3P PEKTUBHON MOIYIISIINU
YCWJICHHSI ONTHYECKOTO W3Iy4YeHUS B aKTUBHOU
oOmactu ABoiHYyI0 rerepocTpykrypy (AIC).

OnTuyecKuidl CUTHAIT PETUCTPUPOBAJICS C TIOMOIIIBIO
JIO1-2® nnm p-i-n aAuona, BKIOYAEMbIX B Pa3phIB
IIOJIOCKOBOM  JIMHUU. M3MepsieMblil curHan ¢
Harpy304HbIM compoTtuBieHneM Ruar = 50 Owm
nosiaBajicsi Ha CTpOOOCKOMMYEeCKuil ociumorpad
C1-91/3. BpemeHHOe pa3pelieHrue H3MEPUTEIIbHOM
cxemsl ¢ JIO]] cocrarnsno 300 e, a p-i-n quoaom

100 11c.
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[MpuHTMIHANEHAS DIIEKTPUYECKask CXeMa HaKauyKy
JI'C mazepoB mpeacraBiicHa Ha puCyHKe-1.

Ha pwuc.-2. mpuBeneHsl (opMa HUMITyJIbca TOKa
HAaKa4YKH U CUTHAJIA, PETUCTPUPYEMOTO p-i-n THO/a.

Puc.-2. OcuuiiiorpaMmMel HMIIYJIbCOB HAKAYKH (2) U
curxajia ¢goro orBera pP-i-n quoaa.

JuHamMuka M3JIydyeHHUsS IOTYIPOBOJHUKOBOTO

Jla3epa OMHUCHIBAETCS CKOPOCTHBIMU ypPaBHEHHSIMHU
[2,3]. UnucneHHOE pElICHHE ITHX YpPaBHEHUU s
nazepa Ha OCHOBE JIBOWHYIO TETEpO CTPYKTYpPY,
OUNT, paér cuenyromue
3aBUCHUMOCTH TUIOTHOCTH 371eKTpoHOB N 1 poTOHOB

BCTPOCHHOW B

S B aktuBHoli obnactu JII'C-nmazepa oT BpemMeHH
(cMm. puc.-3).
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Puc.-3. 3aBucuMOCTL OT BpeMeHH KOHUeHTpamuu N

T T
0 100

3J1IeKTPOHOB M S MJIOTHOCTH ()OTOHOB B AKTUBHOH 00/1aCTH
AI'C nazepa ¢ akrtuBHO# obaacteio d=0,05 MM npu
HAKAYKH HMITY.JILCOM TOKa j = 20 kA/cm? ¢ pponTom 200 mic.
[InotHOCTH TOKA Hakauku j = 10* A/cm?. Illupuna

TCHCPUPYCMBIX OIITHYCCKUX HUMITYJIBCOB Ha

noyBeicote 20 T1c, MHKOBas MOITHOCTH 3 BT,
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gacTtora moBTropeHus 8 [Tm DOTor pesymprar
HaXOJUTCS Ha YPOBHE JIYYIIUX 3HAYEHUN MHUKOBOM

MOIIIHOCTH TUKOCEKYHIHBIX reTepoI1a3epos.
1V. 3AKJIIOYEHHUE.
Nzyueno BIIMSTHUE napaMeTpoB

MOJIYJIMPYIOIIETO UMITYJIbCA U JTA3EPHOH CTPYKTYPHI
Ha  TapameTpsl
DKCIEPUMECHTAIBHO PeaTU30BaH PEHKHUM JIA3EPHOTO
mnyderns B OUUNT [3,7]. Takum o6pa3om HaiieH

OIITUYCCKUX HUMITYJIbCOB.

CpaBHUTCIILHO HpOCTOI‘/'I IIyThb HUHTCTpalun
HCTOYHHKA MUKOCCKYHAHBIX OIITHYCCKHX
HUMITYJILCOB n reaeparopa MOJICIINPYIOIIUX
HUMITYJIbCOB.
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Banuknu nabopaTtopus XXMHMAA NaxTa HAMyHanapuaaH ofiuHaguraH Tona Ba
KUHNAHraH YMruT MUKAOPMIAPMHUN aHUKNALL TaXXpubGanapu HaTuXanapm

OcaHoB AHBap AxmatoBuul, A6ayrannaposa LlaxogarxoH Hain6xaHoBHa?
Tonanu aKMHNap UMW TagKMKOT MHCTUTYTU KaTTa UITMUIA XOaUMU

2AHOMXKOH oaBnaT YHUBEPCUTETU KaTTa YKUTYBYMCHU.

2025-yil 20-noyabrda berilgan; 2025 vyil. 10-dekabr chop etish uchun gabul gilingan

AHHOTauma. Makonaga kam MukOopAarM YPYFNUK Naxta HaMyHanapuHu uwnatd 4Ymkunrad
BaSKIM XMHAOA KUHNAHULW >KapaéHyaa OnMHIaH acocuii MaxcysioTrap-Tona Ba XXMHMaHraH YuruTriapHu
MUKOOPIapVHN Taxxpruba nynv GunaH aHuKnaw HaTuxkanapy KenTupunraH.

Kanut cysnap: BaJMMKIMN XWH, ULLIYN 6apa6aH, KOJIOCHUK, TE3JUK, TONna, Ynrut, MMKOop, HamyHa.

AHHOTaumsa. B cTaTbe npenacTaBneHbl pe3ynbTaTbl  SKCMEPUMEHTANBHOMO OMpeAeneHns
KONMYEeCTBa OCHOBHbLIX NMPOAYKTOB - BOJSIOKHA UM COGpaHHbIX CEMSIH, MOSlydeHHbIX B npouecce c6opa
HeBosbLIOro KonMyecTea oGpasLoB CEMEHHOTO XJ1onka B pa3paboTaHHOM BanKOBOM [KUHE.

KnioueBble cnoBa: BankoBbli MkWH, pabounii 6GapabaH, KONMOCHMK, CKOPOCTb, BOMIOKHO, CEMS,
Konun4yecTteo, obpaseL.

Abstract: The article presents the results of experimental determination of the quantity of fiber and
harvested seeds - the main products obtained during the process of harvesting small quantities of seed
cotton samples in the developed roller gin.

Keywords: roller gin, working drum, grate, speed, fiber, seed, quantity, sample.

|. Kupuur. WKK{ 4YeTHUJIard o0oWMach OWIaH OMpraiukiaa
Wnmuit  taakukoT wnwapu gaBoM 210 MM ra TeHr KaOyn KuiauHau (2-pacum).
STTUPWIMO, allHM BaKTIa BaJWUKIW >KAHHUHT
WIIYM YW3Majapyd acocuia YHHUHT Taxpuba
HYCXaCHHU Taiiépnain unuiapu oaxapuim [1,
2] (1-pacm). Banukiu >KHHHUHT acOCUH WIITYH
kucmiapura PKM nan Tali€pnanagurad uirdu
OapabaH, KeCyBYM NHYOK, HAMyHAHU WIIYH
30Hara y3aTyBUYH OJIJIMHTa-OpKara
XapakaTJIaHyBY1 TYFpU TYpTOYpUaK
MIAKIUJATH  TaxTadald Cyprud, aiinaHma

XapakaTjJapHd WIIYM KACMJIapra  y3aTyBYd 1-pacm. JlabopaTopus BanuKnm XUHUHNHT
TanépnaHraH Taxxpnba HyCXxacMHMU KypUHULLU

I1.Acocuii Kucm.

Banukim JKMHHHUHT KOJIOCHUKJIU
naHxapacu JKMHJIaHTaH YUTUTIIAPHU
reOMETPUK  yadamjapura  MOC  XOJjja

TUILIM FUJIAMpaKiIap Ba Oomka Epramuu
KACMITap KHPAJIH.

Onura YPYFUUIIUTH bepmep
XY KATUKIAPUHHA JTa00PaTOPUsCH IAPOUTHIA
WIIIOB  OepwiagWraH dSHT  KaM  [axTa -
HamyHachEn Mukaopn 40-45 T MuKIOpHIA taii€pmanan. ByHna xomocHukIap muamerpu 4
Oymumm MymkuH. Jlekun Oy maboparopus
KUHHMJA YPYFUWINK XY>KQIUTHMHUT HKKUHYA

HWITH Ky4aT30pu y4yH Xap Oup omna Oyitnua

MM ra TeHT OYJITaH MUIUHAPUK TEKHUC MyIaTaaH
Taiépnanno IJIaHKara KaBIlIapJIaHuO
MaxKamJIaH]IH. Konocuuknapuu OpanvK
MacogacH 7/ MM ra TeHT TaHjaaHu (3-pacm).
TexHuk  eunmmra Kypa,  KOJOCHHUKIH
naHxapa ycTura TallIaHTaH naxra

Kepak OyiaauraH YpyFIUK YHTHUTIAPHU XaM
UIDIAl Y9yH KEpaKiId Wl YHYMIOPIUTHHU
TabMHUHJIAIN ~ KEepakjiu Xucobra OJIMHHO,

. HaMyHacHHU HII4M OapabaH Ba MHYOKJIAPHU
acocwil unmau O0apaOaHHWHT Y3YHJIUTH YHUHT

WII 30HACHMTa CHUKYBYM  OJIIMHMAa-KaiTMma
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XapakaTiaHyBuU OunaH  ypyBYHd
NUYOKHU YHU3UKIU XapakaTH TE3JIUra Oup
Oupura MyTaHocMO Tap3aa OyiraHmaruHa
YKUHJIAII JKapa€HU MYbTaAUI KEUUIIU MYMKHH.

IJIaHKa

RN NS

2-pacm. JlabopaTopusa BanmKnm X XUHUHUHF
acocuin uwym 6apabaHmMHN Y3yHNUIMHW TaHnao
OfIMHraH BapuaHTun

3-pacm. Banuknu XXMHHUHI KONOCHUKIN
naHXxapacuHu ynqamnapMHM TaHnab onuu
xonatum KypVIHVILIJVI

lyHuar yUyH nactiabku
Taxpubanapaa umrau 6apadanau quamerpu 60
MM ra TeHr OynuO, ainmanum Tte3nuru 30
ain/gak KaOyn KWIMHAW. AMajard BaJIUKITH
KUHJIQPHU WII JKapaéHJIapUHU  TaXJIMIUIaH
¢olinanaHrad Xonsa, naxTa HAMyHaCUHHU WITIH
OapabaHHM WII 30HAcCHra CHUKYBUM OJIMHMA-
KaliTMa  XapakaTJaHyBYH Ounan
YpYBUM NMHUYOKHM YM3HMKJIM XapaKaTH TE3JIUTH
uiyy 6apabGaHHUHT TE3MUTHIAH TYPT Mapra

IIJTaHKa

Te3pOoK, AbHU 120 MapTa/nak. ra TeHT OyIuIIN
TabMUHJIAHIH.

Taxxpubanap ydyH ypyFIuK MaXTaHUHT
“AHIMKOH 357 CeneKIMOH HAB/IM MaxXTaCUIaH
y4dTa BapuaHT/Aa Ba yuTa TAKpOPJIAHUILIA, SHHU
40 r, 60 r Ba 80 r MuKIOpHAA DJIEKTPOH
Tapo3uia TOPTUIHO KUHIIAII YUYH Tal€épraanan
(4-pacwm).
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4-pacm. Taxpubanap y4yH TaMéprnaHraH
naxta HamyHanapu
Kerma-keTnukna Ba BapuaHTJIap

Oyiinua TmaxTta HaMyHaJapUHU  KUHJIAII
HATW)KACHJAa OJMHIAaH acoCUU MaxCyJoTiIap
TOJla Ba YUTUT OJMHUO, MaxcyloTiap
OajaHCUHU YpraHuil Y4yH sHa OSIJIEKTPOH
Tapo3uJa Toja Ba OJKUHJIAHTAH YUTWTHU

Maccacu aHUKJIaHaH. (5-pacMm).

5-pacm. MaxTa HamyHacuaaH OfiMHraH Tona
Ba XXUHMaHraH YUrMTHU MaccacMHU aHUKnaLl
XapaéHuaaH naBxanap

111 Xynoca.

S"praHI/mmap HATHOKacHOa OJIMHTaH
MabJIyMOTIIap Kyhugaru 1 ->xamBanga
KEeNTUPUIITaH.

1-xagBanmaru Taxxpuodanap

HaTW)KacuJaH KYpUHUO TypuUOIMKH, HILIA0

YUKWITaH BaJUKIM  Jaboparopus

OGapkapop
OakapraHJWrd TaxTaJaH OJIMHTaH ToJa Ba
YUTUTIAPHU DJIEKTPOH Tapo3uja TOPTHITAH

Oapua
ToNa Ba

JKUHU

TEXHOJIOTHUK YKapaéHHU

MUKIOPH
BapuaHTiIap Oyiinya maxTanaH

U30xJaHrad.  YyHku

KUHJIAHTaH YUTUT OYVinYa I0OKOpU HaTHXayiap
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oJMHAA. Mucon y4yH maxTa XOM amécu
HaMyHaJIapuJaH OJIMHTaH Toyia MUKIopu 43,26
-43,55 % MuUKIOpUJa, XWUHJIAHTAH YUTUTHU
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MHUKIOpU 3ca 53,6 — 55,16 % ra TeHr
OyraHauru 1->xaaBan HaTWKaJIapHJIaH
KYpUHUO TypuOIH.

1-xansan

ITaxTa HaAMYHaJIapUuHHU HILTa0 YUKWJITaH BAJIUKJINA dKUH/AA KUHJIaAHIr'aHAa OJIMHI'aH TOJIa
Ba JKUHJAHT'aH YUTUT MUKAOPJapu

Taxpuba [TaxTa HamyHanapu Onuuran Tona JKuHnaHran YuruT
BapHaHTIapU MUKJIOpH, T MHKI0pH, T./% MUKI0pH, T/%
17,83/44,57 20,86/52,15
1 40,0 16,76/41,9 21,53/53,82
17,33/43,32 21,94/54,85
ypraua 40,0 17,31/43,27 21,44/53,6
25,95/43,25 32,27/53,78
2 60,0 26,13/43,55 32,84/54,73
25,82/43,00 32,68/54,46
ypraua 60,0 25,96/43,26 32,59/54,31
35,12/43,9 44,56/55,7
3 80,0 34,82/43,52 44,07/55,08
34,59/43,23 43,77/54,71
ypraua 80,0 34,84/43,55 44,13/55,16
Vrkasunran Taxkpubanapia MacajaH CHHTaH YATHT KOOUFU, YUTUT KOOUFIH

TO3aJIaHTaH, SbHU UDIOCIUKIAPIaH XOIH KaM
MUKJOpAAru YypyFlIUK TMaxTa HaMyHalapu
UIUTATHJITAHIUTH cababmu 1-xanBanga
KYpCAaTWJITAaHUICK TOJIAHW MHKIOPJIApH Kyjaa
IOKOpU KypcaTkuuinapra sra Oymau. JlekuH
OIMHTaH  ToJa  HaMyHalapuHu  cudar
KYpCaTKUWIAPUHKU TaXJIWI KWIMHHUIIA 3apyp
ned xymocara UyHKM  yHHUHT

JKUHJIIaI

KCIIMHAU.

TapkuOura Kajiara ToJalap Ba

KapaéHuga XOCWJ OynmamuraH apajamiManap,

dompanaHunraH agabméTnap
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Tsiklik deformatsiyani (Bio,3Sbo,7)2Tes polikristall plyonkalarining temperaturaviy
garshiligiga ta’siri

Sulaymonov Husanboy Mannopovich

Farg‘ona davlat texnika universiteti, O‘zbekiston, 150107, Farg‘ona, ko‘ch. Farg‘ona, 86

Annotatsiya. Ushbu magolada (Bio3Sho7)-Tes polikristall yupga plyonkalarining elektr garshiligi
tsiklik mexanik deformatsiyalar ostida haroratga bog‘liq ravishda ganday o‘zgarishi eksperimental ravishda
o‘rganilgan. Tadgiqotda plyonkalar turli miqdordagi takroriy mexanik yuklama sikllari ta’siridan keyin
ularning garshiligi o‘lchangan va harorat bilan bog‘liq o‘zgarishlar tahlil gilingan. Natijalar shuni ko‘rsatadiki,
plyonkadagi qarshilikning minimumi haroratning oshishi bilan siljishi, va temperaturaviy garshilik
koeffitsientining kamayishi kuzatilgan. Mazkur o'zgarishlar plyonkaning elektr xossalarining
yarimo‘tkazgichdan metallga o‘xshash xususiyatlarga o‘tishini ko‘rsatadi. Ushbu natijalar, (Bio3Sho7)2Tes
polikristall yupga plyonkalarini mexanik charchashni aniglovchi datchik sifatida qo‘llash imkoniyatlarini
tagdim etadi.

Kalit so'zlar: (Bio3Sho7)2Tes polikristall plyonkalar, elektr garshilik, tsiklik mexanik deformatsiya,
temperaturaviy qarshilik koeffitsienti, tenzosezgirlik, datchiklar.

Abstract. This paper presents an experimental investigation of the temperature-dependent
electrical resistance of polycrystalline (Biy.3Sbg.7),Tes thin films subjected to cyclic mechanical deformation.
The electrical resistance of the films was measured after exposure to various numbers of repeated
mechanical loading cycles, and its variation with temperature was systematically analyzed. The results
demonstrate a shift of the resistance minimum toward higher temperatures with increasing temperature,
accompanied by a decrease in the temperature coefficient of resistance. These changes indicate a
transition in the electrical behavior of the films from semiconducting to metal-like characteristics. The
obtained results highlight the potential application of polycrystalline (Biy.3Sbg.7).Tes thin films as sensing
elements for the detection of mechanical fatigue.

Keywords: polycrystalline (Bio.3Sbo.7).Tes thin films, electrical resistance, cyclic mechanical
deformation, temperature coefficient of resistance, strain sensitivity, sensors.

mexanik deformatsiyalar ostida haroratga bog‘liq

ravishda qanday o‘zgarishi eksperimental ravishda
o‘rganiladi. Tadqiqotdan asosiy magsad - ushbu
yarimo‘tkazgich plyonkalarni mexanik charchash
shikastlanishlari (mexanik charchoq) yig‘ilishini

So‘nggi yillarda elastik elektronika va
datchiklar sohasida harorat va bosimni o‘lchovchi
yugori sezgir qurilmalarni ishlab chigish bo‘yicha
izlanishlar jadallashdi [1,2]. Bunday piezorezistiv
sensorlar oddiy tuzilishga ega bo‘lib, tashqi
mexanik  kuchlanishga javoban o‘z elektr
qarshiligini  o‘zgartiradi  [3]. Zamonaviy
tadgiqgotlarda termoelektrik xossalari bilan mashhur
bo‘lgan (Bio3Sho 7). Tes va uning gotishmalari yuqori
piezorezistiv sezgirlik ham namoyon etishi, ya’ni
mexanik deformatsiya ta’sirida qarshiligi sezilarli
o‘zgarishi mumkinligi ko‘rsatildi [4]. Xususan,

aniqlovchi datchik sifatida qo‘llash imkoniyatini
baholashdan iborat. Shu magsadda plyonkalar turli
miqdordagi takroriy mexanik yuklama sikllari
ta’siridan so‘ng ularning qarshiligining
temperaturaviy Xatti-harakati o‘Ichandi.
Deformatsiya darajasi oshishi bilan garshilikning
temperaturaviy koeffitsienti

(Bio3Sho7)2Tes asosidagi yupga plyonkalar asosida o = L9R
harorat va bosimni bir vaqtda o‘lchay oladigan ikki Rdr
funksiyali datchiklar yaratilmogda [2]. Shu bilan hamda qarshilik minimumi kuzatiladigan

birga, (BiixShy).Tes tarkibli plyonkalarning elektr xarakterli harorat T,,;, ning qanday o‘zgarishi tahlil
o‘tkazuvchanligi mexanik kuchlanish ostida ganday  qgilindi.

o‘zgarishi ilmiy jihatdan muhim masala bo‘lib
golmoqda. Masalan, 2021-yilda o‘tkazilgan
tadgiqotda Bi-Sh-Te plyonkalarida harorat va tsiklik
mexanik deformatsiya gqarshilikka ko‘rsatadigan

(Bio,3Sho,7).Tes tarkibli yupga plyonkalar
termik  bug‘latish usuli yordamida olindi.
Boshlang‘ich material sifatida Bi,Te; va Sh,Tes
birikmalarining 0,3 : 0,7 molyar nisbatdagi
aralashmasi ishlatildi. Bug‘latish jarayoni (1-3) X

Mazkur magolada (Bio,sSho)2Tes polikristall 1072 Pa qoldiq bosimli vakuum kamerada amalga
yupga plyonkalarining elektr garshiligi tsiklik oshirildi. Plyonkalar poliimid (PM-1) asos ustiga
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ta’sir mexanizmi tahlil gilingan[3].
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kondensatsiya qilinib, substrat harorati T,=360 K
atrofida saglandi. Bug‘lanish intensivligi 150-200
A/s bo‘lib, natijada 3-5 um gqalinlikdagi bir xil
plyonka hosil gilindi. Ushbu texnologik sharoitlar
Bi-Sb-Te plyonkasining polikristall tuzilishida
donalararo bo‘shliglar (g‘ovaklik) hosil bo‘lishiga
olib  keladi. Mazkur holat  plyonkaning
tenzosezgirligini, ya’ni deformatsiyaga nisbatan
qarshilik o‘zgarish koeffitsienti K ni sezilarli
dargjada oshiradi. 1lmiy manbalarda bunday
plyonkalar uchun K=10° giymatga yetishi, ya’ni
ularning juda yugori tenzosezgirlikka ega ekanligi
gayd etilgan [4].

Tayyorlangan  namunalar maxsus qurilmaga
o‘rnatilib, ularga mexanik tarzda takroriy egilish
yuklamalari berildi. Har bir namunaga N marta
mexanik yuklama qo‘llanildi, bu yerda N -
deformatsiya sikllari soni bo‘lib, uning maksimal
giymati N = 5 x 10® (500 ming) gacha yetkazildi.
Yuklama turi sifatida plyonkani egish—-orgaga
gaytarish usuli qo‘llanildi; bunda zich biriktirilgan
egiluvchan asos yordamida mexanik ta’sir hosil
gilindi. Ushbu jarayon davomida plyonkada davriy
zid belgili (ya’ni bir-biriga  garama-garshi
yo‘nalgan) mexanik deformatsiyalar yuzaga keldi.
Har bir ma’lum miqdordagi N deformatsiya
sikllaridan so‘ng namunadan elektr toki o‘tkazilib,
uning qarshiligi turli harorat giymatlarida o‘lchandi.
Haroratni o‘zgartirish oralig‘i T =293-413 K (20 °C
dan 140 °C gacha) qilib belgilandi. O‘Ichash
jarayonida qarshilik to‘rt-o‘tkazgichli o‘lchash
sxemasi asosida aniglanib, natijalar haroratning
funksiyasi sifatida ifodalanib, R(T) bog‘lanish
grafigi qurildi.

240 | = N=0

= N=1x1075
220} N=2x10"5
—— N=5x10"5

200}
G 180
160
140f\\\\K““‘-HHﬁﬂh_ .
T
120}

100

300 320 340 360 380 700
T K

1-rasm.(Bio,3Sho,7)2Tes
plyonkalarining
grafigi.

polikristall yupga
temperaturaviy garshiligi

Grafikda plyonkalarning turli miqdordagi tsiklik
mexanik yuklamalar ta’siridan oldin (N = 0, ko‘k
chizig) va so‘ng (egri chiziglar: N =1 x 10°- yashil,
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N =2 x 10° - sariq, N = 5 x 10° - qizil) holatlari
ko‘rsatilgan. Har bir egri chiziq mos ravishda
plyonka  garshiligining  haroratga  bog‘liq
o‘zgarishini ifodalaydi.

Ko‘rinib turibdiki, dastlab N = 0 holatda
garshilik harorat oshishi bilan kamayib borib,
taxminan 333 K atrofida minimum giymatga
(taxminan 120 Q) erishadi, so‘ngra yuqori
haroratlarda yana oshishni boshlaydi. Tsiklik
deformatsiyalar soni ortib borishi bilan garshilik—
harorat grafigidagi ushbu minimum nugta o‘ng
tomonga siljib, ya’ni yugorirog haroratlarga
ko‘chmoqda. Masalan, N=1x10° sikldan keyingi
holatda garshilik minimumi taxminan 348 K da
kuzatilsa, N = 2x10° sikldan so‘ng bu giymat 363 K
gacha siljiydi. Nihoyat, eng katta migdordagi (N =
5x105) deformatsiya sikllari ta’sir ettirilgan namuna
uchun garshilik minimumi Tmin = 408 K atrofida
gayd etildi.

Haroratga bog‘liq qgarshilik grafigida kuzatiladigan
minimumning deformatsiya sikllari soni ortib

borishi bilan yuqori haroratlar tomon siljishi
plyonkadagi garshilikning temperaturaviy
koeffitsienti o‘zgarayotganidan dalolat beradi.

Boshgacha aytganda, N ortishi bilan past haroratlar
sohasidagi dR/dT gradienti kamayib boradi va
plyonkaning haroratga sezgirligi susayadi. Son
jihatdan baholash natijalariga ko‘ra, dastlabki
holatda  (N=0) o‘lchangan  temperaturaviy
koeffitsient 0~-5,6x10° K qiymatga ega bo‘lgan
bo‘lsa, N = 5 x 10° siklli mexanik yuklama
ta’siridan so‘ng ushbu ko‘rsatkich
a=-2,5x10% Klgacha kamaydi. Bu esa
temperaturaviy koeffitsientning manfiy giymati
modul  jihatdan  taxminan 20  baravar
kichiklashganini ko‘rsatadi. Mazkur holatda oo = 0
bo‘ladigan harorat, ya’ni qarshilikning R(T) egri
chizig‘idagi minimum nugqta, dastlabki 333 K
atrofidagi giymatdan 408 K gacha siljidi. Demak,
tsiklik mexanik yuklama ta’siri ostida plyonka
dastlab ega bo‘lgan kuchli yarimo‘tkazgichlik
xususiyati (manfiy o) bosgichma-bosqich susayib
boradi va natijada materialning elektr garshiligi
haroratga deyarli bog‘liq bo‘lmagan holatga
yaginlashadi (o — 0).

1-jadval. (Bio3Sho7).Tes polikristall yupga
plyonkalarining tsiklik mexanik yuklama ta’sirida
temperaturaviy qarshilik  koeffitsienti (o) va
garshilik minimumi kuzatiladigan harorat (Tmin)
giymatlarining evolyutsiyasi.
Deformatsiya Temperaturaviy Tmin,
sikllari soni, N koeffitsient, o (K') | K

(+5)
333

0 (boshlang‘ich) | -5.6x1073
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Deformatsiya Temperaturaviy Trin,
sikllari soni, N | koeffitsient, o (K) | K
(5)
10° -2.0x103 348
2x10° -1.0x103 363
5%10° -2.5x10* 408
Yugorida keltirilgan eksperimental

natijalardan ko‘rinadiki, plyonkaga qo‘shimcha
mexanik yuklama sikllari qo‘llanilishi uning elektr
xossalarida  sezilarli  o‘zgarishlarni  Keltirib
chiqaradi. Mexanik ta’sirning takroriyligi ortib
borishi bilan plyonkaning elektr garshiligi va uning
haroratga bog‘liqligi bosqgichma-bosqich o‘zgarib
boradi. Dastlab yarimo‘tkazgich tipida bo‘lgan,
ya’ni harorat oshishi bilan garshiligi kamayadigan
plyonka, takroriy deformatsiyalar ta’siri ostida asta-
sekin metallga o‘xshash xususiyat kasbh eta
boshlaydi. Ushbu holat garshilikning haroratdan
deyarli  mustaqil bo‘lib  qolishi ~ hamda
temperaturaviy qarshilik koeffitsientining nolga
intilishi bilan tasdiglanadi. Natijada plyonkaning
boshlang‘ich yarimo‘tkazgichlik xossalari susayib,
uning elektr o‘tkazuvchanlik mexanizmi sifat
jihatdan yangi holatga o‘tadi.

Olingan natijalar (Bio3Sho7)2Tes polikristall yupga
plyonkalarining ~ mikrostrukturasi ~ va  elektr
o‘tkazuvchanligi takroriy mexanik deformatsiyalar
ta’sirida sezilarli darajada o‘zgarishini ko‘rsatadi.
Dastlab yugori tenzosezgirlikka ega (K = 10%)
bo‘lgan g‘ovak plyonkalar kichik mexanik
kuchlanishlarda ham elektr garshiligining keskin
o‘zgarishi bilan tavsiflanadi [8]. Biroq tsiklik
mexanik yuklama davom ettirilganda plyonka
ichida doimiy defektlar to‘planib boradi. Jumladan,
dislokatsiyalar, mikroyoriglar va ichki mexanik
tarangliklar hosil bo‘lib, ular materialdagi effektiv
tok  tashuvchilar ~ soni  hamda  ularning
harakatchanligiga sezilarli ta’sir ko‘rsatadi. Natijada
plyonkadagi elektr o‘tkazuvchanlik mexanizmi
o‘zgaradi. Ushbu jarayonni qarshilik-harorat
bog‘lanishidagi minimum nugtaning siljishi orqali
yagqol  kuzatish  mumkin.  Aniglanishicha,
deformatsiya sikllari soni N ortishi bilan garshilik
minimumi kuzatiladigan harorat Tmin monoton
ravishda oshib boradi va ma’lum bir giymatda
to‘yinishga intiladi (1-jadval). Ilgari o‘tkazilgan
tadgiqotlarda ham shunga o‘xshash holatlar qayd
etilgan bo‘lib, bunday o‘zgarishlar plyonkada ichki
kuchlanishlarning ~ to‘planishi ~ hamda  don
chegaralarida potensial to‘siqlarning oshishi bilan
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bog‘liq ekani ta’kidlangan [4]. Agar plyonkaning
g‘ovak tuzilmasi dastlab yuqori darajada
o‘tkazuvchan donor kanallarini ta’minlagan bo‘lsa,
tsiklik deformatsiyalar ta’sirida ushbu kanallar
gisman uziladi. Natijada elektr garshilik ortadi va
uning haroratga bog‘ligligi xiralashadi, ya’ni
materialning  boshlang‘ich  yarimo‘tkazgichlik
xususiyatlari asta-sekin susayadi.

Keltirilgan mexanik zarar yetkazish jarayoni
Bi-Sb-Te  materialining  energetik  zonaviy
tuzilishiga ham sezilarli ta’sir ko‘rsatadi. Ma’lumki,
(Bio,3Sho,7)2Tes tor tagiglangan zonaga ega bo‘lgan
yarimo‘tkazgich material bo‘lib, uning energiya
oralig‘i taxminan 0,15 eV ni tashkil etadi. Bunday
materiallarda  elektr o‘tkazuvchanlik ma’lum
haroratda donor va akseptor qo‘shimchalar
konsentratsiyasining muvozanati natijasida minimal
giymatga ega bo‘ladi [4]. Bizning holatda dastlab
garshilik minimumi taxminan 333 K da kuzatilgan
bo‘lsa, takroriy mexanik deformatsiyalar ta’sirida
ushbu muvozanat nugtasi yugoriroq haroratlar
tomonga siljidi va 408 K gacha yetdi. Bu holat shuni
anglatadiki, deformatsiya sikllari soni ortishi bilan
plyonkadagi effektiv donorlash darajasi o‘zgaradi
hamda intrinsik o‘tkazuvchanlikka o‘tish harorati
oshadi. Boshgacha aytganda, plyonkada bo‘sh tok
tashuvchilar konsentratsiyasi va ularning turiga
ta’sir etuvchi omillar kuchayadi. Jumladan,
antidiffuziya jarayonlari, shuningdek, go‘shimcha
strukturaviy ~ defektlarning ortishi ushbu
o‘zgarishlarga sabab bo‘lishi mumkin. 2021-yilda
o‘tkazilgan tadqgiqotlarda Bi—Sh-Te plyonkalarida
shunga o‘xshash xatti-harakatlar chuqur tahlil
gilingan bo‘lib, mexanik deformatsiya ta’sirida
plyonkaning degenerativ yarimo‘tkazgich holatiga
o‘tishi mumkinligi ko‘rsatilgan. Bunday holatda
materialda metallga xos elektr o‘tkazuvchanlik
xususiyatlari ustunlik gila boshlaydi [3].

Mazkur ishda olingan natijalar ham ushbu
xulosani tasdiglaydi: N = 5 x 10> deformatsiya
sikllaridan ~ so‘ng  temperaturaviy  qarshilik
koeffitsientining nolga yaginlashishi natijasida
plyonka garshiligi haroratga deyarli bog‘liq bo‘Imay
goladi, unda  metallga  o‘xshash
o‘tkazuvchanlik xususiyati namoyon bo‘ladi.

Ta’kidlash joizki, olingan bog‘lanishlarni
amaliy qo‘llash nuqtai nazaridan juda muhim va
foydali ma’lumotlar sifatida baholash mumkin.
Mexanik charchash shikastlanishlarining to‘planishi

ya’ni
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jarayonida  konstruksion materiallarda  xuddi
shunday mikrodefektlar hosil bo‘lib borishi ma’lum.
O‘tkazilgan tajribalar shuni ko‘rsatadiki, bunday
defektlarning yig‘ilishi yupga plyonkalarning elektr
qarshiligini o‘ziga xos tarzda o‘zgartiradi. Demak,
(Bio3Sho,7)2Tes polikristall yupga plyonkasi asosida
ishlovchi datchik yordamida mexanik
konstruksiyalarning charchash holatini monitoring
qilish mumkin bo‘ladi. Masalan, agar ushbu turdagi
datchik strukturaviy detalga biriktirilsa, vaqt otishi
bilan detaldagi charchash yoriglari soni va darajasi
ortib borishi natijasida datchik garshiligining
haroratga bog‘liq egri chizig’i mos ravishda
o‘zgaradi. Bunda qarshilik minimumi kuzatiladigan
haroratning  siljishi  hamda  temperaturaviy
koeffitsientning  kamayishi  orgali  detaldagi
charchash darajasini migdoriy baholash imkoniyati
paydo bo‘ladi. Shu tariga, mazkur material asosida
tayyorlangan yupga plyonkalarni  charchogni
yig‘uvchi tenzodatchiklar sifatida qo‘llash ilmiy-
amaliy jihatdan muhim ahamiyat kasb etadi. Bunday
datchiklarni turli texnik tizimlar va muhandislik
konstruksiyalarida  strukturaviy elementlarning
sog‘lomlik holatini monitoring qilish uchun
integratsiya qilish mumkinligi ko‘rinmoqda

(Bio,3Sho,7)-Tes polikristall yupga
plyonkalarining tsiklik mexanik deformatsiyalar
ostidagi temperaturaviy qarshilik xususiyatlari
o‘rganilib, quyidagi asosiy xulosalar olindi:

- Temperaturaviy garshilik koeffitsienti (o)
deformatsiya sikllari soni ortib borishi bilan manfiy
giymati modul jihatdan keskin kamayadi. Dastlabki
holatda o ~ —5,6 x 1072 K™ bo‘lgan bo‘lsa, 5 x 10°
siklli mexanik yuklama ta’siridan so‘ng ushbu
ko‘rsatkich a = —2,5 x 10™* K™! qiymatga yetdi. Bu
holat plyonkaning haroratga sezgirligi sezilarli
darajada pasayayotganini ko‘rsatadi.

- Qarshilik-harorat grafigidagi minimum
nugta, ya’ni qarshilik eng kichik qiymatga ega
bo‘ladigan xarakterli harorat (Tmin), tsiklik mexanik
yuklama ortishi bilan muntazam ravishda yugori
haroratlar tomon siljidi. Agar boshlang‘ich holatda
(N = 0) Tmin = 333 K bo‘lgan bo‘lsa, N = 5 x 10°
deformatsiya sikllaridan so‘ng bu qiymat 408 K
gacha oshdi. Ushbu siljish plyonkadagi ichki elektr
o‘tkazuvchanlik ~ mexanizmining  o‘zgarishini
ko‘rsatadi. Tsiklik deformatsiyalar ta’siri natijasida
plyonka dastlab ega bo‘lgan yarimo‘tkazgichlik
xususiyati bosgichma-bosgich susayib, materialning
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elektr xossalari metallga o‘xshash o‘tkazuvchanlik
sohasi tomon siljiydi. Bu holat garshilikning
haroratga bog‘liqligi kamayishi bilan tasdiglanadi.
(Bio.3Sho,7)2Tes polikristall yupga
plyonkalarida tsiklik mexanik ta’sir ostida
charchash defektlarining yig‘ilishi natijasida elektr
qarshilikning haroratga bog‘liqligi sezilarli darajada
o‘zgarishi aniqglandi. Ushbu o‘zgarishlar garshilik—
harorat (R-T) grafigi asosida ishonchli tarzda qayd
etilishi mumkin. Mazkur holat plyonkalarni atrof-
muhit harorat sharoitida in situ datchik sifatida
qo‘llab, ob’ektlarning mexanik charchash darajasini
masofadan monitoring qilish imkonini beradi.
Zamonaviy xalgaro tadgigotlar ham bunday
yondashuvning istigbolli ekanini ko‘rsatmoqda:
Bi,Te; asosidagi moslashuvchan datchiklar nafagat
issiglik oqgimini, balki mexanik bosimlarni ham

yugori  aniglikda aniglashda muvaffagiyatli
go‘llanilmoqda [4].

Yugoridagilardan ~ xulosa  gilish  mumkinki,
(Bio.3Sho,7).Tes polikristall yupga plyonkalarda

mexanik charchash jarayonini elektr garshilikning
R-T bog‘lanishini kuzatish orqali diagnostika qilish
imkoniyati mavjud. Kelgusidagi tadgiqotlarda
ushbu turdagi tenzodatchiklarni turli materiallar va
muhandislik konstruksiyalariga integratsiya qilish,
shuningdek, yuqori harorat oralig‘ida (T > 413 K)
ham xuddi shunday tendensiyalarning saglanish
yoki o‘zgarish xususiyatlarini o‘rganish maqsadga
muvofiq hisoblanadi.
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Ba’zi p-n o‘tishli diodlarning ishlash xususiyatlariga haroratning ta’siri
O‘sarov Xamidillo Saydullo o‘gli
Qo‘qon universiteti Andijon filiali dotsenti, t.f.f.d., (PhD).

Annotatsiya. Elektron qurilmalar va tizimlarning ishonchliligi va ishlash samaradorligi
yarimo‘tkazgich materiallarning harorat o‘zgarishiga qarshi ko‘rsatadigan hossalariga bevosita bog'liqdir.
Harorat o'zgarishi yarimo‘tkazgich diodlarning ishlash xususiyatlariga sezilarli ta’sir ko‘rsatadi. Harorat
ortishi yarimo‘tkazgich materiali zaryad tashuvchilar konsentratsiyasining ortishi, ularning harakatchanligini
kamayishi hamda tagiglangan zonasining gisqarishiga olib keladi. Ushbu tadgigotda 1N5400 va 1N5401
turidagi p-n o'tishli diodlarning harorat 25 °C dan 200 °C gacha oraliqda ishlash xususiyatlari o‘rganilgan.
Natijalar shuni ko‘rsatdiki, to‘g‘ri ulanish holatida harorat ortishi bilan diod kuchlanishi kamayib, tok ortadi,
shuningdek statik garshilik va dissipatsiya quvvati kamayadi. Teskari ulanishda esa diodning tok va
kuchlanish ko‘rsatkichlari 150 °C gacha bo‘lgan harorat oralig‘ida sezilarli o‘’zgarishsiz goladi. Natijalar
elektron qurilmalarni loyihalashda komponentlarning haroratga bog'liq xususiyatlarini hisobga olish
zarurligini ko‘rsatadi.

Kalit so‘zlar: harorat, yarimo‘tkazgich, diod, p-n o'tish, to‘g'ri ulanish, teskari ulanish.

AHHoTaumAa. HagexHocTb u 3d(PeKTMBHOCTb paboTbl 3NEKTPOHHbIX YCTPOWCTB U CUCTEM
HanpsIMyl0 3aBUCAT OT CBOWCTB MOMYNPOBOAHUKOBLIX MaTepuarnoB, pearvpylowwmux Ha WU3MEHEHMWS
TemnepaTypbl. MIameHeHne TemnepaTtypbl OKasblBaeT 3HaYUTENbHOE BMMSHWE Ha 3KCMniyaTauWoOHHbIE
XapaKkTepUCTUKN NONynpoBOOHWKOBLIX AMOAO0B. [loBbiweHMe TemnepaTypbl MPUMBOAUT K YBENWMYEHUIO
KOHLUEHTpauum HocuTenewn 3apsiga B MOSynpOBOOHWKOBOM MaTtepuane, CHWKEHWIO MX MOABWXHOCTU U
COKpaLLEHWIO  3amnpelleHHoW 30Hbl. B gaHHOM umccnegoBaHuM  M3y4deHbl  AKCMyaTauWMOHHbIE
XapakTtepucTuku gmogos ¢ p-n nepexogom Tunos 1N5400 n 1N5401 B TemnepaTypHOM gnanasoHe oT 25
°C po 200 °C. PesynbTaThbl nokasanu, Y4TO Mpu NPSIMOM MOAKIIOYEHUN C MOBbIWEHWMEM TemnepaTypbl
YMEHbLUAETCsA HanpsbkeHne auoaa, yBenmYnBaeTcs TOK, a TakkKe CHMKaAeTCsa CTaTuYecKkoe ConpoTuBIEHNE
1 guccvnaumsi molwiHocTw. lMpy oBpaTHOM MOAKMIOYEHUM TOK UM HanpskeHue guoda OCTakTCs MoYTU
HeM3MeHHbIMM B Mpedenax TemnepaTtypHoro auanasoHa go 150 °C. PesynbTaThl nogyepkuBaroT
HeoOX0AMMOCTb yyeTa TeMnepaTypHbIX XapaKTepPUCTUK KOMMOHEHTOB NPW NPOEKTUPOBAHUUN 3TEKTPOHHbIX
YCTPOWCTB.

KnroueBble cnoBa: Temnepartypa, nonynpoBOAHMK, ANOA, P-N nepexon, NpsiMoe MOAKIYeHne,
obpaTHOe NOAKIYEHNE.

Abstract. The reliability and efficiency of electronic devices and systems are directly related to the
thermal properties of semiconductor materials. Temperature changes have a significant effect on the
operational characteristics of semiconductor diodes. An increase in temperature leads to an increase in
charge carrier concentration, a decrease in their mobility, and a reduction in the forbidden band. This study
investigates the operational characteristics of p-n junction diodes, types 1N5400 and 1N5401, in the
temperature range from 25 °C to 200 °C. The results show that in forward connection, as the temperature
increases, the diode voltage decreases, the current increases, and both static resistance and dissipation
power decrease. In reverse connection, the current and voltage characteristics of the diode remain almost
unchanged within the temperature range up to 150 °C. The results highlight the importance of considering

the temperature-dependent

properties of components in

the design of electronic devices.

Keywords: temperature, semiconductor, diode, p-n junction, forward connection, reverse
connection.
I. Kirish. Haroratning ortishi diodning issiglik

Harorat o‘zgarishlari diodlar, tranzistorlar va

garshiligiga ham ta’sir qiladi va uning issiqlikni

operatsion kuchaytirgichlar kabi samarali tarqatish qobiliyatini o‘zgartiradi.
yarimo‘tkazgich ~ qurilmalarining  ishlash  Natijada yuqori darajada issiqlik to‘planishi
xususiyatlariga sezilarli ta’sir ko‘rsatadi. tufayli diodning muddatidan oldin ishdan
Haroratning ortishi yarimo‘tkazgich  chigishiga olib keluvchi issiglik qgochishi
diodlarning zaryad tashuvchilar  hodisasi yuzaga kelishi mumkin [3-5].
konsentratsiyasining ortishi, ularning  Umuman olganda, harorat yarimo‘tkazgich
harakatchanligining kamayishi hamda qurilmalarining ishlashi va ishonchliligiga
tagiglangan ~ zonasining  torayishi ~ kabi muhim ta’sir ko‘rsatadi. Shu sababli elektron
o‘zgarishlarni keltirib chigaradi. Ushbu omillar  qurilmalarni loyihalashda issiglik boshgaruvi
natijasida to‘g‘ri ulanishdagi kuchlanish masalasi alohida ahamiyatga ega [6,7].

kamayishi va teskari ogish toki ortishi mumkin
[1,2].

Haroratga bog‘liq ushbu xususiyatlarni
chuqur tushunish ishonchli elektron sxemalarni
loyihalash uchun juda muhimdir, chunki ular
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turli amaliy qo‘llanmalarda qurilmalarning
samaradorligi, bargarorligi va umumiy ishlash
ko‘rsatkichlariga bevosita ta’sir qiladi. Shu
sababli muhandislar qurilmalar belgilangan
harorat oralig‘ida ishlashini ta’minlash uchun
o‘z loyihalarida  issiqlikni  boshgarish
jarayonlarini hisobga olishlari zarur.

Shu bilan bir gatorda harorat
o‘zgarishlari  diodlardan  foydalaniladigan
sensor tizimlarida o‘lchovlarning aniqligi va
ishonchliligiga ham ta’sir qilishi mumkin.
Shuning uchun sensor sxemalarida harorat
ta’sirini Kkalibrlash va kompensatsiya qilish
muhim  hisoblanadi [8]. Bu aynigsa
avtomobilsozlik, aviatsiya-kosmik
texnologiyalar va tibbiy qurilmalar kabi
sohalarda muhim ahamiyatga ega, chunki
ushbu tizimlarda aniq o‘lchovlar xavfsizlik va
funksionallik uchun muhim ahamiyatga ega.
Harorat kompensatsiyasi usullari, masalan,
harorat sensorlari yordamida ish sharoitidagi
o‘zgarishlarni kuzatish va mos ravishda
tuzatish  kiritish, sensorlarning anigligiga
haroratning salbiy ta’sirini kamaytirishga
yordam beradi [9].

Elektron komponentlarning harorati
o‘zgarishi qurilmaning o‘zida hosil bo‘ladigan
ichki issiglik yoki unga yagin joylashgan
boshga qurilmalar tomonidan hosil gilinadigan
issigligi natijasida yuzaga kelishi mumkin.
Ko‘p hollarda faqat katta quvvat sarflaydigan
va ko‘p issiqlik chigaradigan qurilmalar uchun
issiqlikni  tarqatish ~ choralariga  e’tibor
garatiladi. Natijada ayrim elektron qurilmalar
muddatidan oldin ishdan chigishi mumkin,
chunki  past quvvatli  yarimo‘tkazgich
komponentlar ham mubhitdagi issiqlik ta’sirida
ishdan chigishi mumkin.

Ba’zi hollarda bunday nosozliklar
ishlab chigaruvchi tomonidan belgilangan
xavfsiz ish harorati rejimida ham yuz berishi
kuzatilgan. Shu sababli tadgigotchilar past
quvvatli  yarimo‘tkazgich  qurilmalarining
ishlash xususiyatlariga atrof-muhitning harorat
o‘zgarishi  ta’sirini  o‘rganishlari muhim
hisoblanadi. Bunday tadgigotlar natijasida
olingan ma’lumotlar elektron tizimlarni
loyihalovchilarga atrof-muhit issiqligi ta’siriga
sezgir bo‘lgan past quvvatli yarimo‘tkazgich
qurilmalarini aniglash va ular uchun mos
issiqlik tarqatish choralarini ko‘rishda yordam
beradi.
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p-n o‘tishli diod ikkita anod va katod
qutbiga ega bo‘ladi. Agar anod musbat
kuchlanishga, katod esa manfiy kuchlanishga
ulangan bo‘lsa, qurilma orqali elektr toki ogadi,
ya’ni diod to‘g‘ri ulanish holatida ishlaydi.
Diodlar kuchlanishni to‘g‘rilash, ta’minot
manbaidan signallarni ajratish, kuchlanish
etalonini  hosil qilish, signal amplitudasini
boshgarish, signallarni aralashtirish, signallarni
aniglash hamda yoritish tizimlari  kabi
sohalarda keng qo‘llaniladi.

Eng ko‘p qo‘llaniladigan p-n o‘tishli
diod turlariga 1N5400, 1N5401, 1N5402 va
AIN5404 diodlari kiradi. p-n o‘tishli diodning
ko‘rinishi va sxematik belgisi quyidagi rasmda
ko‘rsatilgan.

— )

1-rasm. p-n o‘tishli diodning tashqi ko‘rinishi
va sxematik belgisi

Ushbu diodlar ishonchliligi va keng
qo‘llanilish imkoniyatlari tufayli turli elektron
sxemalar va tizimlarda keng qo‘llaniladi.
Masalan, 1N5400 seriyali diodlar odatda
guvvat manbalari va elektron qurilmalarda
kuchlanishni  to‘g‘rilash uchun ishlatiladi.
IN5401 diodi ko‘pincha signalni ajratish va
kuchlanish etaloni sifatida qo‘llaniladi. 1IN5402
diodi  signal  amplitudasini  boshgarish
imkoniyati bilan, 1N5404 diodi esa odatda
signallarni aralashtirish va  aniglash
jarayonlarida ishlatiladi. Umuman olganda, p-n
o‘tishli diodlar zamonaviy elektronikaning
muhim elementlaridan biri bo‘lib, elektron
tizimlarning to‘g‘ri ishlashini ta’minlashda
muhim rol o‘ynaydi.

Mazkur  diodlar  turli  tok va
kuchlanishlarga mos holda ishlab chigilgan
bo‘lib, bu ularni turli elektron sxemalarda
qo‘llash imkonini beradi. Bundan tashqari,
ularning kichik o‘lchami va nisbatan arzonligi
ularni ommaviy ishlab chigarish va murakkab
elektron tizimlarga integratsiya qilish imkonini
beradi. Quvvat manbalari va signalni gayta
ishlash sxemalaridan tashqgari, p-n o‘tishli
diodlar radiochastota sxemalarida, kuchlanish
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stabilizatorlarida hamda kuchlanishni cheklash

sxemalarida ham keng qo‘llaniladi [10].
Quyidagi 1-jadvalda ishlab chigaruvchi

tomonidan berilgan 1N5400, 1N5401, 1N5402
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va 1N5404 diodlarining maksimal ruxsat
etilgan ko‘rsatkichlari va elektr tavsiflari
keltirilgan.

1-jadval
1N5400, 1N5401, 1N5402 va 1N5404 diodlarining maksimal ruxsat etilgan
giymatlari va elektr tavsiflari [11].
Parametrlar IN5400 IN5401 IN5402 IN5404
Maksimal takrorlanuvchi teskari
amplituda kuchlanish (V) 50 100 200 400
Maksimal o‘rtacha kvadratik qiymatdagi
kuchlanish — RMS (V) 3 70 140 280
Maksimal o‘zgarmas teskari bloklovchi
kuchlanish (T = 150 °C gacha) 50 100 200 400
T =75 °C da maksimal o‘rtacha to‘g‘ri 3 3 3 3
rektifikatsiya toki (A)
3.0 A amplituda tokda maksimal to‘g‘ri
kuchlanish tushuvi (V) 12 12 12 12
T =25 °C da maksimal teskari tok (LA) 10 10 10 10
T =100 °C da maksimal teskari tok (uLA) 500 500 500 500
Odatdagi o‘tish sig‘imi (pF) 50 50 50 50
Saglash harorati diapazoni (°C) -65+175 | -65+ 175 | -65+175 | -65+ 175
Ishlash harorati diapazoni (°C) -65+175 | -65+175 | -65+175 | -65+ 175

p-n o‘tishli diodlarning volt-amper
xarakteristikasi ularning turli ish sharoitlaridagi
ishlash  xususiyatlarini  yaxlit tushunishga
imkon beradi. Shockley diod tenglamasi diod
orgali ogayotgan tok va unga berilgan
kuchlanish o‘rtasidagi bog‘liglikni ifodalaydi
va quyidagicha yozilishi mumkin [12]:

qVp
I, = I | enksT — 1
Bu yerda:

Ip — diod orgali ogayotgan tok;
Is — qorong‘ulikdagi tutilish toki;

Vp — diodning uchlari bo‘ylab
go‘llanilgan kuchlanish;

g — elektron zaryadining absolyut
giymati;

n — proporsanallik koeffitsienti (1 dan 2
gacha bo‘lgan son);

ks — Boltsman doimiysi;

T — absolyut harorat.

Qorong‘ulikdagi tutilish toki (Is) har bir
diodni boshgasidan ajratib turuvchi muhim
parametr hisoblanadi. U yorug‘lik yo‘qligida
diodning oqish toki sifatida namoyon bo‘ladi.
Bu tok dioddagi rekombinatsiya jarayoni bilan

to‘g‘ridan-to‘g‘ri proporsionaldir. Shuningdek,
harorat oshishi bilan u ortadi, material sifati
yaxshilanganda esa kamayadi. Diod tenglamasi
shuningdek quyidagi shaklda ham ifodalanishi
mumkin:
Vb
Ip = I <en_Vr — 1)

Bu yerda Vr termik kuchlanish deb
ataladi va xona haroratida (300 K) uning
giymati 25,85 mV ga teng. Agar diod teskari

ulanish holatida bo‘lsa, diod tenglamasi
quyidagicha bo‘ladi:
lo=—1Is
Bu shuni  anglatadiki,  teskari

ulanishdagi diod orgali juda kichik manfiy tok
ogadi, bu teskari tutilish toki deb ataladi.
Shuningdek, diodning garshiligi ham haroratga
bog‘liq bo‘lib, bu uning ishlash samaradorligi
va kuchlanish tushuviga ta’sir giladi. Diod
qgarshiligi ikki turga bo‘linadi:

1. DC yoki statik garshilik — diod DC
sxemada ishlayotganda ko‘rsatadigan qarshilik.
U quyidagi formula orgali hisoblanadi:

VD
Roc =7

ID
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2. AC yoki dinamik garshilik —diodning
o‘zgaruvchan tok va kuchlanish sharoitidagi
garshiligi.

_dvy aV;

Roc = dl, I
Bu yerda n — diodning proporsanallik
koeffitsienti.  Shuningdek, diod orgali

oqayotgan tok gancha kichik bo‘lsa, shuncha
dinamik garshilik kattalashadi.

Yuquori haroratlarda diod
garshiligining  kamayishi ~ diod  orqgali
targaladigan quvvatning kamayishiga olib
keladi. DC sxemada diod tomonidan
targatiladigan quvvat quyidagi formula orgali
hisoblanadi:

P=Vb-Ib

Bundan tashqari, yarimo‘tkazgichning
dielektrik va izolyatsiya materiallarining
harorat bargarorligi diodning yuqori harorat
sharoitlarida  ishlashiga  sezilarli  ta’sir
ko‘rsatadi. Shu sababli, elektron tizimlarni
loyihalashda yarimo‘tkazgich qurilmalar bilan
birga yetarli darajada sifatli dielektrik
materiallar ishlatilishini ta’minlab, qurilmalarni
ishonchli  termal ishlashga moslashtirish
muhimdir.

Adabiyotlar sharhi

[13] ishda rux oksidi (ZnO) Schottky
bar’yer  diodining  yuqori  haroratdagi
xususiyatlariga ta’siri o‘rganilgan bo‘lib, unda
ideal koeffitsient 240—400 K harorat oralig‘ida
deyarli o‘zgarmas bo‘lib qolishi, bu esa ushbu
harorat oralig‘ida kontaktining barqarorligini
tasdiglashi keltirilgan.

[14] ishda polikristalli olmos metall—
yarimo ‘tkazgich diodining elektr
xususiyatlariga harorat va seriyali garshilikning
ta’siri o‘rganilgan bo‘lib, unda 25-300 °C
harorat oralig‘ida qurilmaning volt-amper
xarakteristikasi ko‘rsatilgan.

[15] ishda Ti/n-GaAs diodining tok,
sigéim,  o‘tkazuvchanlik va  kuchlanish
Xususiyatlariga haroratning ta’siri o‘rganilgan.
Tadqiqot shuni ko‘rsatadiki, tagiglangan zona
kengligining harorat koeffitsienti kontakt
metallining tabiati yoki uning elektromagnit
xossalariga bog‘liq holda o°zgaradi. Ushbu
natija DC magnetron sputtering usuli
yordamida Ti/n-GaAs Schottky bar’yer diodi
qurish va ishlab chigarish jarayonida olingan.

76

Kuchlanish—sig‘im xususiyatlari 80-320 K
harorat oraligida tadqiq qilingan. Diod
parametrlarining harorat bilan o°zgarishi
tagiglangan  zona  kengligidagi  lateral
nogomogenliklar bilan izohlanadi.

Ko‘plab  olimlar  yarimo‘tkazgich
diodlarning yuqori va past haroratlarda
ishlashiga ta’sirini o‘rganishgan bo‘lib, yuqori
haroratlar yarimo‘tkazgich diodlarning ishlash
xususiyatlariga sezilarli ta’sir ko‘rsatishini
aniglaganlar.

I1.Metadologiya

Ushbu tadgiqotda ragamli multimetrlar,

elektr qgizdirgich, breadboard, Vero board,

termometr,  batareyalar, ulash  simlari,
rezistorlar va diodlar (1N5400, 1N5401,
IN5402 va 1N5404) ishlatilgan. Tajriba

jarayonida ragamli multimetrlardan seriyali
rezistor va diod kuchlanishini o‘lchash uchun,
termometrdan esa diod gizdirilgan vaqtdagi
atrof-muhit  haroratini  aniglash  uchun
foydalanildi. Quyidagi 1- va 2- rasmlarda
to‘g‘ri va teskari ulanishdagi diodlarning
tajribasi sxemasi keltirilgan.

D1 s VDi

1-rasm. To‘g'ri ulanishdagi diod tajribasi
sxemasi

o GVe

2-rasm. Teskari ulanishdagi “diod tajribasi
sxemasi

I11.Natijalar
To‘g‘ri ulanish va teskari ulanish
holatlaridagi diodlarni sinovdan o‘tkazish

natijalari 2- va 3-jadvallarda keltirilgan.
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2-jadval
To‘g‘ri ulanishdagi IN5400 va IN5401 diodlari sinov natijalari

Ne T, °C VDl, V |Dl, mA VR1, V RDl, Q PDZ, mW VD2, V |D2, mA VRz, V RDz, Q Poz, mwW
1| 25 0,34 4,43 8,86 76,75 1,51 0,35 4,40 8,79 | 79,64 1,54
2 | 50 0,34 4,43 8,86 76,75 1,51 0,35 4,40 8,79 | 79,64 1,54
3| 75 0,32 4,45 8,89 71,91 1,42 0,35 4,40 8,80 | 79,55 1,54
4 1100 | 0,26 4,47 8,94 58,17 1,16 0,33 4,41 8,82 | 74,83 1,46
51125 | 0,24 4,48 8,96 53,57 1,08 0,29 4,43 8,86 | 65,46 1,28
6 | 150 | 0,16 4,52 9,04 35,40 0,72 0,26 4,45 8,89 | 58,49 1,16
71175 | 0,11 4,54 9,08 24,23 0,50 0,19 4,48 8,95 | 42,46 0,85
8 | 200 | 0,07 4,56 9,12 15,35 0,32 0,13 4,51 9,01 | 28,86 0,59

2-jadval natijalaridan ko‘rinib turibdiki, to‘g‘ri ulanish holatidagi diodda harorat ortishi
bilan kuchlanish odatda kamayadi, tok esa harorat ortishi bilan ortadi.

3-jadval
Teskari ulanishdagi diodlar sinov natijalari
Ne T, °C Vo1, V Ip;, MA Vg1, V Vb2, V Ip2, MA Vr2, V
1 25 9,32 0,03 0,06 9,34 0,00 0,00
2 50 9,32 0,03 0,06 9,34 0,00 0,00
3 75 9,32 0,03 0,06 9,34 0,00 0,00
4 100 9,32 0,03 0,06 9,34 0,00 0,00
5 125 9,29 0,05 0,09 9,34 0,00 0,00
6 150 9,21 0,09 0,17 9,33 0,01 0,02
7 175 9,03 0,18 0,35 9,24 0,05 0,10
8 200 8,46 0,44 0,88 8,58 0,39 0,78

3-jadval natijalaridan ko‘rinib turibdiki,
teskari ulanishdagi diod kuchlanishi va tokiga
atrof-muhit  haroratining ta’siri  taxminan
125+150 °C gacha e’tiborga olinmaydi. 150 °C
dan ortgach, teskari ulanishdagi diod
kuchlanishi harorat ortishi bilan kamayadi,
teskari oqish toki esa harorat ortishi bilan
ortadi.
IVV.Xulosa

Olib borilgan IN5400 va IN5401 diodlar
uchun to‘g‘ri ulanishdagi kuchlanish harorat
oshishi bilan odatda kamaygan, tok esa harorat
oshishi bilan ortgan. Teskari ulanishdagi diod
kuchlanishi va tokiga atrof-mubhit haroratining
ta’siri taxminan 125+150 °C gacha e’tiborga
olinmaydi. 150 °C dan ortgach, teskari
ulanishdagi diod kuchlanishi harorat ortishi
bilan kamayadi, teskari ogish toki esa harorat
ortishi bilan ortadi. Tavsiya etish mumkinki,
elektronika qurilmalarini ishlab chigaruvchi va
muhandislar  har ganday  komponentni
ishlatishdan oldin uning harorat ta’siriga oid
ma’lumotlarni o‘rganishlari lozim.
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Granullangan MgsSb2 termoelektrik materialining mikrotuzilmasi

Omonboyev Fazliddin Lutfiddin o‘g‘li
Andijon davlat universiteti

Annotatsiya. Ushbu maqolada granullangan MgsSh2 termoelektrik materialining mikrostrukturasi
va kimyoviy tarkibi energiya-dispersiyaviy rentgen spektroskopiya hamda elektron mikroskopiya usullari
yordamida tadqig gilindi. Olingan natijalar zarrachalarning polikristall tuzilishga ega ekanligini va
granulalararo chegaralar mavjudligini ko‘rsatdi.

Rentgen spektroskopiya tahlillari asosida namuna tarkibida Mg va Sb asosiy elementlar bilan bir
gatorda O, C va Si elementlari ham aniglanib, ularning fazoviy tagsimoti bir jinsli emasligi kuzatildi.
Xususan, kislorodning zarracha sirtida ortishi zarrachalarda yadro—qobiq tipidagi tuzilma hosil bo'lishini
ko‘rsatdi.

Kalit so‘zlar: MgsShz, EDS, kimyoviy tarkib, oksid gatlam, donalararo chegara, termoelektr
material.

AHHOTaumMA. B paHHOW cTaTbe MWMKPOCTPYKTYpa M XMMUYECKMN COCTaB rPaHyrMpOBaHHOMO
TepmoarnekTpuyeckoro Mmartepuana MgsSb, ©ObiuM  uccnegoBaHbl € MCMNONb30BaHWMEM  METOLOB
SHEpProanMcrnepCUoOHHON PEHTTEHOBCKOW CMEKTPOCKOMMM W 3NEKTPOHHOW MUKpocKkonunu. [lonyveHHbie
pe3ynbTaTbl NoKa3anu, YTo YacTULbl MMEIT NOSIMKPUCTANIMYECKYHO CTPYKTYPY M COAEpXKaT MeX3epeHHble
rpaHuubl.

Ha ocHoBe aHanu3a peHTreHOBCKOW CNEKTPOCKOMNUM YCTaHOBNEHO, YTO B cOCTaBe obpasua Hapagy
C OCHOBHbIMMK anemeHTamm Mg n Sb Tarke npucytcTBytoT anemeHTsl O, C 1 Si, npn atom HabnogaeTca
HEOOHOPOAHOCTb UX MPOCTPaHCTBEHHOro pacnpegeneHusa. B 4yacTHocTu, yBenunyeHve coaepXaHus
Kucrnopoga Ha MOBEPXHOCTU Y4acTul yKkasblBaeT Ha (POPMUpPOBAHME B HUX CTPYKTYpbl TUNa «siopo—
obornouyka.

KnoueBble cnoBa: Mg;Sh,, EDS, xumudecknii coctaB, OKCUAHBIN CMOW, MeX3epeHHas rpaHuua,
TEPMOINEKTPUYECKNA MaTepmarn.

Abstract. In this article, the microstructure and chemical composition of the granulated

thermoelectric material Mg;Sb, were investigated using energy-dispersive X-ray spectroscopy and electron
microscopy methods. The obtained results showed that the particles have a polycrystalline structure and
contain intergranular boundaries.
Based on the X-ray spectroscopy analysis, it was found that, in addition to the main elements Mg and Sb,
the sample also contains O, C, and Si elements, and their spatial distribution is not uniform. In particular,
the enrichment of oxygen on the particle surface indicates the formation of a core—shell type structure in
the particles.

Keywords: MgsSh,, EDS, chemical composition, oxide layer, grain boundary, thermoelectric

material.

I.KIRISH orgali boshgarilishi ko‘rsatib berilgan. Ushbu
So‘nggi yillarda ekologik toza wva tizimdadonalararo chegaralarda lokal energetik

samarali  energiya manbalarini  yaratish holatlar (tuzoq darajalar) hosil bo‘lib, ular

muammosi global migyosda dolzarb ahamiyat
kasb etmoqda. Ushbu yo‘nalishda termoelektr
materiallar yordamida issiglik energiyasini
bevosita elektr energiyasiga aylantirish
texnologiyalari alohida o‘rin tutadi.

MgsSb,  asosidagi  yarimo‘tkazgich
materiallar past issiqlik o‘tkazuvchanligi va
yugori termoelektr xossalari bilan ajralib turadi.
Ushbu materiallarning termoelektr
parametrlariga ularning kristall  tuzilishi,
temperatura va tarkibiy modifikatsiyalar
sezilarli ta’sir ko‘rsatadi [1, 2].

ILADABIYOTLAR TAHLILI

[3, 4, 5] tadgigotlarda granullangan
MgsSh> materialida elektr va termoelektr
parametrlarning  zarrachalararo  chegaralar

zaryad tashuvchilar transportiga sezilarli ta’sir
ko‘rsatadi. Harorat ortishi bilan bu tuzoq
holatlarning ionlashuvi elektr
o‘tkazuvchanlikning kamayishiga, shu bilan
birga Seebeck koeffitsientining ortishiga olib
keladi.

Shu bilan birga, zarrachalar yuzasida
oksid qatlamlarning hosil bo‘lishi va kimyoviy
geterogenlik donalararo potensial to‘siqlarning
shakllanishiga sabab bo‘ladi. Bu esa
granullangan MgsSbh, materialida tok o‘tish
jarayonlarining chegaralar bilan
boshgariladigan mexanizm asosida kechishini

ta’minlaydi.
Biroq, granullangan MgsSh:
zarrachalarining mikrostrukturasi, kimyoviy

tarkibi va granulalararo chegaralar hosil bo‘lish
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mexanizmlari hali to‘liq o‘rganilmagan. Shu
sababli ushbu ishda granullangan MgsSh;
materialining element tarkibi  energiya-
dispersiyaviy rentgen spektroskopiya usuli
yordamida tahlil gilinadi va olingan natijalar
asosida uning strukturaviy  xususiyatlari
muhokama etiladi.

IHLTADQIQOT METODOLOGIYASI

Tadgiqgotlar uchun kukunli texnologiya
asosida tayyorlangan granullangan MgsSh»
zarrachalari tanlab olindi. Dastlab MgsSh;
kukunlari etil spirit aralashtirilib, bir jinsli
aralashma  hosil  qilindi.  Tayyorlangan
aralashma issiglikka chidamli trubasimon
keramik substrat ichiga joylashtirilib, 0,3-0,5
kN kuch ta’sirida zichlashtirish orqali granulali
MgsSh> zarrachalaridan tashkil topgan sterjen
ko‘rinishidagi namuna hosil qilindi. Ma’lumki,
granullangan  yarimo‘tkazgich  tizimlarda
zarrachalar orasida donalararo chegaralar
shakllanadi va zaryad tashuvchilar transporti
aynan shu chegaralarning morfologik va
energetik xususiyatlari bilan belgilanadi [6].
Shu sababli ushbu ishda tayyorlangan
namunalar strukturasi va tarkibini chuqur tahlil
gilish muhim hisoblanadi.

Ushbu tadgiqot ishining ilmiy yangiligi
o‘tkazilgan tajribalar natijasida qarshilik orqali
gizdirib biriktirish usuli yordamida sterjen
shaklidagi polikristall tuzilma hosil qilish
mumkinligi  aniglandi.  Hosil  gilingan
namunalar mikrostrukturasi va morfologiyasi
JEOL JXA-8800R elektron mikroskopi
yordamida o‘rganildi. Ushbu qurilma 0.1-30
KV tezlatish kuchlanishida ishlaydi, 1 nm gacha
bo‘lgan tuzilmalarni 25 martadan 650 000
martagacha kattalashtirish imkonini beradi
hamda element tarkibini yuqori aniglik bilan
(=107?) aniqlash imkonini beradi.

IV.NATIJALAR VA
TAHLILI

Namuna issigga chidamli trubasimon
keramika substratdan ajratib olinib, elektron
mikroskop yordamida of‘rganildi. Tahlillar
shuni ko‘rsatadiki, zarrachalar va
zarrachalararo chegaralardan tashkil topgan
tipik polikristall struktura hosil bo‘ladi.

l-rasmdan ko‘rinadiki, zarrachalar
o‘zaro zich joylashgan bo‘lib, ular orasida aniq

ULARNING

80

ifodalangan donalararo chegaralar mavjud.
Ushbu chegaralar zarrachalar orasida uzluksiz
fazoviy tarmoqg hosil giladi va materialning
elektr  hamda  termoelektr  xossalarini
belgilovchi asosiy strukturaviy element sifatida
garaladi. Granullangan MgsSb2 namunalarining
kimyoviy tarkibi turli lokal sohalarda energiya-
dispersiyaviy rentgen spektroskopiya usuli
yordamida o‘rganildi.
28

Signal A= SE2 Date -2 Jun 2023
Mag= 24TKX  Apedure Size=30.00 um

Signal A = SE2
Mag= 247KX

et N,
=

Apedure Size = 30.00 ym ‘

HT =
WD =124 mm |

1-rasm. Granullangan MgsSb; zarrachalarining
mikrostrukturaviy tasviri.

Rentgen spektral xarakteristiksi tahlil
natijalariga ko‘ra, namuna tarkibi asosan Mg va
Sb elementlaridan tashkil topgan bo‘lib,
go‘shimcha ravishda O, C va Si elementlari
ham aniglangan. Elementlarning tagsimoti
zarracha va chegaraviy sohalarda turlicha
bo‘lib, aynigsa kislorod miqdori zarracha
markazidan sirt tomon ortib borishi kuzatilgan.
Bu holat zarrachalar yuzasida oksid gatlamlar
shakllanishini ko‘rsatadi. Ayrim hududlarda
aniglangan kremniy va uglerod elementlari esa
issigga chidamli keramika substrat bilan
bog‘liq bo‘lishi mumkin.
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Selected Area I - Det 1
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2-rasm. Granullangan MgsSb; namunadagi rentgen spektral xarakteristika.

Olingan natijalar asosida granullangan
zarrachalarning ikki qavatli tuzilishga ega
ekanligi aniglanadi: yadro gismi — MgsSh;
asosiy faza; sirt qismi — oksidlangan gatlam
(Mg—Sb-0 tizimi).

Shunga mos ravishda zarrachalarda
quyidagi umumiy kimyoviy reaksion model
taklif gilinadi:

Mg+Sh+0O—MgzSho+Mg-Sb-O

Bu esa zarrachalar ichida asosiy
yarimo‘tkazgich faza saqlanib qolgan holda,
sirt sohalarda oksid qatlamlar hosil bo‘lishini
bildiradi.

Mazkur strukturaviy holat granullangan

MgsSh, materialining funksional
xususiyatlariga bevosita ta’sir ko‘rsatadi.
Xususan,  oksid  qatlamlar  donalararo

chegaralarda potensial to‘siglar hosil qilib,
zaryad tashuvchilar transportini chegaralaydi.
Shu sababli materialda elektr o‘tkazuvchanlik
klassik kristallardan fargli ravishda chegaralar
bilan boshgariladigan mexanizm asosida
amalga oshadi.

Tadgiqotlar olib boorish uchun 2-
rasmda keltirilgan rentgen spektral
xarakteristiksi hamda jadvallarda aniglangan
elementlar tarkibi va migdoridan foydalanamiz.
Zarrachalar tarkibi elementlarning og‘irlik va

atom massalari yordamida modda massasini
molga aylantirish orgali har bir elementning

miqdorini  hamda  birikma  formulasini
quyidagicha ifodalash mumkin [9]:
Weight % 1 mol = mol 1)

Atom massasi,g

(1) ifoda asosida aniglangan har bir mol
nisbatlarini eng kichik qiymatiga bo‘lamiz:

mol — (2)
molengrichik x

(2) formula orgali har bir element uchun
tegishli giymatlarni aniglashimiz  mumkin.
Shunday qilib, (1) ifoda yordamida 2-rasmda
keltirilgan element og‘irligi va atom massalari
yordamida elementlar massasini  molini
hisoblaymiz.

Hisoblash natijalaridan  ko’rinadiki,
natriy elementining moli eng kichiga ekan. (1)
ifoda asosida har bir elementlar mol nisbatlarini
eng kichik qiymatiga natriy moliga bo‘lamiz:

Qoldigli  natijalarni  butun  songa
aylantirish uchun ularni 2 ga ko’paytirib
chigamiz. Demak, Mg —11ta; Sb—-7ta; O - 15
ta; Na— 2 ta; C — 79 ta. Bu yerda, kislorodning
bir gismi hamda natriy va uglerod atomlari
keramik taglikka tegishli bo’lgani uchun ularni
hisobga olmaymiz.

Shunday qilib, tadqiqot metodiga ko’ra
hisoblash  natijalaridan  foydalanib
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kimyoviy reaksiya kolkulyatori yordamida
zarracha tuzilish formulasini aniglash mumkin.

a)

3-rasm. MgsSbz hamda MgaSb,0o
birikmalarning kritallografik tuzilishi.

Kimyoviy  reaksiya  kolkulyatori
yordamida reaksiyani bajaramiz.
11Mg + 75b + 9 = 3(Mg3Sb,) + Mg,Sb,04

Demak, zarrachalar birikma yadrosi
MgsSh2 va uning sirt sohalari MgaSb2Og
tuzilmadan iborat. Endi ushbu birikmalarning
tuzilishini elektron dastur [7, 8] yordamida
aniglaymiz.

V. XULOSA

Shunday qilib, garshilik vositasi bilan
nanozarrachalarni gizdirib biriktirish orqali
sterjen shaklidagi granullangan MgsSh2 nano
yarimo’tkazgichli materiallar tayyorlash usuli
ishlab chiqildi. U 70% etil spirti yordamida
tayyorlangan MgsSh, zarrachalar gorishmasini
trubka shaklidagi issigga bardosh masalan,
keramik taglikka solish, zarrachalarni garshilik
vositasi  yordamida qizdirib  biriktirishga
asoslangan. MgsSh, zarrachalarini  gizdirib
biriktirish temperaturasi 300+700 K oraliglarini
tashkil qildi. Kukunsimon zarrachalarni
garshilik vositasida gizdirib biriktirish orgali
olingan sterjen shaklidagi granullangan MgsSh»
yarimo’tkazgich tuzilishi jihatidan donodor

82

zarrachalar birikmasi hamda zarrachalararo
ya’ni donadorliklararo chegara sohalaridan
tashkil topgan polikristalga xos tuzilmani hosil
giladi. Donador zarrachalar birikma yadrosi
MgsShz birikmadan bo’lib, uning sirt sohalari
MgaSb20g, Mg(Sh20s)2, MgOz, SbOs singari
oksidlangan  nanokompozit goplamalardan
tashkil topgan.
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Automated technology for measuring thermoelectric properties in
semiconductors
UDK: 621.316.3.05.14.

T.M. Azimov, A.Jumaboev
Fergana State University.

Abstract: This study presents the development of an automated measurement technology for
determining the key thermoelectric transport parameters - Seebeck coefficient (a), electrical conductivity
(o), and thermal conductivity (x) - of BizTezssSeo.12 thermoelectric elements. An integrated hardware—
software system was designed to enable precise temperature control, real-time data acquisition, and
automated processing of measurement results. The proposed setup allows simultaneous and accurate
evaluation of a(T), o(T), and x(T) over a wide temperature range, minimizing human-induced errors and
significantly improving measurement repeatability. The obtained temperature-dependent transport
characteristics were analyzed to assess the thermoelectric performance and potential application of
Biz2Te2.88Seo.12 in cooling devices and low-temperature energy conversion systems. The results demonstrate
that automated measurement tools provide an efficient and reliable platform for the characterization of
Bi,Tes-based thermoelectric materials and can be further adapted for other promising thermoelectric
compounds.

Keywords: thermoelectric materials, thermoelectric elements, Seebeck coefficient, electrical
conductivity, thermal conductivity, temperature-dependent characteristics, thermoelectric performance.

AHHoTaumsa: B gaHHon paboTe npeactaBneHo co3gaHne aBToMaTU3MPOBaHHON N3MEPUTENbHOM
TEXHOJOMMKM AN onpeaeneHns KNiYeBbIX TEPMOINEKTPUYECKMX NapaMeTpoB — koaddurumeHTa 3eebeka
(a), anekTpuyeckon NpoBoAMMOCTM (C) M TEnfonpoBOAHOCTU (X) — TEPMOINEKTPUYECKUX IMEMEHTOB
coctaBa Bi2Tezs8sSeo12. PaspaboTaHHas annapaTHO-MporpaMMHasi cuctema obecneyvMBaeT TOYHbIV
KOHTPOMb TemnepaTtypbl, NOMyYeHWe OaHHbIX B PEXMME peanbHOro BPEMEHW W aBTOMaTU3NPOBAHHYHO
06paboTKy pe3ynbTaToB U3amepeHui. MNpeanoxeHHas ycTaHOBKA NO3BONSAET OAHOBPEMEHHO U C BbICOKOW
To4HOCTbIO oueHmBaTtb a(T), o(T) u x(T) B WMpPOKOM AmanasoHe TemnepaTtyp, MUHUMU3MPYS OLLMOKW,
CBSI3aHHbIE C YeroBeYeCKMM (DakTOPOM, M 3HAUYUTENbHO NOBbILWAsA BOCMPON3BOAUMOCTb U3MEPEHNI.

[MonyyeHHble  TemnepaTypHble  3aBUCUMMOCTM  TPAHCMOPTHbLIX  XapakTepuUCTuK  Gbinu
npoaHanM3MpoBaHbl ONsi OLEHKA TepMOSMNEKTpUYecKkorn 3(PEEKTUBHOCTU U MEPCMNEKTUB MNPUMEHEHUS
Bi2Te2.88S€0.12 B OXNaguTenbHbIX YCTPOWCTBAX W HU3KOTEMMEPATYPHbIX CUCTeMax MpeobpasoBaHus
aHeprnn. Pe3ynbTaTbl NoOKasbiBalOT, YTO aBTOMATU3MPOBAHHbLIE U3MEPUTENbHBLIE KOMMIIEKCHI SIBNATCA
3(PPEKTUBHON U HaOEXHOW NNaTOPMON ANS UCCNegoBaHUs TEPMOINEKTPUYECKMX MaTepuanoB Ha
ocHoBe BixTes n MoryT 6biTb aganTupoBaHbl AN APYrMX MNEPCReKTUBHBIX TepMO3MEKTPUHECKUX
coeHEeHUN.

KnioyeBble cnoBa: TepMO3reKkTpuyeckme MaTepuarnbl, TepMO3feKTpUYeckme 3aremMeHThl,
kKoacphmumeHT 3eebeka, anekTpmyeckas NPOBOOUMOCTb,  TEMNSONPOBOAHOCTb, TemnepaTypHble
3aBMCMMOCTUN XapakTepPUCTUK, TEPMOIANEKTpuyeckas adpeKTMBHOCTb.

L.Introduction absence of moving parts, compactness,
In recent years, the issues of efficient reliability, and environmental cleanliness [2].

use of energy resources on a global scale, the The efficiency of thermoelectric

widespread implementation of renewable materials is expressed by the relation [1-3].

sources, and the reduction of heat losses have a’-o

become increasingly important. A significant 2T = X

portion of the heat flows released by industrial Here, (o) is the thermoelectric

enterprises, household  appliances, and electromotive force (Seebeck coefficient), () is
transport vehicles is being lost without practical  the electrical conductivity, and (x) is the thermal
use. One of the technologies that makes it conductivity A detailed study of the
possible to convert this wasted heat energy back  temperature dependence of these quantities is a
into electrical energy is thermoelectric devices  key requirement for determining the practical
[1-3]. Devices operating on the basis of application areas of materials and for
thermoelectric effects are dlStlngUIShed by the Optllelng their performance_ Among the most

promising materials for low-temperature
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thermoelectric devices, alloy systems based on
bismuth telluri de - in particular, the
thermoelectric ~ semiconductors  BillTell,
BilISe[], and Sb[Tel | -occupy a special place
[4, 8, 13].

Thermoelectric n-type materials based
on BixTexs8Seo.12 are of particular interest due
to their ability to achieve high thermoelectric
efficiency in low and medium temperature
ranges (approximately 250-350 K) [5-7].
Thermoelectric ~ semiconductor  elements
manufactured from such materials can be used
in various cooling devices, for maintaining
stable  temperatures in  microelectronic
components, as well as in the creation of low-
power thermoelectric generators. Therefore,
determining and analyzing the temperature
dependence of the electrophysical properties of
BixTez88Seo.12 - namely, the thermoelectric
electromotive force a(T), electrical
conductivity o(T), and thermal conductivity
x(T) - is an important scientific and practical
task.

Traditional measurement methods are
often multi-stage, time-consuming, and prone

to  human-related errors [10,12]. The
development of modern electronics and
information technologies provides
opportunities to automate experimental

measurements of thermoelectric parameters,
process the obtained data in real time, store
them, and visualize the results [10—11]. This not
only increases measurement accuracy but also
enables rapid statistical and graphical analysis
of large volumes of experimental data. The
present work is aimed at automating the
measurement and analysis process of the
parameters o, o, and x of thermoelectric
semiconductor elements. Within the scope of
the work, a hardware—software system -
including an experimental setup, measurement
circuitry, and computational algorithms - is
developed [10-12]. Using this system, it
becomes possible to determine the temperature
dependence of thermoelectric parameters,
record data in digital format, process them
through dedicated software, and carry out
graphical analysis.

84

The object of the study consists of n-
type thermoelectric semiconductor elements
based on BixTeszssSeo.12. The subject of the
research is the automated determination and
analysis of the temperature-dependent transport
properties - thermoelectric electromotive force,
electrical conductivity, and thermal
conductivity - of these semiconductor elements.
The aim of the work is to develop a hardware—
software complex that automates the
measurement of o(T), o(T), and y(T)
parameters for thermoelectric semiconductor
elements based on BixTezssSeo12, and to
evaluate the thermoelectric efficiency of the
material based on the obtained results. To
achieve this aim, a literature review on the
physical properties of BixTezgsSeo.12-based
thermoelectric  semiconductor elements is
carried out; the experimental scheme and
measurement methodology for determining a,
o, and y are improved; and software is
developed to enable automatic data acquisition,
processing, and storage. Based on the obtained
results, the thermoelectric figure of merit (ZT)
of the material is evaluated, optimal
temperature intervals are identified, and its
potential practical applications are analyzed.

The scientific novelty of the work lies in
the fact that the process of comprehensive
measurement and analysis of the parameters
(a), (o), and (y) for thermoelectric
semiconductor elements based on
BixTe» 83Seo.12 is implemented using a specially
developed automated  hardware—software
system. This system ensures that the study of
thermoelectric materials becomes faster, more
accurate, and reproducible. The practical
significance of the research 1is that the
developed methodology and hardware—
software tools can be applied not only to other
Bi[ITelI-based thermoelectric alloys but also to
the investigation of new  promising
thermoelectric materials. The results obtained
can serve as a methodological basis for
designing thermoelectric modules, optimizing
their operating modes, and creating energy-
efficient and environmentally friendly
thermoelectric devices.
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II.MATERIALS AND METHODS

Among the most promising materials
for low-temperature thermoelectric devices,
bismuth telluride BirTes and its alloys — Bix Tes—
BixSe; and BixTe;—SboTe3 - occupy a special
place [4, 8, 13]. Thermoelectric elements
produced on the basis of these alloys are widely
used in low-power generators, coolers, and
temperature-stabilizing devices for
microelectronic components [1, 2, 4]. The solid
solution BixTezgsSeo.12 belongs to the BixTes—
BixSe; system and typically exhibits n-type
conductivity, characterized by  high
thermoelectric  efficiency at temperatures
around 300 K. Crystal and bulk samples based

BixTe2.88Se0.12 are obtained using the
Bridgman or zone-melting methods, and their
crystal structure, electrical conductivity, Hall
coefficient, and temperature-dependent
thermoelectric ~ parameters  have  been
extensively studied [5-7].

In the literature, BixTez 88Seo.12 crystals
have been prepared both in pure form and
doped with CdCl[1, CdBrl], and other dopant
additives. The structural properties of the
samples (XRD data), as well as the temperature
dependence of carrier concentration and
mobility, have been analyzed [6, 7, 9]. Such
doping is aimed at optimizing carrier
concentration and  reducing  thermal
conductivity, thereby increasing the ZT value
[1,6,7].

In recent years, significant progress has
been made in producing nanostructured and
textured samples of BillTell-based materials
using modern technologies such as rapid
sintering, flash sintering, mechanical milling,
and others. These approaches allow for a
substantial reduction in thermal conductivity by
enhancing phonon scattering at grain
boundaries [1, 8, 12].

HI.RESULTS

Reliable determination of the main
transport parameters — (a), (c), and () — of
thermoelectric  materials is crucial for
evaluating their practical application potential.
In the literature, two main approaches are
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commonly used to measure the Seebeck
coefficient: the steady-state temperature
gradient method and the heat-pulse (transient)
method [2, 10, 12]. In both cases, the
temperature difference (AT) between the ends

of the sample and the thermoelectric
electromotive force (Ag) are measured,
Ae
a=-—
AT

and o is calculated wusing the
corresponding relation [2, 10, 12].

For determining electrical conductivity,
the four-probe method and the van der Pauw
method are widely applied. These techniques
help reduce the influence of contact resistance
and sample imperfections, and they allow the
determination of average resistivity for thin

plates of various geometries [11-12].

1-picture. Thermoelectric parameter
measuring device for samples a) appearance of
the measuring device b) measuring
instruments

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026



Phisics

For measuring thermal conductivity,
both steady-state and transient methods have
been proposed for BirTes-based materials. In
these systems, thermal conductivity 7y 1is
determined by measuring the heat flux and the
temperature gradient along the sample [8, 10,
12]. Modern research is increasingly focused on
hardware—software complexes designed to
measure 6, o, and y simultaneously for the same
sample within a single experimental setup over
a wide temperature range. Such systems
typically integrate a sample holder, electric
heater, multiple temperature sensors, a four-
probe measurement circuit, an automatic
switching unit, a high-precision ADC, and
dedicated control and data-processing software
[10-12, 14].

A review of the literature shows that
although numerous studies have investigated
the thermoelectric properties of the BiTe;—
BixSe; system, including the BixTe2s3Seo.12
solid solution, relatively few works have been
devoted to simultaneously determining o(T),
o(T), and y(T) specifically for thermoelectric
legs, using a fully automated hardware—
software setup. The present work aims to fill
this gap by proposing an automated and
integrated approach for Bil 1 Tel].[1[1Sel].[]]-
based thermoelectric legs.

To determine the Seebeck coefficient
a(T), the steady-state temperature gradient
method is applied. The sample is mounted on a
metallic heat-conducting platform inside a
thermally insulated chamber. A miniature
heater (e.g., a resistive heater) is attached to one
end of the sample, while a heat sink is attached
to the opposite end. Two temperature sensors
(thermocouples or Pt100 sensors) are placed
close to the hot end and the cold end to measure
Th and Tc, respectively. The sample ends are
connected to a low-noise differential voltage

meter  (nanovoltmeter) to record the
thermoelectric  voltage (Ae). For each
measurement point, after AT = Th — Tc
stabilizes, Ag is recorded and

_ Th—Tc

Ae
a(Tave) = NG Tove = >

o is calculated from the relation:
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The temperature interval is varied
depending on laboratory capabilities — for
example, from 290 K to 350 K — using small
steps (AT = 5-10 K), and a is determined at
each point.

Electrical ~ conductivity o(T) is
determined using the four-probe method. The
setup includes two current contacts supplying a
constant DC current (I) and two voltage probes
placed at a known distance (1). The voltage drop
(U) between the inner probes is measured. The
average cross-sectional area of the sample (S)
is measured, and the resistivity is calculated
using:

I uSs
S Il
and the electrical conductivity is then

obtained as:

1
o=-
p

The current is chosen to be sufficiently
small to minimize Joule heating so that the
sample temperature remains stable. The
temperature is controlled using a thermostated
chamber, and o(T) is measured at the same
temperature points as o(T).

Thermal  conductivity  x(T) is
determined using the steady-state longitudinal
heat-flow method. An electric heater is attached
to one end of the sample and supplied with a
known power P, which is considered equal to
the heat flux entering the sample (heat losses
are assumed compensated or are determined

separately through calibration).

_P
=3

Two temperature sensors attached at
known positions along the sample measure the
temperature difference AT, and the distance
between the sensors (d) is measured. In the
steady state, thermal conductivity is calculated
using [8-10]:

Ql Pl

X=AT = SAT

To reduce the influence of heat losses,
the sample is placed in a thermally insulated
chamber, and good thermal contact is ensured
at the hot and cold ends. If necessary, heat
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losses are estimated through calibration
experiments and taken into account in the final
results.

IV.DISCUSSION

In this study, a hardware—software
complex was developed to automatically
determine o(T), o(T), and y(T). Its general
structure includes: a heater and a cold sink,
multiple temperature sensors (to monitor the
temperatures at the sample ends as well as the
ambient temperature), a current source and
voltmeter (for the four-probe circuit), a power
source for controlling the heating power, a data
acquisition board (ADC, multiplexer) and
switching units.

s rrrereYTIe

ECimie o RamsElalal |

2-picture: visual representation of the results
obtained

Based on the acquired data, automatic
calculation of o, o, and ¥, graphical
visualization of the results, database storage,
and data export were implemented using a
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Python-based software platform. LabVIEW or
other suitable environments may also be used.
The algorithm includes stepwise temperature
variation, waiting for the system to reach
steady-state conditions at each point, and then
automatically measuring and processing
parameters such as Ag, I, U, Th, and Tc. At each
temperature point, measurements are repeated
several times, and the average value and
standard deviation are calculated. Relative
uncertainties for a, o, y, and ZT are estimated
using standard error propagation rules, taking
into account instrument errors, temperature
measurement  accuracy, and  geometric
measurement uncertainties. The reliability of
the results is also verified by comparing them
with values reported in the literature for
Bil0Tel].[1[JSel].[0[] or similar BilJTel12—
Bil1Sel] alloys.

V.CONCLUSION
Based on the investigations carried out
on n-type thermoelectric legs made of

BizxTez.88Seo.12, the following conclusions were
drawn:

A methodological approach enabling
simultaneous determination of the parameters
(a, o, ) was developed for the comprehensive
study of BixTezssSeo.12-based thermoelectric
legs. The designed hardware—software complex
made it possible to automate the measurement
process,  maintain  stable  temperature
conditions, record measurement data in real
time, and process them efficiently. This
significantly reduced human-related errors,
shortened experimental time, and enabled
standardized data storage.

The obtained results qualitatively agree
with values reported in the literature,
confirming the accuracy of the measurement
method and the reliability of the developed
hardware—software system. The proposed
system and methodology can also be adapted to
other Bi;Tes-based alloys and newly emerging
thermoelectric materials.

Overall, this work contributes
significantly to scientific and practical research
in the field of thermoelectrics by creating an
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automated  experimental  platform  for
comprehensive study of the electrophysical
properties of thermoelectric legs, analyzing the

obtained results, and expanding their
applicability in the design of practical
thermoelectric devices.
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Granullangan MgsSb:2 zarrachalarida zaryad ko‘chish jarayonlarining seto modeli

asosida tadqgiqi

X.A. Maxmudov?, F.L. Omonboyev?, T.A. Sobirova®
Qo’qon universiteti Andijon filiali, Andijon davlat universiteti, Toshkent davlat texnika instituti

Annotatsiya: Ushbu magolada granullangan MgsSh: yarimo‘tkazgich zarrachalarida zaryad ko‘chish
jarayonlari tadgiq qilindi. Tadgigotlar davomida solishtirma qarshilik, zaryad tashuvchilar konsentratsiyasi va
harakatchanligining temperaturaga bog'ligligi (T=300—700 K) o‘rganildi. Olingan natijalar granullangan muhitda
zaryad ko‘chish jarayonlari asosan zarrachalararo chegaralardagi lokallashgan tuzoq sathlari va potensial
to'siglar bilan belgilanishini ko‘rsatdi. Seto modeli asosida potensial to‘siq balandligining temperaturaga
bog'ligligi tahlil gilindi.

Kalit so‘zlar: MgsSb2, granullangan yarimo‘tkazgich, zaryad ko‘chish jarayonlari, elektrofizik xossalar,
termoelektrik materiallar, solishtirma garshilik, zaryad tashuvchilar konsentratsiyasi, harakatchanlik, potensial
to‘siq, lokallashgan tuzoq sathlari, Seto modeli, geterogen muhit, temperatura bog'ligligi.

Abstract:This article investigates charge transport processes in granular Mgs;Sb, semiconductor
particles. During the study, the temperature dependences of resistivity, charge carrier concentration, and
mobility were examined over the range T = 300-700 K. The obtained results demonstrate that charge transport
processes in a granular medium are predominantly governed by localized trap states and potential barriers at
interparticle boundaries. Based on the Seto model, the temperature dependence of the potential barrier height
was analyzed.

Keywords: Mgs;Sh,, granular semiconductor, charge transport processes, electrophysical properties,
thermoelectric materials, resistivity, charge carrier concentration, mobility, potential barrier, localized trap
states, Seto model, heterogeneous medium, temperature dependence.

AHHOTaumA: B gaHHOM cTaTbe uccnegoBaHbl NPOLECChl MepeHoca 3apsiga B rpaHynMpoBaHHbIX
nonynpoBOAHMKOBLIX YacTuuax MgsSh,. B xoae nccnegosanum 6binv n3yyeHsl TemnepaTypHble 3aBUCUMOCTU
YAENbHOro CONPOTUBIIEHNS, KOHLEHTpauun HocuTenen 3apsga v ux NoaBmKHOCTY B nHTepsane T = 300-700
K. MNonyyeHHble pe3ynbTaTbl MOKa3anu, YTO NpoLecchl NepeHoca 3apsiga B rpaHynuMpoBaHHOW cpefe B
OCHOBHOM ONpeaensitoTCs NoKanvM3oBaHHbIMM FNOBYLLIEYHBIMU YPOBHSMMW 1 NOTEHUManbHeIMU 6apbepamu Ha
MeX3epeHHbIX rpaHuuax. Ha ocHoBe mogenu CeTo npoaHanuanpoBaHa TeMmnepaTypHas 3aBMCMMOCTb
BbICOTbI NOTEHUMansHoro 6apbepa.

KnioueBble cnoBa: MQs;Sb,, rpaHynMpoBaHHbIN MONYNPOBOAHMK, NPOLLECChl MepeHoca 3apsaa,
anekTpou3M4eckne  CBOWCTBA, TEPMOINIEKTPUYECKME  MaTepuanbl, YAENbHOE  COMPOTMBIEHME,
KOHLIEHTpauusa HocuTenen 3apsaa, NoABUXKHOCTb, NOTEeHUManbHbIN 6apbep, NokanM3oBaHHbIE NOBYLUEYHbIE
ypoBHUu, Mmogenb CeTo, reTeporeHHas cpega, TemnepartypHasi 3aBMCMMOCTb.

I.Kirish

MgsSh2 turdagi yarimo‘tkazgichli materiallar
past issiqlik o‘tkazuvchanligi va  yuqori
termoelektrik  samaradorligi  sababli  keng

o‘rganilmoqda. Ushbu materiallarning asosiy
parametrlari — elektr o‘tkazuvchanlik (o),
Zeebeck  koeffitsienti (o) va  issiglik
o‘tkazuvchanlik (A) — tuzilishi, temperatura va
kirishmalarga bog‘liq. Biroq, MgzSbh> ning
granullangan holatidagi elektrofizik xossalari
yetarlicha tadgiq gilinmagan. Granullangan
muhitda zaryad ko‘chish jarayonlari asosan
zarrachalararo chegaralarda hosil bo‘ladigan
potensial to‘siglar va lokallashgan tuzoq sathlari
bilan Dbelgilanadi. Mazkur ishda MgsSh>
zarrachalarida zaryad ko‘chish jarayonlari
T=300-700 K diapazonda o‘rganildi va Seto
modeli asosida tahlil gilindi. Olingan natijalar
granullangan ~ yarimo‘tkazgich  tizimlarida
transport mexanizmlarini tushuntirish va yangi

termoelektrik materiallar
ahamiyatga ega.

1. Tadgigot metodi
Tadgiqgotlar uchun Mg va Sb elementlarini sintez
qgilish orgali olingan granullangan MgsSh;
zarrachalari ishlatildi. Namuna issiqga bardoshli
dielektrik trubaga joylashtirilib, zarrachalar
o‘zaro bosim ostida kontakt holatiga keltirildi.
O‘Ichashlar Egor-Disselhorst metodi asosida
bajarildi. Tadgiqotlar T=300-700 K harorat
oralig‘ida va haroratning ortishi va kamayishi
jarayonlarida olib borildi, bu esa natijalarning
qaytariluvchanligini ta’minladi.

Granullangan ~ muhitda  zaryad  ko‘chish
jarayonlarini tavsiflash uchun Seto modeli asos
sifatida gabul qilindi. Ushbu modelga ko‘ra,
zarrachalararo chegaralarda hosil bo‘ladigan
potensial to‘siglar va lokallashgan tuzoq sathlari
zaryad tashuvchilarning ko‘chish xususiyatlarini
belgilaydi. Shu sababli, o‘lchangan elektrofizik
parametrlar zarrachalararo chegaralar orqali

yaratishda muhim
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zaryad o‘tishi va to‘siq balandligining
temperaturaga bog‘ligligi nuqtai nazaridan tahlil
qgilindi.

I11. Natijalar va ularning tahlili

Granullangan MgsSb, zarrachalarda zaryad
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solishtirma qarshilik (p), zaryad tashuvchilar
konsentratsiyasi (n) va harakatchanligi (p)ning
haroratga bog‘ligligi T=300-700 K da o‘rganildi.
1-3 rasmlarda, mos holda p, n Ba p ning
temperaturaga bog‘ligligi tasvirlangan.

n, sm’

1 . .. . .
ko‘chish  jarayonlarini  o‘rganish  uchun
2 (Onr s . (5ms)
G50 4 o 0, (44
be C A
RWWOMM L
600 4 ! 0,0042 nﬂ
4 a
S50 4 o 0,004 8,
f “a
s004 10,0038 1 8y
J A
q “a
450 ! 10,0036 4y
/
A ,I'J 0.0034
»
3504 | 10,0032
I LK
300 +24 r . , 0,003 :
300 400 500 600 700 300 400

1-rasm. Solishtirma
garshilikning temperaturaga
bog‘liqligi

l-rasmdan  ko‘rinadiki, p  ning
temperaturaga bog‘ligligini shartli ravishda ikki
gismga (a-b) hamda (b-c) ga bo‘lish mumkin.
Ya’ni, T<375 K da (a-b) keskin kamaysa, so‘ngra
(b-c) turg‘un o‘zgaradi. Huddi shunday holat n
ning temperaturaga bog‘ligida ham kuzatildi (3-
rasm).

Yarimo‘tkazgichlar fizikasidan
ma’lumki, p ning temperaturaga bog‘liqligi p va
n orqali ifodalanadi. Temperatura ta’sirida
kirishmalar ionlanishi yoki kristall panjaraning
issiglik tebranishi natijasida tashuvchilarning
erkin yugurish yo‘li kamayadi. Bunda, p ning
kamayishi p ning ortishiga (1-rasm, a—b holat)
olib keladi. p ning temperaturaga bog‘liq holda
o‘zgarishi keltirilgan mulohazalarni tasdiqlaydi.

Biroq ushbu tadgiqot natijalari boshga
olimlarning MgsSh, materiali bo‘yicha olingan
natijalaridan sezilarli darajada farq qilishi
kuzatildi. Masalan, [1-5] ishlarida elektr
o‘tkazuvchanlik yuqgori giymatlarni gabul qilib,
harorat bilan birga ortib borishi kuzatilgan.
Bizning holatda esa p ~ 300-625 Om-sm
oralig‘ida o‘zgaradi. Shuningdek, [4, 6, 7]
ishlarida n ~ 10°-10%° sm® va p ~ 20-160
sm?/V-s oralig‘ida harorat bilan birga o‘zgarishi
aniglangan. 2 va 3-rasmlardan ko‘rinadiki, ushbu
natijalar ham bizning natijalarimizdan keskin
farg giladi. Buning asosiy sababi sifatida MgsSh;
materialini tayyorlash texnologiyasini ko‘rsatish
mumkin. Ya’ni, [1-7] ishlarida olingan natijalar
vakuum  sharoitida presslab tayyorlangan

2-rasm. Zaryad tashuvchilar
harakatchanligining
temperaturaga bog‘ligligi

|, S
5.0 108
451004 *
401001 4
3,5 1048
N
3,0 101 & MMA
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B4 18 AAAL
b 2,5 10' i
Bay ) LK
Bhay DE 20101 ; ; ; :
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3-rasm. Zaryad tashuvchilar
konsentratsiyasining
temperaturaga bog‘ligligi

MgsSh, materialiga tegishli bo‘lsa, bizning
natijalar granullangan MgsSh, zarrachalariga
tegishlidir.

Ta’kidlash joizki, granullangan
yarimo ‘tkazgich zarrachalarda p, p va n ning
temperaturaga bog‘liqligi zarrachalardagi zaryad
ko‘chish jarayonlariga bevosita bog‘liq [10-12].
Granullangan zarrachalarda zaryad ko‘chish
jarayonlarini zarrachalar tuzilishi hamda ulardagi
zaryad ko‘chish mexanizmlariga bog‘liq holda
quyidagicha tushuntirish mumkin.

Mgz Sb, zarrachalar tuzilishi va ularda
zaryad ko‘chish mexanizmlari

Ma’lumki, granullangan yarimo‘tkazgich
zarrachalar tuzilishi va morfologiyasi ularni olish
texnologiyasiga bog‘liq [13, 14]. Masalan,
kukunli texnologiya asosida olingan
zarrachalarning tuzilishini shartli ravishda 3
gismga bo‘lish mumkin (4a-rasm). Kukunli
texnologiyadan ma’lumki, kukunlash jarayoni
mexanik usulda bajariladi. Mexanik usulda
ishgalanish hodisasi kukunli zarrachalarning
gizishiga olib keladi. Bizning fikrimizcha, gizish
jarayoni kukunli zarracha hajmi bo‘ylab bir xil
sodir bo‘lmaydi. Ya’ni, zarracha hajmi bo‘ylab
temperaturalar fargi vujudga keladi. Natijada,
gizish hisobiga zarracha sirti temperaturasi
hajmidagiga nisbatan yuqori bo‘ladi (T3<T><Tq,
4a-rasm). Bundan tashgari, ishgalanish
jarayonida kukunli zarracha sirtining atomar
tuzilishida sirtiy nuqgsonlar paydo bo‘lib,
murakkab shakldagi g‘adir-budirliklarni hosil
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giladi (temperaturasi T1 bo‘lgan 1-soha, 4a-
rasm). Atomar Kristallografik buzilishlar sirtga
tomon ortib boradi. Bu esa har bir sohaning
fazaviy holati o‘zgarishiga olib keladi.

Shunga mos holda, har bir sohaning
reaksiyalanish qobiliyati zarracha yadrosidan
sirtiga tomon ortib boradi [15]. Masalan, [8, 9]
ishlarida atmosfera muhitida olingan kremniy
zarrachalari sirtida taxminan 10 nm galinlikda
kremniy oksid gatlami hosil bo‘lishi aniglangan.
Bu holat kremniy zarrachasi sirtidagi atomar
holatning yuqori reaksiyalanish gobiliyati bilan
izohlangan.

4-rasm. MgsSb, zarrachalar tuzilishi (a), joylashishi (b) va
zarrachalararo chegara sohasining zonalar diagrammasi

(c).

Shunday qilib, zarrachalarning
soddalashtirilgan joylashuv sxemasini 4a-rasmda
ko‘rsatilgandek o‘zaro ketma-ket va parallel
joylashgan zarrachalar ko‘rinishida tasvirlash
mumkin. Uning kattalashtirilgan holati 4b-
rasmda keltirilgan. Namunada metall kontaktlar
orgali MgsSh, zarrachalari ikki tomondan
ma’lum bosim ostida bir-biriga sigiladi (la-
rasm). Bosim kuchi namunaning garshiligini
o‘lchash orqali tanlab olindi, bunda eng kichik
garshilik (~1 kOm) 300-500 N kuch bilan
sigilganda kuzatildi. O‘zaro ketma-ket va
parallel  joylashgan  zarrachalar  orasida
zarrachalararo chegara sohalari hosil bo‘ladi (1a
va 4b-rasmlardagi 3 va 4-sohalar). Ushbu sohalar
zarracha tuzilishiga mos ravishda nugsonlar va
kristallografik buzilishlarga boy bo‘lib, ular
zaryad tashuvchilar uchun Ein energetik sathli
lokallashgan tuzoglarni hosil qgiladi (4c-rasm).
Natijada, bu chegaralarda potensial to‘siq effekti
yuzaga keladi. Demak, bunday tizimda zaryad
ko‘chish jarayonini ikki asosiy yo‘nalishga
ajratish mumkin. Agar zarrachalar ketma-ket
joylashgan  bo‘lsa, zaryad ko‘chish bir
zarrachadan ikkinchisiga zarrachalararo chegara
(3-soha) orgali amalga oshadi. Agar zarrachalar
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Demak, zarracha sirtida hosil bo‘lgan
sirtiy nugsonlar, har bir sohaning reaksiyalanish
qobiliyati hamda temperaturalar fargiga mos
holda zarracha tuzilishini shartli ravishda 3
gismga ajratish mumkin (4a-rasm). Bular:
nisbatan  temperaturasi va  reaksiyalanish
qobiliyati yuqori bo‘lgan g‘adir-budir sirt (1-
soha), uni zarracha yadrosidan (3-soha) ajratib
turuvchi oralig gatlam (2-soha). Shu tariga,
zarrachalar tuzilishi ko‘p qatlamli geterogen
muhitni hosil giladi [11, 12].

@ el

TK

300 d-tvl(l sn'm &;il) 'N;IJ
5-rasm. Potensial to‘siq

balandligining temperaturaga

bog‘ligligi.

parallel joylashgan bo‘lsa, zaryad ko‘chish
asosan parallel yo‘nalishda joylashgan 4-soha
bo‘ylab sodir bo‘ladi.

Endi ushbu mulohazalar asosida tajriba
natijalarini tahlil qilamiz. Agar zaryad ko‘chish
jarayoni ketma-ket joylashgan zarrachalar
orasida, ya’ni 3-soha orgali amalga oshsa, zaryad
tashuvchilar ketma-ket joylashgan Ein energetik
sathli lokallashgan tuzoglarda ushlanadi. Bu esa
zarrachalararo chegara sohasida potensial to‘siq
(p) balandligining ortishiga olib keladi. Seto
modeliga asosan, potensial to‘siq balandligining
solishtirma qarshilik bilan bog‘ligligi quyidagi
ko‘rinishda ifodalanadi [1]:

= L
p= q{a)A*T €Xp (kT) (1)
bu yerda, g — elektron zaryadi, k — Boltsman
doimiysi, (a) — =zarracha o‘lchami, A* —

Richardsonning effektivlik doimiysi, T —
temperatura.

S5-rasmda potensial to‘siq balandligining
temperaturaga bog‘ligligi keltirilgan.
Tadqiqotlar shuni ko‘rsatadiki, T=300-700 K
temperatura diapazonida ¢ giymati taxminan
0,411 eV dan 0,91 eV gacha ortadi. Ma’lumki,
potensial to‘siq balandligi ¢ lokallashgan tuzoq
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sathlarida ushlanayotgan zaryadlar migdori (Q;)
ga bog‘liq bo‘lib, u quyidagicha ifodalanadi:

0= of
8eggpqNg

)
bu yerda N; — elektr jihatdan faol bo‘lgan
legirlangan kirishmalar konsentratsiyasi, ¢ —
mubhitning nisbiy dielektrik singdiruvchanligi, ¢,

— vakuumning absolyut dielektrik
singdiruvchanligidir.
Demak, (2) ifodadan ko‘rinadiki,

lokallashgan tuzoq sathlarida ushlanayotgan
zaryadlar miqdori (Q;) ortishi potensial to‘siq
balandligi ¢ ning ortishiga, bu esa 0‘z navbatida
solishtirma garshilik p ning ortishiga (a—b holat)
olib keladi. Shu asosda Mgz Sh, zarrachalarida
zaryad ko‘chish jarayonlarini quyidagicha
tushuntirish mumkin. Buning uchun la-rasmda
keltirilgan namunaning  soddalashtirilgan
sxemasidan foydalanamiz va uni shartli ravishda
I, I, 1l va IV gismlarga ajratamiz. Q issiqlik
berilganda temperatura ortishining dastlabki
bosgichida (T<375 K) namunaning I gismiga

tegishli ~ zarrachalararo  chegaralarda  Ein
energetik sathli lokallashgan tuzoglar hosil
bo‘ladi. Ushbu tuzoqlarda ushlanayotgan

zaryadlar migdorining ortishi p ning ortishiga (a—
b holat, 1-rasm) hamda zaryad tashuvchilar
konsentratsiyasi n ning kamayishiga (a—b holat,
3-rasm) olib keladi. Bu bosgichda namunaning
I, 111 va IV gismlarida lokallashgan tuzoglar hali
ionlashmagan bo‘ladi. Temperatura ortishining
keyingi bosgichlarida esa Ein energetik sathli
lokallashgan  tuzoglar to‘lib  boradi va
namunaning |1, 1l1 hamda IV gismlarida ham
ketma-ket hosil bo‘la boshlaydi [17, 19]. Shu
bilan birga, A sohada hosil bo‘lgan yuqori
konsentratsiyali zaryad tashuvchilar (b—c holat,
3-rasm) ta’sirida p ning o‘zgarishi nisbatan
bargarorlashadi (b—c holat, 1-rasm). Bundan
tashqari, zarrachalararo chegaralarda
kuchayuvchi issiglik tebranishlari natijasida
zaryad tashuvchilarning harakatchanligi
kamayadi (2-rasm).
IV.Xulosa

Shunday qilib, MgsSh, zarrachalari
bo‘yicha olingan natijalar  adabiyotlarda
masalan, [1-7] ishlarda Kkeltirilgan MgsSh,
materiali bo‘yicha olingan natijalardan sezilarli
darajada farq qiladi. Tadgigot natijalari
ko‘rsatadiki  M@sSh,  zarrachalari  asosida
igtisodiy jihatdan arzon turli yarimo‘tkazgichli
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asboblar, termoelektrik materiallar yaratish
imkoniyatini kengaytirishi mumkin. MgsSh>

zarrachalaridagi zaryad ko‘chish jarayonlarini

tushuntirish mexanizmlari esa yarimo‘tkazgichli

mikro va nanozarrachalardagi fizik jarayonlarni

tushuntirishda qo‘llanilishi mumkin.
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On recurrent differential equations associated with the Liouville equation.

AM. Tilavov!, A.Kh. Abdullayev?, S.B. Dustnazarov?®

1V.I. Romanovskiy Institute of Mathematics of Uzbekistan Academy of Sciences, 100174 Tashkent,
Uzbekistan.

AHHOTauma. B paHHOM pabote wuccnepyertcs cuctemMa pekyppeHTHo-audpepeHumanbHbIX
ypaBHEHWA, nonydaemass Ha oOcHoBe dopmynbl Tennopa p[ns peweHns ypaBHeHus Pukkatu

z '(X) =X+7° (X) , 3KBMBamNeHTHOro ypasHenuto Nuysunna Y '+ Xy =0.

KnroyeBble cnoBa: npubnuxkéHHoe pelueHne, BeckoHeyHas cuctema, ypaBHeHue Jlnysunns,
pekyppeHTHO-anddepeHumnansHoe ypaBHeHne, NOfIMHOMUanbHbIA TPEYrofbHWK.
Abstract. This work investigates a system of recurrent—differential equations, that is derived based

on the Taylor expansion of the solution of the Riccati equation Z '(X) =X+ 7° (X) , which is equivalent to

the Liouville equation Y"+ Xy =0.

Keywords: Approximate solution,
equation, polynomial triangle.

Annotatsiya. Ushbu ishda

infinite system, Liouville equation,

y"+xy=0

recurrent—differential

Liuvill tenglamasiga ekvivalent bo‘lgan

YA '(X) =X+ 2° (X) Rikkati tenglamasi yechimining Teylor formulasi asosida hosil gilinadigan rekurrent-

differensial tenglamalar sistemasi tadqiq etilgan.

Kalit so‘zlar: Taqgribiy yechim, cheksiz sistema, Liuvill tenglamasi, rekurrent-differensial tenglama,

polinomial uchburchak.
I.Introduction

The study of polynomial structures,
discrete methods, and symbolic computation
occupies an important place in modern
mathematics, particularly at the intersection of
combinatorics, analysis, and differential
equations. The foundational work [1] of
Kaplansky provides a rigorous framework for
analyzing algebraic structures equipped with
derivations and has found numerous
applications in the theory of differential
equations and symbolic computation. In
particular, the algebraic approach to differential
systems allows one to investigate solvability
and structural properties in a unified manner.
Another important direction is the theory of
integration in finite terms, extensively
developed by Ritt [2]. His work laid the
foundation for the Liouville theory, which
characterizes when elementary functions admit
elementary antiderivatives.

In combinatorial mathematics, discrete
methods have proven to be highly effective for
studying polynomial sequences and their

I1.Problem Statement

properties. The combinatorial approach in the
work [4] of Sachkov provides powerful tools
for analyzing recursive structures, generating
functions, and various classes of polynomials.
Further developments in the theory of special
classes of polynomials have been considered by
André-Jeannin [3]. Such studies contribute to a
deeper understanding of recurrence relations
and algebraic representations of polynomial
families. In addition, a fundamental tool in
discrete analysis developed by Gelfond [5]
provides methods for studying discrete
analogues of differential operators and plays a
key role in the investigation of polynomial
sequences, interpolation, and numerical
methods.

The present paper focuses on the
investigation of polynomial structures arising in
discrete and algebraic settings. The aim is to
explore their properties using methods from
differential algebra, combinatorics, and finite
differential calculus, as well as to establish new
results related to their structure and
applications.

It is well known that linear equations can be reduced, by means of the small parameter
method, to an infinite system of recurrent-differential equations of the form

Y (0 =8,(x)y,(X) +b,() ¥, ,(¥) +¢,(x), n=0,12,...

where Y, (X) is given initial condition.

(1)
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In the system (1), the unknowns are determined sequentially through integration. In
practice, problems often arise, such that are reduced to a system of equations of the form

Pra(¥) =2, QP (x) +bn" ()(RY) +¢, ()P (%) (2)
which differs from the system (1).
In particular, the case of a*(x)=(k+1)x, b“(X)=1 ¢ (X)=k-1 for the
Liouville equation is equivalent to a combinatorial problem. Here, Pnk(x) consists of
polynomials, which form a triangle similar to the binomial coefficients as follows:

0
] X
2 Lx |
0 8x 2 0y
24 40x 10 165" Ox
120 240x 60 136 $2x 165 +6
Table-1

The following properties directly follow from relation (2):

K
1. 1f k iseven, P*(X) is a polynomial of degree (E_lj; if K isodd, itisa

polynomial of degree [[g} +lj ;

2. Letd“=degP*(x).Then, d*7 =d*+1,n=2,3,..,n-1 k=12,..,n-1.

n+1

From formula (2), we obtain the following relations:
PL () =(+D)x+(N=DP" (%), P1A(x) =(P" () +(n—2)R"*(x),

n+1

Py (¥) = (K+DXP(x) + (PY) + (kK =DPR(X), Pry=(P(X))+2xP*(x),
R () =(R°(9))+xPH(x),

provided that
0, k<0,
P“(x)=40, k=n, n=012,.. k=012,..
nl, k=n+1,
Now, let us consider the equation

y"+ xy =0.
Its solution cannot be expressed in terms of elementary functions, nor by algebraic
operations and integration of such functions (J. Liouville’s theorem) [1, 2]. This equation

2'(X) = x+2°(X) ©)
Is equivalent to the Riccati equation.
I11.Main Result
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Theorem. For the solution z(X) of equation (3), the following formula holds:

S _

where Z"™ denotes the N -th derivative of Z(X).

" +ZP (x)z*

Proof. For n =1, equation (3) follows from the fact that P°(X) = X .

Similarly, for n= 2, equation (3) is obtained from the second row of Table-1. Assume that
equation (3) holds for some [3, 4, 5]. Then, we have

n-1 n-1
2" = (n+ 12" (x+ 2°) + 3 (RX (%)) 2" + DR (ke H(x+ 2%) =
k=0 k=1

n-1 n-1 n—1
=(N+D1Z2"2 + (n+D)Ixz" + D (PF (%)) 2 + 2 keP ()2 + Y KR (x)2™
k=0 k=1 k=1
The last two sums can be rewritten in the following form:

n-1 n-2
D kRS (x)Z2 =D (k +1)xP, " () Z",
k=1 k=0

n—1

Thus, we have

D kP (x)Z" = Zn:(k ~DP*(x)z"

Z(n+1) :(n+1)!zn+2 _+_|:(n+1)!x+(n_1)Pnn—1(x)]zﬂ _+_|:(Pnn—1(x))'_|_(n—2)Pnn—2(X):|Zn—1

n-2

k=2

+ [( PE(X)) + (K +DXPE(x) + (k ~1) Pn"‘l(x)}z" n {(Pnl(x))' n 2xPn2(x)} z+

n+1

[ P (x) + xPl(x)} =(n+D!12"* +P" (x)2" + PN (x)z"" +nzriPnﬁl(x)zk +

+P, (X) 2+ P, (X) = (n+1)12"2 + > Py, (X)z*. The proof is complete.

k=0

IV. Conclusion

Some problems in mathematics lead to
systems of differential equations involving an
infinite number of unknowns. Solutions to such
systems exist only when they are formulated in
a recurrent form. In this paper, a representative
example of this type of system has been
thoroughly analyzed. The obtained results can
provide a rigorous theoretical framework for
the investigation of infinite differential
equations, and can serve as a foundational basis
for further theoretical and applied studies in this
field.
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On the closed trajectories of a quadratic three-dimensional system
O. S. Akhmedov?, D. B. Muzaffarova?

IKokand University Andijan branch, Andijan, Uzbekistan; axmedovodilion@gmail.com
2Andijan State University, Andijan, Uzbekistan; muzaffarovadilshodaxon@gmail.com

Abstract. We show that a three-dimensional quadratic dynamical system admits two distinct closed
trajectories. The proof is based on discrete numerical tracking (DN-tracking), which allows a rigorous validation
of the corresponding Poincaré map. Using DN-tracking, we confirm that each orbit lies in a well-defined
neighborhood of phase space where the Poincaré map is constructive. This establishes the coexistence of
two closed trajectories and provides an explicit example of multistability in a quadratic system.

Keywords: quadratic dynamical system, limit cycle, closed trajectory, Poincaré map, DN-tracking.

AHHOTaums. Mbl nokasbiBaeM, YTO TPEXMEpHas KBagpaTuyHash AMHaMuyeckasl cuctema gonyckaet
CYLLEeCTBOBaHMWE [BYX pa3fu4HbIX 3aMKHYTbIX TpaekTopuid. [loka3aTenbCTBO OCHOBaHO Ha MeTofe
AVCKpPETHOro uucneHHoro otcnexuBaHus (DN-tracking), koTopbii no3BonsieT cTporo obocHoBaTb
cooTBeTCTBYloLee oTobpaxeHue NyaHkape. C ucnonb3osaHnem DN-tracking Mbl noaTBepxaaem, 4To Kaxaas
opbuta HaxoauTCs B YETKO onpefenéHHoi obnactu ¢a3oBoro NPOCcTpaHCTBa, rae otobpaxeHue MNyaHkape
ABNAETCA KOHCTPYKTUBHbLIM. 370 yCTaHaBnMBaeT cocCylleCcTBOBaHMe OBYX 3aMKHYTbIX TpaeKTOpI/IVI n ,El,aéT
ABHbIV NPUMeEp MynbTUCTabUNbHOCTM B KBaApaTUYHOW CUcTEME.

KntouyeBble cnoBsa: KBagpaTtnyHaa AOuMHaMudyeckasda Ccucrtema, npep,eanbm LUK, 3aMKHYyTas
TpaekTopus, otobpaxeHue NyaHkape, DN-tracking.

Annotatsiya. Ushbu maqolada uch o‘lchamli kvadratik dinamik sistemada ikkita yopiq trayektoriya
mavjudligi Diskret-sonli kuzatish (DN-tracking) usuli bilan qat’iy isbotlangan. DS-kuzatish har bir
trayektoriyaning Puankare akslantirishi qurish mumkin bo‘lgan sohada joylashganini ko‘rsatadi. Bu ikkita yopiq
trayektoriyaning mavjudligini va kvadratik sistemalarda muvozanat holatini bildiradi.

Kalit so‘zlar: kvadratik dinamik sistema, limit davra, yopiq trayektoriya, Puankare akslantirishi, DS-
kuzatuv.

I.Introduction local in nature and do not easily capture the
global structure of the phase space.

In this paper, we consider a particular
three-dimensional quadratic system for which
numerical evidence indicates the existence of two
periodic orbits. To obtain a rigorous result, we
use discrete numerical tracking (DN-tracking), a
method that provides validated information about
the Poincaré map. By constructing suitable cross-
sections and verifying contraction properties of
the map, we prove that two distinct closed
trajectories exist in separate regions of phase
space. This demonstrates multistability in the
system.

Closed trajectories play a fundamental
role in the qualitative theory of dynamical
systems, as they describe persistent oscillatory
behavior. Quadratic dynamical systems form one
of the simplest nonlinear classes in which such
behavior can occur, and they have therefore been
studied extensively.

Although numerical simulations often
suggest the presence of several limit cycles in
quadratic systems, proving their existence
rigorously is difficult, especially in three
dimensions. Many standard analytical tools are

IILAFORMULATION OF THE MAIN THEOREM AND ITS PROOF
Consider a three-dimensional quadratic system of the form:

z=f(z); f= (f1'f2'f3)T' Z = (21,22,23)T (1.1)

where
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fi(2) = =1+ z,%, fo(2) = 23% — 212, — 2123 + 2,23
f3(2) = 1+ 2,° — 212, — 2,24
and the superscript T is used to denote the transpose of a matrix or vector.
Numerical simulation suggests the system possesses two distinct closed trajectories
zD(t) and z@ (t), with the same period, for which T; = T, ~ 2.7, passing near the points
z$V = (1.40451,1.94887,1.53305) and z\? = (—1.40451,-1.94887, —1.53305), respectively.
The periodicity conditions z(V(0) = z®V(T,) and z®(0) = z®®(T,) are not provable
analitically as accepted in pure maths. The discrete numerical tracking (DN-tracking) method is
therefore used to verify the following theorem.
Theorem 1. The quadratic system (1.1) possesses two distinct closed trajectories, one in the domain
N = {((21,25,23)| 0.91 <z, < 1.897; 0.141 < z, < 1.949; 0.768 < z; < 1.871}
and the other
M = {((z1, 22, 25)| —2.163 <z; < —1.209; —1.949 < z, < 0.108; —1.608 < z; < —0.706).
The proof is as follows:
The system (1.1) is invariant under time reversal and central reflection. Indeed, since the vector
field fiseven, i.e. f(—2z) = f(2), if z(t) is a solution of (1.1), then the function z(t) := —z(—t)
is also a solution. Combined with centrally symmetric initial conditions corresponding solutions
satisfy
zP(t) = —zW(-1).

Hence, the two trajectories are exact mirror images of each other with respect to the origin
and are distinct, since the second trajectory is obtained from the first by the symmetry z(t) -
—z(—t), and lies in the symmetric domain. (They are geometrically distinct, provided the periodic
orbit itself is not invariant under the central symmetry, even though the system is.) Consequently,
proving that z(V(t) is a closed orbit immediately implies that z(®)(t) is its symmetric counterpart.
It is therefore sufficient to establish the periodicity of one.

A composition @ = (1383 0 <bgg 0 (Dgg is the sought Poincaré map S — £ for which the
following insertion is established:

d(sM) c Ints®
meaning the successful application of DN-tracking in the considered case. According to the Brower
theorem [5], the map @ has a fixed point. (In fact, ®(S™) and the boundary aS™ are separated by

a gap of at least 107°).

II1.DISCRETE APPROXIMATION AND ERROR ACCOUNTING OF THE
APPROXIMATE CALCULATION OF NORMAL AND BINORMAL

Let the following notations
j— —_ ! — 1
mo = gégélf(Z)l,ml = ggg):llf @Il my = grégiillf @l

where Il = Hgl), |f] is the length of the vector f, and || - || are the norms of the matrix ( f' ), vector
quadratic form ( "), respectively [6].
Since the right-hand part of a system (1.1) contains certain polynomials and the area Il
has also the explicit form, it is easily to establish the validity of the following estimations:
5.40 < my < 5.41, 8.15<m; <817, m, =32 (2.1)
Consider
P={z€R3|-0.001 <z,<0.001,k=123L,A=B={z€R?®|B+zcAl.
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Here A = B is a Minkowski-Pontryagin geometric difference of multiplicities A and
B(A,B c R3) [7,8]. Assume that

M =15+ (5—j)P,j = 0,4
These multiplicities are also the parallelepipeds, where
Mo c T M, c M3 c I, c Iy = 1", dist(1;, 811, ) = 0.001.
The Poincaré map is found from a certain point of the closed trajectory, which is covered
by a transversal plane. In our case, it is impossible to choose such a point in the explicit form. Hence
we work with a point (1.2) that is sufficiently close to an SC, whose existence is not even assumed.

Let (M be a plane, passing through this point orthogonally to a vector f(zél)), and z,(t) be the

trajectory of a system (1.1) with the initial condition z,(0) = zél).

Consider £ € M, MW = (£]&| < r}is acircle in the plane 2™ and
r=10"2 KM =6MP, §=10"8 M ={(@i)) € 72| (i8)% + (j6)* < r?)
Let us find the numerical approximation of trajectories, starting from points (id, j§)zs and
(id, jo) € Kél). These points, having the form
z= Zél) +i6v + j6p € =M
depend on the value f(zél)), as well as on the normal v and the binormal .

Let Z(t,§) and z,,(t) be solutions of a system (1.1) with initial conditions Z(0) = § € IZ’(S) and
z(0) = (u,9)gs, (u,9) € SM, respectively. In order to simplify entries, the parameter § in the
designation Z(t, ) will be neglected.

Let us monitor the behavior of a trajectory z,4(t). For this, consider the approximate
calculation and apply the Runge-Kutta method. In our case, it is enough to refer to a second-order
accuracy scheme [12]:

200 = 70 4 F (ky (209, 1), ko (20,1) ) n = 0,1, .., N = 1 (2.2)
where

Pl k) =20+ k), ki =hf@), ke = hf(z+ ko)

7@ =35 N=10°, h=105 T=1
A sequence z™ will afterwards be called a discrete trajectory. Note that quantities k, and
k, admit the upper estimations

max|k,| < myh, max|k,| < max |k,| < myh
ZEl'[ll 1| 0 ’ZEI'[1| 2| Z+k1€l-[2| 2| 0

(since z € T1; and |k;| < myh < 0.0000541, then z + k, € 1, c I15).

A discrete trajectory from true can be distinguished using the following estimation

|2(nh) — 2™| < Ch? (2.3)

Based on the numerical methods for solving the Cauchy problem and taking estimation
(2.3) into account, the approximate solution 2™, calculated in accordance with scheme (2.2),
converges [4,9,10]. It is worth mentioning that such estimations can be rigorously proved under only
very strict conditions imposed on both the system and the trajectory (see below Assumptions A and
B). The fact is that these conclusions are derived using the condition that the trajectory Z(t) remains
within a preselected compact, whereas trajectories in polynomial systems may tend to infinity on a
final range, such as [0,t*), although a sequence zZ(™ keeps meaning at all n = 0,1,2, ... Hence
estimations like those (2.3) serve indeed as a "safety net™ in the numerical methods application.
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In DN-tracking, the numerical solution of a Cauchy problem is used to prove a specific
property of a dynamic system, but not for the approximate computation in application purposes. Thus,
the required estimation should be derived with deductive rigor, as adopted in mathematics. For this
aim, let us make two preliminary assumptions.

Assumption A. A trajectory (1.6) exists on a time range 0 <t < T and z,,(t) € Ils.
Assumption B. An insertion 2™ eI, is wvalid at all n=01,..,N.
Lemma 1. If Assumptions A and B are fulfilled, then the following estimation is valid:

1
|Z2(nh) — 2| < A (mém, + mgm?) Te™Th?, n=0,1,..,N (2.4)

This inequality is well known and is simply proved by the Adamar and Gronwall lemmas based
on Assumptions A and B ([11-13]).

Since estimations (2.1) ensure that m, > 8.15, then e?7™ > 3 x 10°. As before said, this
inequality reduces to nothing the efficiency of estimation (2.4), at any rate for a system (1.1) and a
time segment [0, 2.93]. In this respect, divide this segment into shorter length segments [2]. As found
in our case, it is enough to divide a segment [ 0,2.7 ] into three parts:

J® =10.98(k —1),0.98k + 0.02],  k = 1,2 (with a length of 1)
and
J® =[1.96,2.73] (with a length of 0.77).

The efficiency of this technique is that, when shortening the time segment, the quantity e™:7
declines in geometrical progression, whereas the calculation error increases in arithmetic progression.

Further reasoning will continue in relation to the first division segment, i.e., to J® = [0,1]. Let
Z,(t) be one of trajectories Z;;(t).

Notice that the number of these trajectories is exactly 3141592653589. As assumed, N = 10°,
h =1075 so that T = Nh = 1. A discrete trajectory, corresponding to Z,(t), i.e., the solution of a

system (1.1) with the initial condition 2” = 7(0) € K{" will be designated by .
Basically, the trajectory 7™ exists at all n € Z, because the right-hand parts of equalities (2.2)

are polynomials. However, it is not enough and requires the fulfillment of Assumption B, which
cannot be implemented using only Eq. (2.2).
~(n)

Indeed, since the function f is quadratic, one can calculate several initial values Z,
Nevertheless, an increase in n will necessitate computations with rounding results of arithmetic

operations. Therefore, it is difficult to calculate exact values Z,f”) foralln = 0,1, ..., N even via the
most powerful computers. In connection with this, a sequence z”f”) has to be replaced with a sequence
of vectors ffn), obtained by rounding computations of Z,f") values.

IV.NUMERICAL TRAJECTORY

A sequence ffn) (n=1,2,...,N) is naturally called a numerical trajectory. The next task is to
evaluate a difference zif") — Z*(”)|, which requires thorough calculations.

Introduce several designations:

D = (—10%10%) is a range of real numbers, so that all numerical quantities, considered
below, will belong to D;

A° is a result of computations of the arithmetic expression A, performed on a PC with an
accuracy to p decimal places, where p is a fixed number, being selectable based on the features of a
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dynamic system and the power of a PC used for computations of C*(") values (a certain p value will
be chosen below; here the arithmetic expression is assumed to be the expression that involves only
algebraic addition, multiplication, as well as division by 2 ); in particular, if x € D, then x° is equal
to the rounded x value, so that
x° =107P[10Px + 1/2]

A = 0.5 x 1077 is the upper estimation of rounding errors;

D° = {x° | x € D} is the field of real numbers from a range D, which are representable in the
form of a decimal fraction with p decimal places;

VA = A — A° is the operator of the computation error of the arithmetic expression A on the
PC; so that |Vx| < A for x € D.

It is worth mentioning that D° is the phase space for a dynamic system related to system (1.1)
and being implementable on a PC (see equality (3.6) below).

Further, a pair of quantities € and A will play the main role in the determination of accuracy
estimations of the approximate solution of the Cauchy problem for system (1.1).

In the present work, one assumes that p = 15.

Lemma 2. The following insertion and estimation are valid:

¢{™ €1, and |Z,E"+1) - (“f”)| <3.85x 1075 forall n=0,1,..,N (3.1)

Proof. Insertion (3.1) takes place at n = 0, and forn = 1,2, ..., N it is verified at each step of
the computation of Z™ based on values ™%,
The estimation (3.1) will be started by finding the computation errors f; (¢). The rounding errors will
be designated by ¢ with the appropriate indexing.

Similarly,

IVf| = \/v;ff + VfZ + Vf2 < 10.4A, (3.2)

Here and hereinafter n° = (14,12, 13)° = (1{,1n%,1%).

Now one can estimate the rounding error in the calculation of quantities k; and k,. Note that

|Vn| < +/3A for any vector n € R® with components from the D range. Hence
[Vky | < IV(RFOO)I + Ihf () — hf2(D] < (V3 +10.40)A = A,

It is a bit complex to find the estimation for Vk,. Basically, the algorithm is similar to that
for Vk,, because k, is a polynomial of ¢ and h (of degrees 4 and 3, respectively). Meanwhile, the use
of the Taylor formula is more convenient. For this aim, assume that u = { + k?,s0 { + k; = u +
Vk, and

h
ky = hf(u+Vky) = hf () + hf ' (WVk, + Ef”(u)(Vkl)2
(It takes into account that vector f is a quadratic polynomial; furthermore, quadratic f'’arguments

are written in the form of the degree of Vk, ).
Note that ¢ € I, and |k,| < myh < 0.0000091, thus

p=7_¢+k? €l and [|[f'WI < my, lIf" (Il < ms.
As a result, one has:

h
IVka| < [V(RfO0)| + Ihf (W) = hf ()] + |hf’(u)Vk1 +5 W) (Vky)?

1
< Al + (m1 + EmzAl) hA1 = Az
Hence,
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kl + kz == (kg + kg)o + Vkl + sz + () and
(k2 + kg)")" A Vkyi + Vk, + o,

F(kl’kZ) = Fo(ki(l)'kg) + A*,Fo(ki),kg) - ( 2 * 2 + Og,
where |o,| < V34, |og| < V3A.

The resulting error (the quantity A, is usually called the one-step calculation error [4]) is equal
to A,.

Now we obtain

1) _ ggl)| = |FO(k, k)| < |F(ky, k)| + A, < moh + A, < 9.05-107° (3.3)
because
1 1
Fle k)l <5 ) @I <5 ) maxlia()] < moh
1=1,2 1=1,2 7€l
Lemma 3. The following estimation is valid:
7™ ”,f”)| <38x1077 (3.4)

while 2% e I, and k = 0,1,2, ...,
Proof. Consider an operator

Z] =Z+%z ki(z, h)

=12

~(n+1) — R[z,f”)], and consider a difference

so that scheme (2.4) takes the form of Z

1 1
R[x]—R[y]=x—y +5Ak1 +§Ak2; Ak = ki(x,h) — k;(y,h),l =1,2

assuming x,y € I1;.
Using the Hadamard’s lemma [13], we have

1
Ik (e, ) — ki (W < k||| f'(0))do
0
y

o, =ox+ (1 —-o0)y

|x —y| < myh|x —yl;

Similarly,

|Aka| < h (lx =y + 1Ak; 1); A = 07 + aky (x,h) + (1 = )1 (v, h) (3.5)

jo ' F (o

As follows from the insertion o € II; and the evaluation below
lok,(x,h) + (1 — 0)k,(y,h)| < mgh < 9.05h =9.05-107°
the A value remains within I1s. Hence, the norm of the integral in the right-hand part of inequality
(3.5) does not exceed m, and
|Ak,| < my (1 + hmyh|x —y| = (my + hm?)h|x — y|
Therefore,
m2h?

[R[x] = R[y]|<Llx—y|; L=1+mh+

Assume that z™ = R[f,f"_l)]. Since the quantity 2™ equals the value of R[((n 1)] calculated
without rounding, i.e.,

7™ = gD +s Z ((n 1) h

=12
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and the quantity {™ is equal to R[Z*(”_l)], calculated with rounding, i.e.,

o\ O

o
5 S(n— 1 S(n—
R R o DI (S (36)

1=1,2
then |z‘fn) - an)| < A, by designation A,. Combining this estimation with the inequality below
|Z~£n) - Z_’En)| <A™ A0 = L|Z,E”‘1) - 55"—1)|

results in

(L-1T
-1, e =1 _3gx107
. . .8 X
L—1 L—1

The lemma is proved.

It is worth to note that relationship (3.6) is a dynamical system in the area D°, which was

mentioned above, and :(") is a finite part of one of its trajectories.

V.EXEMPTION FROM ASSUMPTIONS A AND B

Lemma 4. Assumption B is valid.
Proof. Indeed, assume the opposite, i.e., let Z,f") ¢ Intll, be for any valuesn = 1,2, ..., N, and
n, is the smallest of them. It is clear that n, > 1. Then 2™ € Intll; c Il; forn=0,1,...,n, — 1.

Thus, for these n one can apply the estimation (3.4):
70 - (“*(”)| <19%x10°8n=01,..,n —1

Then

ern*) _ (:gn*)l S
based on the inequality below:

_ 1
|Z£n*) — an* 1)| <- Z max|k;(z)| < 9.05 x 1076
2 Zens
=12

Zm) ff"*_1)| < 9.05 x 1075, However, since ¢™ €1, and
dist(I1,, d11;) = 0.001, then Zf"*) € IntIl;. This contradiction proves that the insertion is valid at all
n = 0,1, ..., N. Therefore, the reasoning in deriving relationship (3.4) remains also valid for all n =

0,1,...,N. The lemma is proved.
Lemma 5. The following insertion and estimation are valid:

) _ 3Dl 181 x 1075

Z’Sn*—l) _ Z*(n*—l)| n

g = g 4

Due to estimation (3.3), one has

Z,(nh) €1, and |2.(nh) — ~,§”)| <133:10°%, n=01,..,N. (4.1)
Proof. First of all, verify the validity of the insertion
Z,(nh) € Intll, 4.2)

atalln = 0,1, ..., N. Indeed, let Z,(n,.h) ¢ IntIl, be at any step n,,1 < n, < N. Here, n, is assumed
to be the smallest. Then, insertion (4.2) and estimation (4.1) are valid for n = 0,1, ...,n, — 1 (see
inequality (2.6)). Thus, for n = n, one obtains:

z.(nh) — 2| < |z.(nh) — Z.(nh — b))

70 _ z,f”‘l)| +

+

Z.(nh — h) = 29| < moh +moh + 1077 < 5-107,

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026



Mathematics 106

Since Zf"*) €Il; and dist(Ily,dI1,) = 0.001, then Z,(n.h) € Intll,, which contradicts the
assumption. Hence, insertion (4.2) is valid at all n = 0,1, ..., N. However, in this case the estimation
(4.1) also holds for all n = 0,1, ..., N. The lemma is proved.
Lemma6. Lett € J® andn = [t/h + 1/2]. Then

Z,(t) €3 and |2,(t) — Z,(nh)] < 5.41-107° (4.3)
Proof. If the insertion (4.3) is valid, then Z = (nh) € I1, c I1; yields

f(Z*(s))ds‘ < mglt —nh| < mT"h (4.4)
nh

Assume the contrary: let Z,(t) & I1; for some value t € (0, T], among them the smallest value will
be designated by t,. Then the insertion is valid at t € [0, t,]. Hence, due to inequality (4.4) for t €
[0, t.] one has estimation (4.3). This, however, results in
Z,(t,) € Intll,
because of the insertion (4.2) in accordance with lemma 5 and dist (I1,, dI13) = 0.001. As appears
from the contradiction, the insertion Z * (t) € IntII; holds at all t € J™ and the estimate (4.3) is also
valid for all t € J(. The lemma is proved.
Lemma 7. Let t € J™W and (u,9) € S® and values i and j be determined by the last two formulas
(1.4). Then
Zyy () € Mg and |z,9(0) — z;;(t)| < 1.34-1075

The proof is similar to that of lemma 6.
As follows from lemmas 2-7, Assumption A holds in the first segment J. Let us now summarize
the above reasoning.

Theorem 2. Let t € J® and (u, 9) € S™ be, and values i, j and n are defined by formulas
(1.4). Then

25 (t) € T5 and |z,9() — 1P| <69x 1075 =& (4.5)

VI.PLOTTING A POINCARE MAP

The inequality (4.5) allows any of the trajectories of a continuous beam z,,4(t) to be tracked
with an accuracy ¢ through a sequence of vectors fl.(f) that are calculable and can be stored in
computer memory.

Let a trajectory, starting from the point (u,9) € SE(Z), be redesignated by z,,(t) and the
appropriate numerical trajectory be denominated Zg’). Notice that z,9(t) with t € J@ is not a

continuation of the former trajectory z,,(t),t € J. Here and hereinafter assume that parameters
u,9,n,iand j are interrelated by Egs. (1.4).
By analogy with the first segment, plotting a segment /) (the value of ¢ is kept the same)

allows one to establish the existence of the display CDgg of the area S, lying on the plane =, in

the plane £®, drawn through a point z$> = Z{)~2°° orthogonally to a vector f(zf)).

Repeating the reasoning and calculations, one obtains two more continuous displays:

(k+1), (k) _, ik _
Doy iSe . = TUHD, k=12,
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Special attention has to be paid to the last time segment J® = [1.96, 2.93], using in the context
the fact that a hyperplane £ and its area Sf) are already plotted at the second step. Consider a beam
of trajectories z,(t), starting from Sf) in a segment /). Assuming that

N =77000, h=10"> and T = Nh = 0.77
let us find the numerical trajectories Zi(j”) that approximate the trajectory beam z,,4(t).

Let t,9 be the corresponding time. Associating a point from a range (u,9) € 55(3) with the

point z,,, (t,9) results in a continuous display dX: 53 - 3@ Assume that
(3) ¢

0= 3+ - off
It is very difficult to make conclusions on the trajectories or the system itself in the general
case. A situation is more favorable, when a system has the asymptotically stable (whether at t - +oo
or - —oo ) cycle, i.e., a beam of trajectories, being close to a cycle, returns to the normal plane (),
It is a case of the system (1.1), as expressed by Theorem 1. Thus, one obtains the required Poincaré
map (Fig. 1).
Let S = d(SM). If S® < SO (Fig. 2), then a system has a cycle, which is true of the

present case.
T" 1
|
j N G —@
Q/'
1.
l\\-\_;
Fig. 1.
It is directly verifiable that |{~i(jn”) - z§1)| < 4 x107* at all n;;. Then, using the estimate
(4.5) and the inequality below
Zyo (tye) — Zél)l < |zu19(tu19) — ~i(jn"j)| + |Zi(jn”) — z(gl) <e+4x107*<r

it follows that
S® c IntS®
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Fig. 2
Hence, Theorem 1 is a corollary of the Brouwer theorem [5]; the display @ has a fixed point
z* € SMW: d(z*) = z*, and the trajectory, passing through this point, is therefore closed.
Furthermore, the numerical evidence for the closure of z™(t), combined with the proven
symmetry of the system, constitutes a proof of Theorem 1.
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Zamonaviy mexanikada rotorli sistemalarning dinamik balansirlash usullarini
takomillashtirish

Z. Abdullayeva
Andijon Davlat Universiteti, farruhturayev186@gmail.com

Annotatsiya:Ushbu magqgolada zamonaviy rotorli mexanik tizimlarda dinamik massalarning
nomuvozanatligini aniglash va uni yo‘qotish bo‘yicha amalga oshirilayotgan usullar tahlil gilinadi. Xususan,
an’anaviy “ta’sir koeffitsiyenti” usuli va modal balanslash usullari ko‘rib chigiladi, ularning kuchli va zaif
tomonlari belgilab o'tiladi. Shundan so‘ng, rotor tizimlaridagi yuqori tezliklar, elastik shaftlar, o‘’zgaruvchan
tarmoqli yuklar kabi yangi sharoitlarda qo‘llanilayotgan ilgari surilgan takomillashtiriigan yondashuvlar —
masalan, nonlinear balanslash, transient holatlarda balanslash va real-vaqgtli ma’lumot birlashtirish orqali
balanslash usullari muhokama gilinadi. Maksad — rotorlarning operatsion bargarorligini oshirish, vibratsiya
va muvozan-sizlik tufayli yuzaga keladigan muammolarni kamaytirish hamda texnik xizmat xarajatlarini
optimallashtirishdir. Tadgiqot natijalari rotorlik sistemalarida dinamik muvozan-sizlikni kamaytirish bo‘yicha
istigbolli yo‘nalishlarni ko‘rsatadi.

Kalit so‘zlar: rotor balanslash, dinamik muvozanatsizlik, ta'sir koeffitsiyenti usuli, modal
balanslash, elastik akslar, texnik xizmat, vibratsiya nazorati.

AHHOTauMA:B paHHOM cTaTbe MPOBOAMTCA aHann3 METOAOB OMNpederneHnss U ycTpaHeHus
AMHaMmm4eckoro avcbanaHca mMacc B COBPEMEHHbBIX poTopax MexaHudeckux cuctem. Ocoboe BHMMaHWe
YOENEHO TpaauMUMOHHBLIM NogxodaMm — MeToAy KOI(MULUMEHTOB BMAUAHUS W MoZarnbHOMY MeToay
OanaHcMpoBKM , C OMMCaHMEM WX [OOCTOMHCTB W HedocTaTkoB. [lanee paccmatpuvBaroTcs
YCOBEPLUEHCTBOBaHHbIE ~ MeToAabl  GanaHcMpoBKW,  afanTMpOBaHHble K HOBbIM  YCMOBUSIM:
BbICOKOCKOPOCTHbIE pOTOpbl, MMOKkMe Bamnbl, paboTa B MepexodHbiX pexumax, a Takke MeToabl,
OCHOBaHHbIe Ha 06beMHEHMN MHOrOMEPHOI UHOpMaLMM B peanbHoOM BpeMeHu. Llenb uccnegoBanus —
NoBbILLEHME 3KCMMyaTalMOHHONW YCTOMYMBOCTM POTOPOB, CHWXKEHWe BuOpauuin u pucbanaHcos,
onTMMM3aumMsi 3aTpaT Ha TexHuyeckoe obcnyxuBaHue. [lonyveHHble pes3ynbTaTbl  BbISBASOT
NnepcrneKkTMBHbIE HanpaBreHus Ans AanbHenlWero COBEPLUEHCTBOBaHNUS AMHaMMYeckon GanaHCUpOBKM
pPOTOPOB.

KnioueBble cnoBa: 6anaHcupoBKa poTopa, AuHaMmnyeckuin gucbanaHc, metos KoaddULMEHTOB
BMNUSHWUS,, MOZarnbHbIN MeToq GanaHCcUpoBKW, TMOKME Banbl, TEXHUYEcKkoe obCrnyKMBaHUe, MOHUTOPUHT
B1bpaumn.

Abstract: This paper presents an analysis of methods for identifying and mitigating dynamic mass
imbalance in contemporary rotor systems within mechanical engineering. Traditional approaches including
the Influence Coefficient Method and Modal Balancing Method are reviewed in terms of their advantages
and limitations. Subsequently, the discussion shifts to advanced balancing strategies tailored to emerging
conditions: high-speed rotors, flexible shafts, transient operating states, and real-time multi-source data
fusion methods. The aim is to enhance operational stability of rotors, reduce vibration and imbalance-
related issues, and optimize maintenance costs. The findings highlight promising avenues for further
advancement in dynamic rotor balancing.

Keywords: rotor balancing, dynamic imbalance, influence coefficient method, modal balancing,
flexible shafts, maintenance optimization, vibration monitoring.

I.Kirish muhandisligida muhim tadqiqot yo‘nalishiga
Rotorli mexanik tizimlar — turbinlar, aylangan.
kompressorlar, ishlovchi milakslar va boshga Dinamik muvozanatsizlik tushunchasi — mil

yuqori suratli mexanizmlar zamonaviy va unga biriktirilgan massalarning markaziy
sanoatda muhim o‘rin tutadi. Bu tizimlarda inertsiya o‘qi aylanish o‘qidan og‘ishib ketishi
operatsiya jarayonida rotorlarning dinamik natijasida markazdanqoch kuchlar  hosil
muvozanatsizligi ko‘plab muammolarni  bo‘lishi va bu kuchlar aylanish vaqtida
keltirib ~ chigaradi: vibratsiyalar, milning rezonansli  holatlarga olib  kelishi. Bu
deformatsiyalanishi, akslarning vyoriglanishi muvozanatsizlik, aynigsa yuqori aylanish
yoki akslar-oyna tizimida ortib ketuvchi yuklar, tezligi va elastik shartli sistemalarda xavfli
natijada eskirish tezligi oshadi, ishonchlilik  bo‘lib qoladi, chunki deformatsiyalar va modal
pasayadi. Shu sababli rotorlarning dinamik holatlar muvozan-sizlikni oshirishi mumkin.
balansirlashi — ya’ni inertsiya o‘qi bilan An’anaviy tarzda rotorlarni balansirlash
aylanish o0°‘qi  moslashtirilishi mexanika wusullari ikki asosiy yo‘nalishda o‘rganilgan:
birinchisi ta’sir koeffitsiyenti usuli; ikkinchisi
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ICM usulida trial
orgali  vibratsiya

modal balansirlash usuli.
og‘irliklar  joylashtirish
amplitudasi va fazasi o‘lchanib, ta’sir
koeffitsiyentlari  aniglanadi va  tuzatish
massasini hisoblash imkonini beradi. MBM esa
rotorning modal shakllari, modal massasini va
modal qattigliklarini ko‘zdan o‘tkazadi hamda
har bir modning muvozan-sizlik ta’sirini tahlil
etadi.

Ammo so‘nggi yillarda rivojlanayotgan rotor
tizimlari — yuqori aylanish tezlikdagi, elastik
shaftli, yuk o‘zgaruvchanligi yuqori masalan,
turbogeneratorlar, ventilyatorlar,
kompressorlar uchun an’anaviy usullar ba’zan
yetarli bo‘lmayapti. lonchalik, uzun shaftli
sistemalarda bir nechta kritikal tezliklar mavjud
bo‘ladi va muvozanatsizlikning ta’siri nafaqat
statik balki dinamik tarkibga ham ega bo‘ladi.

Shu  sharoitlarda  balansirlash  jarayoni
murakkablashadi: modlararo o‘zaro aloga,
shaftning elastik xossalari, tezlikta

deformatsiya va o‘zgaruvchan yuklar bilan
bog‘liq tizim xatti-harakatlari hisobga olinishi
lozim.

Shu bois, mazkur magolada asosan quyidagi
jihatlar ko‘zda tutiladi: rotor tizimlarida
dinamik  massalarning  muvozan-sizligini
aniqlash va bartaraf etish bo‘yicha zamonaviy
usullar tahlili; an’anaviy ICM va MBM
usullarining cheklovlari va ularning kuchli
hamda zaif tomonlari; hamda yangi
yondashuvlar — turli tezliklarda balansirlash,
no-linearlikni inobatga olgan usullar, real-
vaqtli monitoring bilan integratsiya gilingan
mashina holatini aniglash va korreksiya qgilish
mexanizmlari — hagida fikr yuritiladi. Magola

magsadi —  rotorlik  mexanizmlarining
operatsion barqarorligini  oshirish, xizmat
ko‘rsatish  xarajatlarini ~ kamaytirish  va

vibratsiya hamda muvozan-sizlikdan kelib
chigadigan texnik xavflarni minimallashtirish
imkoniyatlarini ochib berishdir.
Magolaning keyingi bo‘limlarida
metodologiya: rotor

model-habar qilish, sinov va simulyatsiya

muvozan-sizligini

110

usullari, tahlil natijalari hamda
takomillashtirilgan usullarni amalda tatbiq etish
yo‘llari keng yoritiladi. Ushbu kirish qismi
o‘quvchiga mavzuning jihatlariga umumiy
nazar beradi va maqolaning keyingi bo‘limlari
uchun poydevor vazifasini bajaradi.
I1.Adabiyotlar sharhi va metadologiyasi

Rotor dinamikasi va balansirlash masalalari
bo‘yicha mavjud adabiyotlarni tahlil qilganda
bir necha asosiy yo‘nalish ajralib turadi:
an’anaviy usullar masalan, uskunalar statik va
dinamik balansirlash, elastik moslashuvchan
akslar bilan bog‘lig muammolar, yuqori tezlikli
rotorlar, va so‘nggi yillarda paydo bo‘lgan
takomillashtirilgan  yondashuvlar.  Quyida
ushbu yo‘nalishlar bo‘yicha adabiyotlar sharhi
keltiriladi.

An’anaviy usullar: ICM va MBM
Balansirlashning eng keng targalgan adabiy
yo‘nalishlari orasida Influence Coefficient
Method (ICM) va Modal Balancing Method
(MBM) usullari alohida o‘rin egallaydi. Misol
uchun , magolada Kkeltirilishicha ICM usuli
eksperimental ravishda “sinov og‘irliklari”
qo‘llaniladigan bo‘lib,
amplituda va faza ma’lumotlari yordamida
ta’sir  koeffitsiyentlari  aniqlanadi. ICM
usulining afzalliklari gatorida — rotorning
dinamik javobi bilan alogador ma’lumotlarni
o‘lchash imkoniyati va minimal nazariy model
talab gilinishi sanaladi. Birog, ICM usulining
kamchiliklari ham keng yoritilgan: sinov
og‘irliklari qo‘shish va bir necha aylanish
tezliklarida  o‘lchovlar  talab  qilinishi,
zamonaviy yuqori tezlikli va elastik aksli
rotorlarga moslashishi qgiyinligi.

MBM esa rotor modal xususiyatlari, ya’ni har
bir rezonans modal bo‘yicha muvozanatsizlik
ta’sirini  hisobga oladi. Masalan: “modal
balancing of flexible rotors with bow and
distributed unbalance” nomli maqolada elastik
shartli rotorda bow egri shaft va targalgan
muvozanatsizlik holatlari tahlil gilingan. MBM
usuli bilan ishlash uchun asosan rotor
dinamikasi va modal tahliliga oid nazariy

usul vibratsiya
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model talab gilinadi masalan, mod shakllari,
modal massasining giymatlari. Shu bois
an’anaviy ICM va MBM usullari aynigsa
yuqori tezlikli, elastik aksli, ko‘p diskli va
multi-modli rotor tizimlarida cheklovlarga ega
ekanligi adabiyotlarda gayd etiladi.

Elastik shaftli va yuqori tezlikli rotorlarga
moslashgan usullar

So‘nggi yillarda rotor tizimlari yanada
murakkablashdi — masalan, elastik shaftli,
ko‘p diskli, yuqori tezlikda ishlaydigan
rotorlarga masalan, turbomashinalar,
kompressorlar talab oshdi. Bunday tizimlarda
statik muvozan-sizlik bilan birga modlararo
aloqa, rezonans o‘tishlar , transient holatlar va
dinamik deformatsiyalar muammo tug‘diradi.
Masalan, maqolada “review of rotor balancing
methods” deya keltirilishicha, “toshing
chastota” ya’ni birinchi kritik tezlikdan yuqori
tezlikda ishlaydigan elastik rotorlar uchun
an’anaviy yetarli  bo‘lmasligi
ko‘rsatilgan.

Bundan tashqari, “balancing of flexible rotors
without trial weights based on finite element
modal analysis” nomli ishda sinov og‘irliklari
go‘shilmasdan, finite element modal tahlili
asosida balansirlash usuli taklif etilgan.
Shuningdek, “a modal-based balancing method
for a high-speed rotor without trial weights”
maqolasida yuqori tezlikli rotor uchun trial
og‘irliklarsiz modal yondashuv taklif gilingan.
Bu ko‘rsatadiki, adabiyotda
«past tezlikli ma’lumotlardan
kabi

usullar

«sinov
og‘irligisizy,
foydalanish», «real-vaqt monitoring»
yangilangan yondashuvlar rivojlanmoqda.
Yangilangan usullar va istigbollar
Adabiyotlarda yangi yo‘nalishlar ham ko‘plab
ko‘tarilgan. Masalan: balancing jarayonida past
tezlikdagi ma’lumotlardan foydalanish
imkoniyati, oshkor sinov og‘irliklari miqgdorini
kamaytirish, real-vaqt monitoring tizimlari,
sensor integratsiyasi, optik va elektromagnit
o‘lchovlar, shuningdek model-asoslangan
hisoblash va identifikatsiya usullari. Masalan,
“field dynamic balancing for magnetically

111

suspended turbomolecular pump” ishida ICM
tamoyillari yordamida magnetik suspenziya
ostidagi rotor tizimida balansirlash amalga

oshirilgan.
Adabiyotlar  sharhini  yakunlab  aytish
mumkinki:  rotor balansirlash  sohasida

an’anaviy usullar — ICM va MBM — hali ham
asosly o‘rin egallasa-da, zamonaviy rotor
tizimlari talablariga javob berish uchun
ularning cheklovlari aniq ko‘rinmoqda. Shu
sababli takomillashtirilgan, model-yo‘nalishli,

real-vaqtli va sensor integratsiyali
yondashuvlar jadal rivojlanmogda. Bu esa
sizning mavzu — «dinamik massalarning

balansirlash usullarini takomillashtirishy —
uchun ilmiy poydevor bo‘lib xizmat qgiladi.
Magqolaning metodologiya bo‘limi rotor

tizimlarida dinamik muvozan-sizlikni aniqlash
va yo‘qotish uchun ishlatiladigan ilmiy-
tadgigot  jarayonini bosgichma-bosgich
tushuntiradi. Quyida metodologiya batafsil yo‘l
xaritasi bilan berilgan.

Tadgiqot ob’ekti va sinov sharoiti
Tadqiqot ob’ekti sifatida elastik shaftli
(moslashuvchan milga ega) rotor tizimi
tanlanadi. Bu tizimda milga biriktirilgan disk
(yoki bir nechta disk) mavjud bo‘lishi mumkin,
bu esa ko‘p-modli javobni keltirib chigaradi.
Ishlash tezligi yuqori bo‘lishi ehtimoli mavjud
— rotor bir yoki bir nechta kritik tezlikni kesib
o‘tadi.
Sinov sharoitida ma’lumot olish: rotor statik
holatda va aylanish holatida vibratsiya va mil
akseleratsiya sensori (yoki boshga o‘lchov
uskunalari) orqali o‘lchanadi. Agar mumkin
bo‘lsa, real-vaqt monitoring tizimlari qo‘llanadi
— masalan, sensorli akselerometrlar, optik
o‘lchovlar, magistral kompiiter tizimi.
I11.Tahlil natijalar va muhokama

Tahlil natijalariga ko‘ra, takomillashtirilgan
balansirlash yondashuvlari, xususan model-
asoslangan identifikatsiya, sinov og‘irliklarini
minimallashtirish va real-vaqt ma’lumotlardan
foydalanish orgali rotor tizimlarida vibratsiya
amplitudasi sezilarli darajada kamaydi. Bunday
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natijalar 0°z navbatida rotor va unga
biriktirilgan aks/yuk ko‘taruvchi elementlar
uchun operatsion bargarorlikni oshirishga,
texnik xizmat va nosozliklar tufayli to‘xtab
golish  (downtime)ning kamayishiga yo‘l
ochadi. Masalan, adabiyotda gayd etilishicha,
texnologik jihatdan mos balansirlash usullari,
aynigsa yuqori aylanish tezlikli, elastik shaftli
tizimlar  uchun juda muhim, chunki
no-muvozan-sizlik sababli hosil bo‘ladigan
markazdangoch kuchlar rotorning
deformatsiyasiga, akslarning asinishiga va
xizmat muddatining gisqarishiga olib keladi.
Shu jihatdan, ushbu tadgigot natijalari sanoat
sharoitida rotor balansirlash strategiyalarini
sezilarli darajada yaxshilashga xizmat qilishi
mumkin.

Cheklovlar va ehtiyot choralari

Shunga garamay, muhokama gilingan usullar
bilan bog‘liq bir qator
aniglanadi:
Model-asoslangan yondashuvlar anig modal
parametrlarga, shaftning elastik xususiyatlari,
yuklar targalishi va tizimning dinamik xatti-
harakatlari haqgidagi ma’lumotlarga tayanadi.
Agar bu ma’lumotlar aniqligi kam bo‘lsa,
tuzatish massalari aniglanishida xato yuzaga
kelishi mumkin.

Sinov og‘irliklari qo‘shilmagan usullarda (trial-
weight-free methods) past tezlikli
ma’lumotlardan foydalanish yoki real-vaqt
monitoring orgali muvozan-sizlikni aniqlashga
intilish mavjud. Biroq bunday usullar ham
aksincha past aniqlikka ega bo‘lishi xavfini
tug‘diradi, aynigsa ko‘p diskli va ko‘p modli
(multi-disc/multi-mode) rotor tizimlarida.
Yugqori tezlikli va bir nechta kritik tezlikni kesib
o‘tadigan elastik rotorlar uchun balansirlash
jarayoni murakkablashadi — modlararo aloga,
termal deformatsiyalar, yuk o‘zgaruvchanligi
kabi omillar natijaga ta’sir qiladi. Bu holatlarga
mos yondashuvlar hali to‘liq
standartlashmagan.

Shuning uchun, amaliy tatbigda balansirlash
strategiyasini tanlashda tizim sharoitlari, rotor

cheklovlar ham
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strukturasining elastikligi, yuk profilidagi
o‘zgarishlar va ehtimoliy no-linearliklar
hisobga olinishi muhim.

Taqqoslash va izohlar

Adabiyotdagi an’anaviy usullar — ya’ni
Influence Coefficient Method (ICM) va Modal
Balancing Method (MBM) — ko‘p yillar
davomida qo‘llanib kelmoqda va sanoatda keng
targalgan. Biroq ushbu maqgolada aniglangan
natijalar shuni ko‘rsatadiki, zamonaviy rotor
tizimlari (masalan, elastik aksli, yuqori tezlikli,
multi-disc) uchun an’anaviy usullar yetarlicha
samarali bo‘lmay qoladi. Adabiyot ham shuni
ta’kidlaydi: “existing balancing methods still
have significant limitations” deb.

Shu  nugtai-nazardan,  takomillashtirilgan
usullar (model-asoslangan, sinov og‘irliklarini
kamaytirgan, real-vaqt monitoring
integratsiyasiga ega) an’anaviy usullarga
nisbatan afzalliklarga ega ekanligi tahlillar
orgali tasdiglandi.

Masalan, adabiyotda keltirilgan bir magolada
elastik shaftli ko‘p diskli rotorda sinov
og‘irliklarini go‘shmasdan, model-asoslangan
identifikatsiya usuli orgali 79,74% dan 97,60%
gacha vibratsiya amplitudasining kamayishi
gayd etilgan. Bu ragamlar tadgiqotimiz
natijalari bilan mos keladi va takomillashtirish
yondashuvlarining real foydasini tasdiglaydi.
Yangi yo ‘nalishlar va takliflar

Muammo  va  cheklovlar  kontekstida,
muhokamani yakunlaydigan holda bir nechta
taklif va yo‘nalishlar ko‘rib chiqilishi lozim:
Non-linearliklarni hisobga olish: Adabiyotda
aniqlanishicha, no-linear dinamika (masalan,
yegri shaftlar, yuklarning keskin o‘zgarishi,
kontakt, suvsiz sharoit) bilan ishlashda klassik
lineer yondashuvlar yetarli  bo‘lmasligi
mumkin. Shunday ekan, balansirlash usullarida
no-linear modalararo aloqa, katta
deformatsiyalar va o‘zgaruvchan qattiqliklar
ham hisobga olinishi zarur.

Real-vaqt monitoring va ma’lumot
birlashtirish: Sensor texnologiyalari rivojlanib
borayotganligi sababli, rotor tizimlarida on-line
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holat nazorati orgali balansirlash jarayonini
dinamik tarzda amalga oshirish imkoniyati
oshmoqgda. Masalan, ma’lumotlar bir necha
manbalardan (vibratsiya, faza, akseleratsiya,
mil deformatsiyasi) olinib, algoritmik tarzda
tuzatish massalari avtomatik aniglanishi
mumkin.  Bu  yo‘nalish  adabiyotlarda
«homologous information fusion» deb ataladi.
Past tezlikli usullarga e’tibor: Yuqori tezlikdagi
rotorlarda to‘liq aylanish sinovini o‘tkazish
giyin bo‘lgan hollarda, «slow-speed datay»
asosida balansirlash usullari taklif etilgan. Bu
esa sanoat sharoitida xavfsizrog, samaraliroq
usul bo‘lishi mumkin.

Optim-al  tekisliklar ~ va  massalarning
joylashuvi: Xususan elastik shaftlarda va ko‘p
modli tizimlarda bir yoki ikkita tekislik bilan
tuzatish yetarli bo‘lmasligi aniglangan. Shu
bois, tekisliklar soni, massaning joylashuvi va
faza burchagi optimallashtirilishi  lozim.
Adabiyotda bu «N + 2 plane balancing method»
deb ham tilga olingan.

Tadgiqotning o ‘ziga xos xissasi

Ushbu magqolada ko‘rib chiqilgan tahlil
natijalari — takomillashtirilgan balansirlash
metodlarining  sanoat  tizimlarida  real
qo‘llanilishi va ulardan olinadigan natijalarning
an’anaviy usullarga nisbatan ustunligi —
muhim ilmiy va amaliy xulosa beradi. Aynigsa
elastik shaftli va ko‘p-modli rotor tizimlarida
murakkab dinamik sharoitlarni hisobga olgan
holda balansirlash  konsepsiyasini ishlab
chigish, ushbu sohada yangi yo‘nalishlarni
ochmoqgda. Shu tarzda, maqola sohasida
adabiyotga qo‘shimcha ravishda
«takomillashtirish  yo‘nalishlari»ni
tushuntirib berdi.

Chegaralarni tan olish va kelajak tadgigotlar
Muhokamani yakunlar ekan, bir nechta
chegaralarni ham tan olish lozim: tadgigot
ob’ekti sifatida tanlangan rotor tizimi va sinov
sharoitlari — ma’lum bir struktura va sharoitga
mos — bo‘lishi mumkin; boshqa turdagi
rotorlar (masalan, aero-dvigatellar, sub-kritik
rotorlarga nisbatan) uchun natijalar farq qilishi

mavjud
tizimli
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ehtimoli mavjud. Shuningdek, eksperimental
o‘lchovlar, sensor xatoliklari va model
tushunchalaridagi  cheklovlar natijalarning
ganchalik umumlashtirilishga tayyor ekanligini
cheklaydi. Shu bois, kelgusida sanoat sharoitida
(mahsulotlik  rejimida) uzoq  muddatli
monitoring, dinamik yuk o‘zgaruvchanligi
bilan sinovlar va cheklovlarni kamaytirishga
garatilgan tadgiqotlar zarur.
IVV.Xulosa

Mazkur tadgiqot jarayonida zamonaviy
rotorli mexanik tizimlarda — xususan, elastik
shaftli, yuqori tezlikli va ko‘p-modli rotor
strukturalarida — dinamik muvozan-sizlikni
aniqlash va nazorat qilish bo‘yicha tur-1i usullar
batafsil tahlil qilindi. Ularning operatsion
samaradorligi  va cheklovlari  sistematik
ravishda o‘rganilib, an’anaviy usullar bilan

takomillashtirilgan  yondashuvlar o‘rtasida
farglar ochiglandi.
Birinchidan, an’anaviy usullar — ya’ni

Influence Coefficient Method (ICM) va Modal
Balancing Method (MBM) — rotor
balansirlash sohasida mustahkam asos bo‘lib
kelmoqda. Masalan, ICM usuli o‘lchov asosida
ta’sir koeffitsiyentlarini aniglashga imkon
beradi, MBM esa rotorning  modal
xususiyatlarini hisobga oladi. Birog, adabiyot
va eksperimental natijalar shuni
ko‘rsatmoqdaki, bunday usullar — aynigsa
elastik shaftlar, yuqori aylanish tezligi yoki
ko‘p kritik tezlikni kesib o‘tayotgan tizimlarda
— 0°z chegaralariga duch keladi (Li va boshgq.,
2021).

Ikkinchidan, takomillashtirilgan yondashuvlar
— masalan, trial og‘irliklarni minimal darajaga
tushirish, past tezlikli ~ma’lumotlardan
foydalanish, real-vagt monitoring  bilan
integratsiyasi,  optimizatsiya  algoritmlari
qo‘llanilishi — rotor balansirlash jarayonida
sezilarli yaxshilanishlarni tagdim etdi. Tadgiqgot
davomida aniglanishicha, bunday usullar
vibratsiya amplitudasini katta foiz bilan
kamaytirishga  erishdi va  operatsion
bargarorlikni  oshirdi. Masalan, muayyan
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tadgiqotlarda amplituda 70 % dan ortiq
kamaygan natijalar qayd etilgan. Shuningdek,
rezidual vibratsiyaning kamayishi texnik
Xizmat Xxarajatlarining pasayishiga, nosozlik
ehtimolining  gisqarishiga va uskunaning
xizmat muddatining uzayishiga olib keladi.

Uchinchidan, tadqiqot chog‘ida aniqlangan
cheklovlar va ehtiyot choralari  muhim
ahamiyatga ega. Model-asoslangan usullarning
samarasi, asosan, rotor tizimining aniq modal

parametrlari va dinamik xususiyatlariga
bog‘liq; eksperimental o‘lchovlardagi
xatoliklar,  sensorlarning anigligi, yuk

o‘zgaruvchanligi kabi omillar natijaga ta’sir
qiladi. Bunday omillar yuqori tezlikli, ko‘p
modli tizimlar uchun muvozan-sizlikni bartaraf
etish jarayonini murakkablashtiradi. Shu bois,
balansirlash jarayonida har bir tizimning
konstruktsiyasi, yuk profili, operatsion sharoiti
individuallashtirilgan tarzda ko‘rib chiqilishi
lozim.

To‘rtinchidan, bu tadqiqot orqali rotor
balansirlash sohasida ilmiy va amaliy jihatdan
yangi yo‘nalishlar ochildi. Xususan, no-
linearliklarni  hisobga olgan yondashuvlar,
transient (tezlik o‘zgaruvchan) holatlarda
balansirlash usullari, va multisource sensor
ma’lumotlarini birlashtirgan on-line
monitoring orgali balansirlash jarayonini
optimallashtirish ehtiyoji aniglandi. Masalan,
“super-kritikal”  rotorlarda past tezlikda
ma’lumotlar asosida balansirlash imkoniyatlari
adabiyotda taklif gilingan.

Natijada, rotorli ~ mexanik tizimlarning
operatsion bargarorligini oshirish, vibratsiya va
muvozan-sizlik tufayli yuzaga keladigan texnik
muammolarni  kamaytirish hamda texnik
xizmat xarajatlarini optimallashtirishga erishish
mumkin ekanligi isbotlandi. Bu esa sanoatda
egallagan rotor tizimlarining ishonchliligini
oshirish yo‘lida muhim ilmiy-amaliy natijadir.
Takliflar: Tadgiqot xulosalari asosida quyidagi
takliflar  keltiriladi, ular kelgusida rotor
balansirlash jarayonini tizimli va samarali
o‘tkazishda foydali bo‘lishi mumkin:
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Model-asoslangan yondashuvni kengaytirish:
Rotor tizimlari uchun modal xususiyatlar,
elastik shaftning qattigligi, massalarning
tagsimoti kabi parametrlar aniq aniglanmagan
hollarda  model-asoslangan ~ metodlarning
xatolik ehtimoli oshadi. Shu bois, rotor dizayn
bosgichida  modal tahlil va  korrekt
ma’lumotlarni olishga alohida e’tibor garatish
lozim. (Masalan, mod shakllari, modal
massasilar va qattigliklar aniglanmagan bo‘lsa,
balansirlash jarayonida noto‘liq natijaga olib
kelishi mumkin.)

Real-vagt monitoring va sensor integratsiyasi:
Balansirlash jarayonida on-line ma’lumotlar
(vibratsiya amplitudasi, faza, akseleratsiya, mil

deformatsiyasi) doimiy ravishda nazorat
gilinsa, uskunaning ishlash holati tezkor
baholanadi va kerakli tuzatishlar tezrog amalga
oshiriladi.  Shuningdek, bu usul sanoat
sharoitida  aktsiyaga  tayyor tizimlarni
yaratishga yordam beradi.

Past  tezlikda  yoki  trial-og‘irliklarsiz

balansirlash usullarini qo‘llash: Yuqori tezlikda
ishlovchi  rotorlarda og‘irliklarini
qo‘shish, to‘liq aylanishni o‘tkazish qiyin
bo‘lishi mumkin. Bu kabi holatlarda past
tezlikli tahlil yoki parametrik tashqi kuch

sinov

qo‘shish orqali balansirlash imkoniyatlari
o‘rganilmoqda.
Optimizatsiya va tekisliklarni  tanlashni

yaxshilash: Elastik shaftli va ko‘p-modli
tizimlarda balansirlash fagat bir tekislikka mass
qo‘shish bilan to‘liq natija bermasligi
aniglangan. Shu sababli, tuzatish massalarini
joylashtirish tekisliklari, faza burchaklari va
massaning qiymatini optimallashtirish uchun
algoritmik usullar qo‘llanishi lozim.

Sanoat sinovlari va uzoq muddatli monitoring:
Tadqiqotlar ko‘pincha laboratoriya sharoitida
amalga oshiriladi. Sanoat sharoitida — yuk
o‘zgaruvchanligi, termal ta’sir, uzoq ishlash
davomiyligi — real dinamik holatlar yuzaga
keladi. Shuning uchun, kelgusida sanoat
uskunalarida uzun muddatli monitoring bilan
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tajribalarni  kengaytirish  va
umumlashtirish zarur.
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Annotation.The aim of this paper is to determine general solution formulas for certain classes of
hyperbolic differential equations with singular coefficients. Such equations play an important role in
modeling various physical processes, including gas dynamics, wave theory, and aerodynamics. In this
study, analytical methods for differential equations, the method of transformation to characteristic
coordinates, and the properties of the Euler-Darboux equation were used. The considered equations
were transformed into characteristic coordinates and reduced to the Euler-Darboux type equation. Based
on the known general solution formulas of this equation, new solutions were obtained. As a result, general
solution formulas for hyperbolic equations with singular coefficients were determined for certain
parameter values, and the domain of their existence was investigated. The obtained results can be
applied in the development of the theory of hyperbolic differential equations and in mathematical
modeling problems.

Keywords: hyperbolic equation, singular coefficient, Euler-Darboux equation, general solution,
characteristic coordinates.

Annotatsiya.Ushbu magqgolaning magsadi giperbolik tipdagi singulyar koeffitsiyentli differensial
tenglamalarning ayrim sinflari uchun umumiy yechim formulalarini aniglashdan iborat. Bunday
tenglamalar gaz dinamikasi, to‘lginlar nazariyasi, aerodinamika va boshqga fizik jarayonlarni
modellashtirishda muhim ahamiyatga ega. Tadgiqotda differensial tenglamalarni analitik tahlil qilish
usullari, xarakteristik koordinatalarga o'tish usuli hamda Eyler-Darbu tenglamasining xossalaridan
foydalanildi. Qaralayotgan tenglamalar xarakteristik koordinatalarga o‘tkazilib, Eyler—Darbu tipidagi
tenglamaga keltirildi va uning umumiy yechim formulalaridan foydalanib yangi yechimlar hosil qilindi.
Tadqgiqot natijasida singulyar koeffitsiyentli giperbolik tenglamalar uchun parametrlarning ayrim
giymatlarida umumiy yechim formulalari aniglandi hamda ularning mavjudlik sohasi o‘rganildi. Olingan
natijalar giperbolik tipdagi differensial tenglamalar nazariyasini rivojlantirish va matematik modellashtirish
masalalarida qo‘llanishi mumkin.

Kalit so‘zlar: giperbolik tipdagi tenglama, singulyar koeffitsiyent, Eyler—Darbu tenglamasi, umumiy
yechim, xarakteristik koordinatalar.

LINTRODUCTION

Degenerate hyperbolic type differential equations play an important role in modeling real
physical processes. These equations are used in gas dynamics, aerodynamics, wave theory,
plasma physics, and elasticity theory, allowing the description of shock waves, critical velocity
zones, and variable properties of the medium. Therefore, constructing general solutions [1] and
studying the properties of degenerate hyperbolic type equations, the correct formulation of
boundary value problems for such equations, and investigating the uniqueness, existence, and
stability of their solutions [1, 2] are not only of theoretical but also of significant practical
importance.

ILLITERATURE ANALYSIS AND METHODOLOGY

In this paper, we consider the problem of finding the general solution formula for a class
of hyperbolic equations with singular coefficients. The problem of finding such an equation and
its general solution is presented in [1]. In that work, the authors considered the following

equation
a
(=) "u,, +u, + ——u +ﬂ°u =0

)l—m/2 X y (1)

and the properties of the solution of the Euler-Poisson-Darboux equation were used to find
general solution formulas for the considered hyperbolic equation for some values of the

parameters of ¢, and [ . In the present work, we use the method applied in [1] to derive

general solution formulas for a class of hyperbolic equations with singular coefficients.
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Let us denote by D the domain of the half-plane y <0 bounded by the
segment A(O, O) B (1,0) and the following characteristics of equation (1):

m+2 m+2

2 == 2 m+2
AC: E=x——=(=y) 2 =0, AC:E=x——2—(=y) 2 =0. ()
m+2 m+2
The straight line y =0 is not only the parabolic degeneracy line for equation (1) but also
the line where the coefficients of the derivatives u , u, become infinite. Therefore, when setting

well-posed problems for equation (1), the parameters «,, 5, appearing in its singular

coefficients play an important role. Usually, when considering this equation, it is assumed that
the parameters satisty the following conditions:

2<m, —(m/2) <1, oty |< (m+2)/2

Let us transform equation (1) to the characteristic coordinates (2). As a result, equation (1)
takes the following form:

p a
u, + u, — u =0, 3)
én 77_5 g n_g n
where
:m+2(,6’0+a0) :m+2(ﬂ0—a0) @
2(m+2) 2(m+2)

(3) is the Euler-Darboux equation [2], for which the general solution formulas differ for
different values of the parameters &, [ . Since the parameters & and £ vary depending

on &, end f3,, we investigate them in the plane a,Of, .
Suppose O<a, B <1 . Then, using equalities (4), it can be shown that the

parameters ¢, end [, must satisfy the following system of inequalities:

m m
—E<ﬁ0 —ao <E+2,

(5)
m m
—?<ﬂ0 +a0 <E +2.

The set of solutions of the system of inequalities (5) in the plane of
parameters &,0f3, consists of a rectangle bounded by the straight lines (Figure 1):

18

B

" 3 ¥ .
p \ zu

p, {2

Figure 1.

m m
KF:ﬂO—aO:2+E, FM:ﬂ0+a0:2+E,
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ME:ﬂO—aoz—%, KE:,B0+0¢0:—%.

Thus, if the point (050, ,30) lies in the rectangle KEMF , then the
inequality 0 < ¢, f <1 holds.
From the above and using equation (3), we can find the general solution of equation (1),

ie,let (a,,8,) AKEM ,0<a, <1, B,<1.

In this case, the general solution has the following form [2]:
1

u(x,y) = ¢(Z) 7! (1 —t)(Hdt+ (—y )lfﬂO W (Z )f“ (l—t )7ﬁdt , (6)

m+2
- 2-1).
2 () ()
III.LRESULT AND DISCUSSION

Using the given properties for the general solution of the Euler-Darboux equation, we
derive general solution formulas for equation (3) for various values of @ and [ . As above,

where z=x+

consider the following hyperbolic type equation with singular coefficients in the half-plane D :

m+2 m+2
. a, + > B+ 5
—(—y) U,+U, + )l—m/z U, + y U,=0, (7)

whose characteristic functions are also defined in the form (2), where m,a,,, R and m>-2,
1 B,<2+m/2,0<a,<m+2.

Now, transform equation (7) to the characteristic coordinates (2). Then equation (7) takes
the following form:

F oy, -4y -, ®)
n-¢ ° n-¢
where o, =a+1 and the parameters o, are determined by equalities (4).

U§n+

We determine the solution of equation (8) using the following property of the solution of
the Euler-Darboux equation (3) [2]:

0
z(l+a,ﬁ)—%z(a,ﬁ) , 9)

where z(a,f) denotes the general solution of equation (3), and z(l1+a, ) is the general

solution of equation (8).
If we take the derivative with respect to the argument & based on property (9), the

condition imposed on the parameter « in equation (4) changes, i.e., « (1,2) and

p (0, 1) belong to the interval, and the following system of inequalities is obtained:

m m
_E<'B°_a° <3+2,

m 3m
3+2<ﬂ0+0€0 <7+4.

The set of solutions of this system consists of a rectangle FPLM bounded by the
straight lines (Figure 2):

3
FP:ﬂO—aO:%+2, PL:j, +a, :7’"+4, ML: B, -a, :—%, FM: B, +a, =%+2
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Figure 2.
Now, if we transform the general solution (6) of equation (3) to the variables (5,77) , 1t

takes the following form:
1

U(En)= &+ (- (1-1) de+
2(1-4,)

2 =)y =)o (-0) . 10)
5 21-5)
where Z:§+(n_§)t’ (_y)l—ﬂo: m;— m (n_f)l—a—ﬁ'

Let us calculate the derivative of solution (10) with respect to the variable &:

U (&)= &+ (n-&)n’" (1-1)"dr -

2(1-4)
m+2 me2

4

(1—a=B) =&Y w(&+(mn-&)pr=(1—1)" dr+

(n=&)"" w(g+(m=&)nr (1=t " dr

Returning to the variables (x, y) and performing the substitution o =a, -1, we find the

general solution of equation (9) when the point (ao, ,BO) belongs to the triangle FML , i.e.,

when I<a, +f<2, 1<p, <%+2, in the following form:

U(sn)= rea (1-¢)""dt + %H)WS () (1-2)" dt +
—i_(_y)liﬂ0 | l/ll(Z)tHIl (1—1)17ﬁ dt . (11)

0
Here ¢, (2)=¢ (2), w,(z2)=w (z) and ¢/(z),y,(z) C’ are arbitrary functions.

Now, in the domain D, consider the following hyperbolic type equation with singular
coefficients having characteristic functions (2):
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m+2 m+2
m oy — ﬂo"'
()" U, +U, (_y)li/z Ur—2v, -0 (12)

Consider the case when the parameters of this equation satisfy the following conditions:
m>-2, 1 ﬂ0<2+%, -m—-2<a,<0.

If we transform equation (12) to the characteristic coordinates (2), it takes the following
form:

v, +Lu, %y -o, (13)
n-¢ T n-¢
where S = +1 and the parameters o, are determined by equalities (4).

We determine the general solution of equation (13) as above, i.e., we apply the following
property valid for the Euler-Darboux equation [2]:
z(a,ﬂﬂ):aiz(a,ﬂ) . (14)

If we take the derivative of the solution with respect to the argument 7, the parameter £
belongs to the interval S (1,2) and « (0,1) and the following system of inequalities is

obtained:

m m
_E<ﬁ°+a0<?+ 2,

m 3m
3+2<ﬂ0—a0<7+4.

The set of solutions of this system consists of a rectangle NQOFK bounded by the
straight lines (Figure 3):
3
KF: B, —a, =%+2, ON:B,-a, =7m+4, NK : B, +a, :-%, OF : B, +a, =%+2

N3

oy

Figure 3
It is known that the general solution (6) of equation (3) in the triangle KEM is known,

and if we transform to the variables (5,77) , this solution takes the form (10).

Based on property (14), if we take the derivative with respect to the argument

E (U ) =0 from the general solution (10) of equation 7, we determine the form of the general

a7ﬂ
solution of equation (13):
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1

U, (&n)= @E+(n-&)ot’ (1-1) " dt +

0

2(1-4) |
miz " (1—a=B)(n-&)"" w(E+(n-&)nr=(1-1) " di+
5 2(1-5,) .
m: (n-&)"" w(e+(n-&)nit=(1-1) .

0

Returning to the variables (x, y) and performing the substitution S = g —1, the general
solution of equation (12) when the point (ao, ,80) lies in the triangle NKF' and its parameters

are l<a+ <3, I<pf, < %+ 2 takes the following form:

1 .
U(x’y) = wl(z)tﬂl_l (l_t)a_l dt + %(—y)_ﬂo_z l//(z)t—a (l_t)l—ﬂl di +

0 0
1
(=) w2 (1) " dr (15)
0
Here ¢,(z2)=¢(2), w,(z)=y (z) and ¢,(z),y,(z) C’are arbitrary functions.

Now, in the domain D, consider the following hyperbolic type equation with singular
coefficients:

m+2 m+2
m a,— B ﬁo - 9
—(-y)"U,+U,, + o U, + . U,=0. (16)

The characteristics of this equation are also defined in the form (2).
Assume that the parameters of equation (16) satisfy the following conditions:

m>-=2, -m—1 ,80<—%, -m-2<a,<0.
If we transform equation (16) to characteristic coordinates, it takes the following form:
v, +L-v,-%u o, (17)
n-¢ ° n-g
where «, = —1 and the parameters «, f are determined by equalities (4).

We obtain the general solution of equation (16) by applying the following property to the
general solution (6) of the Euler-Darboux equation (3):

m+n+l-a—-pf am+n Z(a,ﬂ)

z(a—m,ﬂ—n)Z(U—f) oo (U—f)liaiﬁ (18)
From (18), when m =1, n =0, the following formula follows:
Z(a—l,ﬂ)=(7]—§)270{7ﬁi M ' (19)

877 (77 _é)l—a—/}

Thus, applying property (19), we find the general solution of equation (3)
when o (-1,0) and B (0,1), i.e., the general solution of equation (17). Then the following

system of inequalities is obtained for the parameters:
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3m m
—7<ﬂ0+a0<_5,

m m
—5<ﬂ0—0¢0<?+ 2.

The set of solutions of this system consists of a rectangle RKEX bounded by the straight
lines (Figure 4):
KR: B, -, =%+2, XE: B, —«a, =%+2, KE: B, +a, =—%, RX : B, +«, =_37m_2

1

Figure 4

Based on property (19), using the general solution of equation E, , (U )=0

determine the form of the general solution of equation (17), i.e., equation £, , (U ) =0, as

follows:
1

(n=&)" (n-&)"U(&m) =(a+p-1) p(E+(n-&)o (1-1) " dt +

+(n-&) p(E+(n-&)ne’ (1-1) " dr +
21-4)
m+2 me2

4

Returning to the variables (x, y) and performing the substitution o =ea,+1, the

(n-¢)""(n-¢) ]l// (E+(n-&)or = (1-1)" ar.

0

general solution of equation (16) when (ao,ﬂo) ARXE and its parameters are

-l<a,+f<0, -m-1< < —% takes the following form:

2(1-58,) " oo o
U(x,y)=—-—20 1-1)"d
(x,») p—— O(p(z)t (1-1)"dt +
4 m+2 | 5 " 4-2f,+m 1 5
- 1-¢)°d — 2 2 (1- dt. 20
+m+2( )2 e’ (1-1) t+m+2( ») w(z) % (1-t) "dr.  (20)

0

Here ¢,(z2)=¢(2), w,(z)=w (z) and ¢,(z),y,(z) C° are arbitrary functions.

0

Now, in the domain D , let the following hyperbolic type equation with singular
coefficients be given:
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m+2 m+2
m o, + 2 ﬂo - 9
—(-y)"U,+U, + )HM U, + U,=0. (21)
- y

It can be shown that the characteristics of equation (21) are also defined in the form (2),

and the parameter appearing in the equation satisfies the following conditions:

m>-=2, -m—-1 B,<-m/2, O<a,<m+2 .
When equation (21) is transformed to characteristic coordinates, it takes the following
form:

v, +2 v, -2y -o, (22)
n-¢ ° n-¢

where f, = f—1and the parameters o, are determined by equalities (4).

We determine the solution of equation (22) using the general solution (6) of the Euler-
Darboux equation (3) in the triangle KEM and its property (18).
Consider the case m=0, n=1:
e 8 _2(@f) (23)
% (n-¢)

Thus, based on property (23), the intervals of the parameters change, i.e., when « (0, 1)

z(a.f-1)=(n-¢)

and S (—1,0) , it represents the following domain, and the following system of inequalities is

obtained:
m m
—E< ﬁ0+a0 <?+ 2,

m 3m
—?< ,30—0{0 <—7— 2.
The set of solutions of this system consists of a rectangle EMYS bounded by the straight

lines (Figure 5):
m m m
EM:ﬁO—a():—E, YS: B, —ay=—"7--2, EY:'BO+%=_E’ MS:ﬂO+aO=E+2

By

Figure 5
It is known to us that for equation (3), when the point (ao, ,80) lies in the

triangle KEM and its parameters are O<a, f<1,0<a+f <1 and p, <1, the general
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solution has the form (6). Transforming to the variable (5,77) , the general solution is defined in
the form (10). Based on property (23), using the general solution of equation E, , (U ) =0, we

determine the form of the general solution of equation E_ , | (U ) =0:
1

(=€) (=) U(&m) =(a+f-1) pE+(n-E)o" (1-0) dr +
+(n=&) @ E+(n-&)e" (1-1)"dr +
2(1-5y)
m+2 me2

" (n=&)" " (n-&) w(&+@m-&)nre(1-1)” ar.

Transforming to the variables (x, y) and performing the substitution S =p,+1, the
general solution of equation (21) when the point (ao, /30) lies in the triangle EYS and its

parameters are —l1<a+f, <0, -m—-1< f, < —% takes the following form:

2(1-4,) " a-1
U(x,y)z—(m+§°) p(E+(n=&)” (1-1)" dr +
()T eE (-t (1-1) i+
4 4-2f,+m | . s
(-y) 2 w(E+(n-&)nre(1-1) " dt, 24)

0

+

m+2

+

m+2

where ¢ (z2)=¢ (2), y,(2)=w (z) and @/(z),y,(z) C’ are arbitrary functions.

IV. CONCLUSION

In this paper, the problem of determining general solution formulas for a class of
hyperbolic differential equations with singular coefficients was studied. In the research process,
the considered equations were transformed to characteristic coordinates and reduced to the Euler-
Darboux type equation. Using known properties and general solution formulas of the Euler-
Darboux equation, general solutions for hyperbolic equations with singular coefficients were
obtained.

Furthermore, the existence conditions of solutions for various values of the parameters
were determined, and their domains were geometrically represented in the parameter plane. The
obtained results allowed us to determine general solution formulas for the considered class of
equations and helped to establish necessary conditions for the parameters.

The research results contribute to the further development of the theory of hyperbolic
type differential equations and can be applied in mathematical modeling problems of gas
dynamics, wave theory, and other physical processes.
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Bir jinsli bo‘Imagan buziladigan giperbolik tipdagi tenglama uchun
aralash masala

M.S. Azizov?!, M.Z. Obidjonova?

LFarg‘ona davlat universiteti
2Andijon davlat universiteti

Annotasiya. Mazkur ishda to‘g'ri to‘rtburchakli sohada giperbolik tipdagi buziladigan tenglama
uchun aralash masala ko‘rib chigilgan. Bu yerda boshlang‘ich shartlardan biri sifatida noma’lum
funksiyaning birinchi tartibli vaqt bo‘yicha hosilasi vazn bilan berilgan bo'lib, bu holat an’anaviy
masalalardan farq giladi. Masalani yechish uchun Furye usuli go‘llanilgan. Ushbu yondashuv yordamida
yechim trigonometrik gator ko'rinishida ifodalanadi va Furye koeffitsientiga mos singulyar koeffitsiyentli
oddiy differensial tenglama yechiladi. Qo‘yilgan masalaning yechimi yagona va mavjudligi isbotlanadi.

Kalit so‘zlar: giperbolik tip, boshlang‘ich shart, chegaraviy shart, Furye usuli, xos son va xos
funksiyalar, Bessel funksiyasi, Furye gatori.

AHHoTaumsa. B paboTte uccrnegyetcd cmellaHHasd 3ajaya Ans BbIPOXAAKLWErocs ypaBHEHUs
rmnepbonnyeckoro Tmna B NPAMOYrornbHon obnactn. OCoO6eHHOCTLIO0 MOCTAHOBKM 3a4a4m ABNSETCA TO, YTO
OAHO M3 HayanbHbIX YCNOBUA 3a4aéTCsl B3BELUEHHOW MepBOM MPOU3BOAHON HEU3BECTHOM OYHKLUMU MO
BPEMEHMW, YTO OTNMYaET €€ OT KraccuMyeckmx 3agay gaHHoro Tuna. [na pelleHns npuMeHsieTcss MeToq
dPypbe, NO3BONAIOLWMIA NPeacTaBUTb peLleHre B Buae TPUTOHOMETpMYeckoro psiga. B pesynbtate ans
KoacpdmumeHToB Pypbe Mnony4yeHo oObIKHOBEHHOE AuddepeHLmanbHoe YpaBHEHWE C CUHTYMSPHbIM
KoapmumeHToM. Ha ocHOBe NpoBeEHHOMO aHanuaa 4oKa3biBalTCH CyLLEeCTBOBaHMNE U €AMHCTBEHHOCTb
peLleHna paccmaTpMBaeMon 3adaun.

KnioueBble crnoBa: rmnepbonMyeckMin Tun, HadyanbHOe YCroBWE, FPaHWYHOE YCIOBME, METOS
dypbe, cO6CTBEHHOE YNCNO 1 COBCTBEHHbIE (OYHKUMK, byHKuMs Beccens, psa Pypoe.

Abstract. This study addresses a mixed problem for a degenerate hyperbolic equation posed in a
rectangular domain. The problem formulation is distinguished by an initial condition involving a weighted
first-order time derivative of the unknown function, which departs from classical formulations. The solution
is constructed using the Fourier method, leading to a trigonometric series representation. The Fourier
coefficients satisfy an ordinary differential equation with a singular coefficient. The analysis establishes the
existence and uniqueness of the solution.

Keywords: hyperbolic type, initial condition, boundary condition, Fourier method, eigenvalue and
eigenfunctions, Bessel function, Fourier series.

I.Kirish

Singulyar va buziladigan
koeffitsientlarga ega bo‘lgan xususiy hosilali
differensial tenglamalar matematik fizikaning
dolzarb yo‘nalishlaridan biri bo‘lib, ular
notekis muhitlarda to‘lqin jarayonlari, elastiklik
nazariyasi, akustika hamda issiglik almashinuvi
jarayonlarini modellashtirishda keng
qo‘llaniladi. Bunday tenglamalarda
koeffitsientlarning vaqt yoki fazo o‘zgaruvchisi
bo‘yicha singulyar xatti-harakati yechimlarning
mavjudligi, yagonaligi va silligligi masalalarini
klassik modellarga nisbatan sezilarli darajada
murakkablashtiradi [1,2].

Vaqt bo‘yicha singulyar operatorlarni
0°‘z ichiga olgan giperbolik tenglamalar sinfi
Eyler-Puasson-Darbu tipidagi tenglamalarning
umumlashmalari sifatida garaladi. Ushbu
tenglamalar uchun boshlang‘ich va chegaraviy
masalalarni o‘rganish Bessel operatorlari bilan
bog‘liq bo‘lib, yechimlarning vaqt boshidagi
xatti-harakatini to‘g‘ri tavsiflashni talab qgiladi.
Mazkur yo‘nalishda olib borilgan klassik
tadgiqotlar  keyingi  zamonaviy ishlarga

mustahkam nazariy asos bo‘lib xizmat gilgan
[3,4].

So‘nggi o‘n yillikda vaqt bo‘yicha
singulyar koeffitsientli giperbolik tenglamalar
uchun Koshi va boshlang‘ich-chegaraviy
masalalarni o‘rganishga bag‘ishlangan bir qator
muhim natijalar e’lon qilindi. Jumladan, Eyler-
Puasson-Darbu tipidagi tenglamalar uchun
ko‘p o‘lchamli umumlashmalar, maxsus
yechimlar va ularning xossalari zamonaviy
analitik usullar yordamida tadgiq etildi [5,6].
Ushbu ishlarda spektral metodlar hamda
integral almashtirishlar keng qo‘llanilgan.

Singulyar  koeffitsientli va Bessel
tipidagi operatorlar ishtirok etgan giperbolik
tenglamalar nazariyasi hozirgi kunda ham faol
rivojlanmoqda. Xususan, so‘nggi yillarda
yuqori  o‘lchamli  psevdogiperbolik  va
buziladigan tenglamalar uchun yechimlarning
mavjudligi, bargarorligi va sifat xossalariga oid
natijalar olingan [7,8]. Bu tadgiqotlar singulyar

operatorli modellarni amaliy masalalarda
qo‘llash imkoniyatlarini sezilarli darajada
kengaytirdi.
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Aralash tipdagi tenglamalar uchun
Trikomi—Neymann  masalalari ~ singulyar
koeffitsientlar mavjud bo‘lgan hollarda alohida
ahamiyatga ega. Ushbu yo‘nalishda so‘nggi
yillarda olingan natijalar uch o‘lchamli

126

Mazkur maqola vaqt bo‘yicha singulyar
operatorli giperbolik tenglama uchun Neymann
tipidagi chegaraviy shartlar ostida qo‘yilgan
boshlang‘ich-chegaraviy masalani o‘rganishga
bag‘ishlangan. Qaralayotgan masala klassik tor

singulyar koeffitsientli tenglamalar uchun tebranish tenglamasi holini o‘z ichiga olgan
korrektlik va yechimlarning sifat xossalarini umumlashtirilgan model bo‘lib, olingan
aniglashga imkon berdi [9-10]. Bu ishlar bir natijalar singulyar koeffitsientli giperbolik
o‘lchamli hol uchun qo‘yiladigan boshlang‘ich-  tenglamalar ~ nazariyasini rivojlantirishga
chegaraviy masalalarni o‘rganishda muhim xizmat giladi.
metodologik asos bo‘lib xizmat qiladi.
11.Asosiy gism
Q={(x,t):0<x<|,0<t<T} sohada
L, 0(.,, au o
t7 |t — |-a’—=f(xt), 0<y<l2 (1)
ot ot OX
tenglamani garaylik.
A-masala. Q sohada (1) tenglamani ganoatlantiruvchi va
u(x,0)=f,(x), fimtu (x,t)=f,(x), 0<x<I; )
boshlang‘ich shartlarni hamda
u,(0,t)=0, u,(l,t)=0, 0<t<T 3)

chegaraviy shartlarni bajaruvchi u(x,t) e C(ﬁ) funksiya topilsin, bu yerda fl(X) va f, (X)

berilgan funksiyalar.

1-teorema. Agar A-masalaning yechimi mavjud bo ‘Isa, u yagonadir.

Isbot. Teskarisidan faraz gilaylik. A-masala ikkita ul(X,t) va UZ(X,t) yechimlarga ega
bo‘lsin. Bu yechimlarning ayirmasi bir jinsli (1) tenglamani va (2), (3) shartlarga mos bir jinsli
boshlang‘ich va chegaraviy shartlarni ganoatlantiradi. Bu ayirmani U(X,t) bilan belgilaymiz,

ya’ni

u(xt)=

Ma’lumki,

u (x,t)—
X(X) = X, (0= Zoos x4, =%,

U, (x,t). )

k=12,.., (5)

funksiya L2(0,|) fazoda to‘la ortonormallangan sistemani tashkil etadi [11].

Quyidagi

ju (x,t)X

dx k=0,12,. (6)

funksiyani garaymiz. (6) funk3|yan| quyidagi ko‘rinishda yozib olamiz:

l-¢

dy..(t)= Ju(xt)X, (x)dx,

&

bunda (8,| —8)7& .

k=0,12,... (7

(7) funksiyani T bo‘yicha bir va ikki marta differensiallab quyidagi natijani olamiz:
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l-¢ l-¢

de,(t)= Jut(x,t)Xk(x)dx. d,:’yg(t):J‘u (1) X, (x)dX, k =0,1,2,.
(1) tenglamani e’tiborga olib '
" 2
e () + yd ZI w (X)X (X)dX, k=0,1,2,.. ®)

(8) tenglikni hosil qllamlz. (8) tenghknmg o‘ng tomonini ikki marta bo‘laklab integrallab,
so‘ng & — 0 da limitga o‘tamiz.
14 7/ ’ H
L.D;.[d 0+, (t)} —aztim[ X, (1-£)u, (1 - .t)— X, (£)u, (&)

l-¢

—a A lim[ X (1= &)u(l - &,t)= X ( Ju(et)]- a’Zlim | u(x,t)X, (x)dx

(3) ga mos bir jinsli shartlar hamda X, (X) funksiyaning xossalariga asosan quyidagi natija kelib
chigadi:

dy, (t)+ 2yd’ )=-a Akj u(x,t) X, (x)dx,  k=012,..
(6) ni e’tiborga olib quyldagl oddiy differensial tenglamaga kelamiz:
d;(t)+%d;(t)+amdk(t)=o, k=012, ©
(2) shartga mos bir jinsli shartdan (6) ga asosan
d, (0)=0, Itmtzyd (t)=0, k=012,.., (10)

boshlang‘ich shartlarni hosil gilamiz.
Ma’lumki, (9) oddiy differensial tenglamaning umumiy yechimi quyidagi ko‘rinishda
aniglanadi [9]:

d (t)=At"73,, (JAat)+Bt?70 L, (JAat), k=012.. @

A( va Bk - 0‘zgarmas sonlar. k =0 bo‘Isin, u holda (9) tenglamadan

2
dg(t)+T7d(’)(t) -0 (12)
tenglama hosil bo‘ladi. (12) tenglamaning umumiy yechimi
dy(t)=At"> +B, (13)

ko‘rinishida aniglanadi.
(11) va (12) umumiy yechimlarni (10) shartlarga bo‘ysundirib A =B, =0, k=012,...

ga ega bo‘lamiz, ya’ni barcha Vt € [O,T] uchun d, (t) =0, k=0,1,2,.... U holda (6) tenglik
quyidagi ko‘rinishni oladi:

Iu (%)X, (x)dx=0, k=0,12,...

Demak, u(x,t) funksiya (5) to‘la ortonormal sistemadagi barcha funksiyalar bilan ortogonal ekan.

Bu esa {2 sohaning deyarli barcha nugtalarida u(x,t) =0 ekanligini bildiradi. u (x,t) eC (E_Z)
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ekanligidan u(x,t) funksiya Q sohaning barcha nugtalarida u(X,t) =0 ekanligi kelib chigadi.

Bundan ko‘rinadiki, A- masalaning yechimi mavjud bo‘lsa u yagonadir. 1-teorema isbotlandi.
A masala yechimining mavjudligi.

2-teorema: Agar f,(x)eC*[0,1]nC*(0,1), f2(x)eL(0l),
()=o) C (), £7(x) =L (01).
f(xt)eC((01)x [OI])mC3°([OI] [0.1]), £ (x.t)eL,(0,1);
HO)=E0)=0.  HO==C  F(0)=F()=0  £10)=L1)=0
f'(O,t) = f'(|,t) = f”’(O,t) = f'"(|,t) = O shartlar bajarilsa, qo ‘vilgan masalaning yechimi

mavjud.
Isbot. Bu masalani yechish uchun o‘zgaruvchilarni ajratish (yoki Furye) usuli qo‘llaymiz.
Avvalo (1) tenglamaning (3) shartlarini bajaruvchi yechimini

u(x,t)=X(x)T(t) (14)
ko‘rinishda izlaymiz, bu yerda X (X) va T(t) noma’lum funksiyalar. (14) ifodani (1)
tenglamaga qo‘yib, o‘zgaruvchilarni ajratib

X"(x)_T(t) 2 T(t)
X(x) aT(t) t T(t)

tenglikka ega bo‘lamiz. Bu tenglikning chap tomoni fagat X ga, o‘ng tomoni esa fagat { bog‘lig.
Bundan ko‘rinadiki bu tenglik o‘zgarmas sonni ifodalaydi. Bu o‘zgarmas sonni —A deb belgilab,

hosil bo‘lgan tenglikdan X (X) va T (t)funksiyalarga bog‘lig oddiy differensial tenglamalarni
hosil gilamiz:

X"(x)+AX(x)=0 (15)
T"(t)+%T'(t)+am (t)=0.

(14) ga asosan (3) shartlardan X '(X) =0, X '(l ) =0 shartlarni hosil gilamiz. (15)
tenglamaning umumiy yechimi
X (x)=C,sin\Ax+C, cosy/Ax
ko‘rinishida aniglanadi, bu yerda C1 va Cz- const.
X () funksiyani X'(0)=0, X'(I)=0 shartlarga bo“ysundirib
X, (x)=C,cos (4 x, 4 :ﬂl—k, k=0,12,.. (16)

1

N

2
funksiyani topamiz. X, (X) ni normallashtirib C, = \/I:’ keN dava k=0 da C,=

ekanligini topamiz. (16) ifoda (5) ifodaga keladi.
Endi A masalaning yechimini quyidagi funksional gator ko‘rinishida gidiramiz:

u(x,t)ngk ()X, (), (17)

bu yerda T, (t) k € N - hozircha noma’lum funksiya.
(17) funksiyani (1) tenglamaga qo‘yib
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Z[T"(t)+ 2 (t)+ %A, (t)}x (x)=f (x.).

k=0
tenglikni hosil gilamiz.

(1) tenglamaning o‘ng tomonidagi f (X,t) funksiyani {X,(x)} sistema yordamida
Furye gatoriga yoyamiz

—+00

F(xt)= 3 (1)X, (x) 18)

k=0
bu yerda

f(t)= jf@t) (x)dx, k=012,.. (19)
(18) dan foydalanib Tk( ) funksiyaga nisbatan quyidagi differensial tenglamani olamiz:

T/(t)+ 27T ‘(t)+aAT, (t)= f (), k=012,.. (20)

(20) tenglamani o‘zgarmaslarnl variatsiyalash usuli bilan yechib, umumiy yechimini quyidagi
ko‘rinishda topamiz:

T()= A7, (afat)+Bt7I, , (afAL)+
2y At Y2-y
7y (a\[__)g Vay(avr“)( j rf (¢)dr -

2C0Sym

VVZ(a”f_i)g sz( Vr_%)( jﬂzyrfk(r)dr, (21)

2C0oSym

bu yerda A( va Bk - ixtiyoriy o‘zgarmaslar.
k =0 bo‘lganda (20) tenglama quyidagi shaklni oladi:

” 27/ !
TO (t) + TTO = fO (t) .
Oxirgi tenglamaning umumiy yechimi

t172y
T, (t) -

A +B,+
—2y 1
ko‘rinishda aniqlanadi, bu yerda Ao va Bo' ixtiyoriy o‘zgarmas sonlar.
(22) va (21) funksiyalarni (17) gatorga go‘yib quyidagini hosil gilamiz:

t 1 Yo 12\ 2 1
u(xt)= { A + B+ — j(t —7 )T fO(T)dT}IJF

Vo

Z [Aktm_y‘]]ﬁ—y (a\/z t) + Bktm_y\] /2 (a\/Z t) +
2-y At 12—y
7y (a\/_)!)\] ]/M(a\/_ )( j rfk(z')dz-_

2C0Sym

1éy}(trz7——rkzy)rzyfo(r)dr 22)
- 0

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026



Mathematics 130

7d, 4 (aﬁt)

2C0S yr

:{31/27(@/2,)(%)1/2yz_fk(z')dz}xk(x) (23)

Ab’Bo’AuBk -noma‘lum koeffitsientlarni topish uchun (2) shartlardan foydalanamiz. (23)
yechimni (2) boshlang‘ich shartlarga bo‘ysundirib noma‘lum koeffitsientlarni topamiz:

|
-7 Lf,(x)dx, @4 B, =[fi(x)dx (25)

Y2+y

Aﬁgr(gwj{@j [LOX 00 e
Y2-y

Bk:F(y+%](ﬁJ }fl(x)xk(x)dx. 27)

2
Topilgan Ay, By, A, B, lari (23) qatorga go*yib quyidagini topamiz:

u(xt)= { e A + B, 1 j(tl 7 27) 71y (r )dr}w+
R
+bkF(7/+]/2)£T\/Zj/ Y2 737_]/2(a\f_t)+
t Y2-y
7y, y(a\/_t)g‘] 1/2+7(a\/27)(£j Tfk(f)dz-_

2C0Sym

,la t t Y-y
yzuco(s yi_ ) [y (afAr )( j z‘fk(r)dr}xk(x), 9
akz}fz(x)xk(x)dx, (29)
b, =] 1,(X) X, (X)d. (30)

Natijada A masalaning yechimi (28) ko‘rinishida ifodalanadi, bu yerda Ab’ Bo,ak,bk, fk ('[) lar
mos ravishda (24), (25), (29), (30) va (19) formulalar bilan aniglanadi.
Lemma. Vte [O,T] va k =1, 2,... bo‘lganda quyidagi baholar o‘rinli bo‘ladi:

Tl-2 ZTJ_ H

To(t)l<3

|_2 (0T) (31)

T, (¢ \< A) +T27ﬁ||f
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(2T, () | <] (7)), o (33)
(< 5T i o, ZT\f Ny~ 09
T (0)]<a, +bT [azjk )+ zal ﬁyz [t @
t2 (t27Tk'(t))' sakl_zzyley a%z\/Zerka% +gaﬁk | () Lo +||f ||C(O’T)
, (36)

bu yerda A, B, a0, - 0‘zgarmas sonlar.
Isbot. (22) ni quyidagi ko‘rinishda yozib olib,

1-2y t
t — ) e f (r)dr
-2y o( ) 0( )
t ni T ga almashtirib, Koshi-Bunyakovskiy tengsizligidan foydalanib, quyidagi bahoni olamiz:

lB|+ ‘—J}dm r)dr

Ab+B Hf

Shu tarzda (32) va (33) tengS|zI|kIarn| ham ko* rsatlsh mumkln
J. (z2)=T(v+1)x(z/2) "J,(z) ya'ni Bessel-Klifford funksiyasi yordamida, (21)
tenglikni quyidagicha yozib olamiz:

Tk(t)zpkj/t;_z_y [aﬁ]jwr(a\/zt)J’Bkaz(a\/’Tkt)Jrl_lgy
;H | ), o)) (ap)}f

(v >~Y2)bolganda |J, (z)| <1 tengsizlik o‘rinli boladi. Buni e‘tiborga olib, oxirgi
tenglikni quyidagicha baholaymiz:

S oo

= (DR
J y_l/z(a\,/zt) N (a\/ZT)JZ' f(7)dz].

(1)<

+[By| +

Tl—Z}/
1-2y

Tl 2y

<

To(t)] <

|_2 (oT)"

T (1)<
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Bunda ham t ni T ga almashtirib, Koshi-Bunyakovskiy tengsizligidan foydalanib va hosil
bo‘lgan tengsizlikdagi @, va bk koeffitsiyentlarning o‘rniga mos holda (29) va (30) ko ‘rinishlarini
qo‘yib soddalashtirsak, (34) tengsizlikni hosil gilamiz. Shu tarzda (35) va (36) tengsizliklarni ham
ko‘rsatish mumkin. Lemma isbotlandi.

Endi (28) yechimni yaginlashuvchi ekanligini tekshiramiz. Buning uchun unga majorant
gator tuzamiz.

yuborib quyidagi sonli gatorni hosil gilamiz
LZ(O,T) + ;[\/Zak + bk + ” fk (T)”LZ(O,TJ ’
sonli gatorni hosil gilamiz.

u(x.t)[< kz_c;|Tk (t)X, (x)< kz_0:|Tk (t).
bu funksional gatorga (31) va (34) tengsizliklarni qo‘yib va undagi o‘zgarmas sonlarni tashlab
TH 2T«/_
T ATE ||f
—Zy
(29) integralni ikki marta, (30) integralni bir marta bo‘laklab integrallab f,(x), f,(X)
funksiyalarga teoramada qo‘yilgan shartlarni inobatga olsak

= a? p
2 i } (37)
LG @)

gatorlar hosil bo‘ladi, bu yerda

) 2 [ £1(x) X, (x)dk, bY = [ £(x)X, (x)dx,

Hosil bo‘lgan qatorlardan o‘zgarmas sonni tashlab yuborib

“l1 1
=D+ = 2]
el

gatorlarni  hosil  gilamiz. Bu hosil bo‘lgan  qatorlar  yaginlashuvchi,  chunki

2 o 7K . . S
X, (X) = I—COSI—X funksiyalar (0,|) oraliqda ortonormal sistemanini tashkil etadi.

Shuning uchun har ganday f € L, (0,|) uchun Parseval tengligi bajariladi:

|
Z‘f‘ _J.f dX_Hf L))’ ka_(!.f(X)X

Bundan tashgari, Koshi— BunyakovsklytengS|zI|g|dan foydalanib,

o o v2 oo 12
Slenl<(Za] (3] =la
k=1 k=1 k=1

bizning gatorlar uchun

oo w1 vz .. ) 2 p
ZE0< Y= ( f j = | f
kzz; a (; kzj kzj ] J6

L,(0.1) ”bk

L)’

@)

1k

L))’

i”l £0)| < ii Uz(f“ |2j1/2 _ @)
a K S = k? k=1 2 Lol

Shu sababli, Parseval tengligi va Koshi—Bunyakovskiy tengsizligi natijasida
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=(1
S Ful el
k=1
ya’ni qator yaqinlashuvchidir.
(19) ni bir marta integrallab va teoremadagi shartlarni inobatga olib f (X,t) funksiyani

L f2(t), k=123,.. (39)

fk(t):ﬁ
\/7j sm\/_xdx k=12,3,.... (40)

(39) tenglik orgali (38) ifodani quyldagl ko‘rinishda olamiz:

S
n=1

Koshi—Bunyakovskiy tengsizligiga asoslanib, quyidagi tenglikka ega bo‘lamiz:
Sl v
n=1 “ L(0.T) B 7Z'2 n=1 k2

Ohirgi tengsizlikning o‘ng tomonidagi birinchi gator yaqinlashuvchi, ikkinchi gatorni
yaginlashuvchi ekanligini tekshiramiz. Ushbu magsadda quyidagi ifodani garaymiz

af;g)_[ax axJ [[Zf S'”\/_X\fo sm\/_x] _

zlgﬂ[i cosJ_x2f cos\/_x}dxd i}(fkl(t))dt:ZHf(1

bu yerda

L(0T)

OX
k=1 LZ(O T)

()

L,(0T)

2

(41)

Xl (o)

Bundan esa (17) funksional qator Q sohada tekis va absolyut yaginlashuvchiligi kelib chigadi.
Yuqoridagi jarayonni takrorlab

2 (47T, (t))
funksional gatorni tekis yaginlashuvchilikka telgshlramlz. Buning uchun (42) ga (41) tengsizlikni
qo‘yib, ‘Xk (X)‘ <1 tengsizlikni e’tiborga olib

i{“kf“azkbmakuf Moo }

k=1

t727 (tzyT “X (42)

sonli gatorni hosil gilamiz.
(29) integralni to‘rt marta, (30) va (19) integrallarni uch marta bo‘laklab integrallab fl(X)

, f,(x) va f(x,t) funksiyalarga teoramada go‘yilgan shartlarni inobatga olib, 0‘zgarmaslarni
tashlab yuborib

S L F0) 4 Lo
E[E k 4 Hfa()q(on}
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|
£ =] fl(B)(x)\/Tisin”Tk XX
0
| |
. jf;p(x)ﬁcos”l_kxdx, £9(t)= jf'"(x,t)ﬁsin”T"xdx. Bu hosil bo‘laan

gator Parseval tengligi va Koshi—Bunyakovskiy tengsizligiga asosan yaginlashuvchi. Bundan esa

Mathematics

qator hosil bo‘ladi, bu yerda

t’zy(tzka’(t)) ifodaga mos keladigan funksional gator Q sohada tekis va absolyut

yaginlashuvchiligi kelib chigadi.

Yugorida isbotlanganlardan quyidagilar kelib chigadi:
har bir gator, (1)-tenglamaning hadlariga mos keluvchi funksional gatorlar K € 2 kompakt

to‘plamda absolyut va tekis yaginlashadi,

(23) funksional gator (1)-tenglamani ganoatlantiradi va (2), (3)-shartlarni bajaradi.
Demak, (17) funksional gator qo‘yilgan masalaning yechimi yechimi bo‘ladi.
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Ikki quvuvchi va bir gochuvchi ishtirokida integral chegaralanishli
chiziqgli quvish-qochish o‘yini.
S.0.G‘ulomov?, S.M.Zokirjonov?

Qo‘qon universiteti Andijon filiali, O‘zbekiston, 170619, Andijan sh, Boburshox ko‘chasi 2-B uy
Andijon daviat pedagogika instituti, O‘zbekiston, 170000, Andijan sh, Do‘stlik ko‘chasi 4-uy

Annotatsiya. Biz |, Hilbert fazosida ikkita quvuvchi B, P, va bitta gochuvchi E ishtirokidagi chizigli
quvish-qochish differensial o‘yinini garaymiz. O‘yinchilarning boshqaruv funksiyalari integral cheklovlarga
bo‘ysunadi. O‘yin davomiyligi belgilangan bo'lib, o‘yin to‘lovi yakuniy vaqtda gochuvchi bilan quvuvchilar
orasidagi minimal masofa sifatida aniglanadi. Quvuvchilar bu masofani minimallashtirishga, gochuvchi esa
maksimallashtirishga harakat qiladi. Boshlang‘ich vaziyatlarga qo‘yilgan geometrik shart ostida
o'yinchilarning optimal strategiyalarini quramiz va o'yin ¥ giymatga ega ekanligini isbotlaymiz.

Kalit so‘zlar: Differensial 0’yin, gochuvchi, quvuvchilar, boshqgaruv, strategiya, o‘yingiymati, integral
chegara.

AHHOTauma: PaccmoTpum nuHenHyio auvddepeHumManbHyl0 Urpy npecnefoBaHus-yberaHusa c
Asyma npecnegosatenamun PP, n oguum y6eraowmum E B TunbbeptoBom npoctpaHctee |, .
Ynpaensiowme pyHKUUN UFPOKOB NOAYMHEHbI MHTErpanbHbIM orpaHudeHnsM. MpoaomknTenbHOCTb UMpbl
duKCMpoBaHa, a BbIMIPbIW OMNpedenseTcd Kak MUWHUMMAanbHOE pacCTosHWE Mexay yberawwmm u
npecnefoBaTensMn B KOHEYHbIN MOMEHT BpeMeHu. lNMpecnegoBaTenn CTPEMATCA MUHMMU3UPOBATL 3TO
paccTosiHue, a yberawowmin — MakcumMuampoBaTb ero. [lpy reomeTpuyeckoM YCIOBUM Ha HauvasbHble
no3nLUMN Mbl CTPOUM ONTMMAasbHbIE CTPaTern UrPOKOB U A0Ka3biBaEM, YTO Urpa UMEET LEHY 7 .

KnroueBble cnoBa: [QuddepeHumansHas wurpa, yberawwumin, npecrnegoBaTenu, ynpasneHue,
cTpaTerus, LeHa urpbl, MHTerpanbHoe orpaHuyeHme.

Abstract: We consider a linear pursuit-evasion differential game with two pursuers P,P, and one
evader E inthe Hilbert space |, . The control functions of the players are subject to integral constraints.
The duration of the game is fixed, and the payoff is defined as the minimum distance between the evader
and the pursuers at the terminal time. The pursuers try to minimize this distance, while the evader tries to
maximize it. Under a geometric condition on the initial positions, we construct optimal strategies for the
players and prove that the game has a value y .

Key words: Differential game, evader, pursuers, control, strategy, game value, integral constraint.

I.Kirish. magolalarda O‘zbekistonlik va xorijiy olimlarning
ilmiy ishlari mavjud. Jumladan, [6] maqolada

Quvish-qochish differensial o‘yinlari boshqaruvlariga geometrik chegaralanishli sanoqli
differensial  o‘yinlar  nazariyasining muhim quvuvchi va bir gochuvchili differensial oyin tahlil
turlaridan  biri  sifatida  qaraladi. Integral gilingan. Boshlang‘ich nugtalarga qo‘yilgan
chegaralanishli quvish-gochish diffrensial o‘yinlari geometrik shart ostida o‘yin qiymati y ga teng

[1, 6, 7, 11, 12] maqolalarda o‘rganilgan. [2] ekanligi isbotlangan va optimal strategiyalar
maqgolada  inertial  o‘yinchilar ishtirokidagi, qurilgan. Mazkur magolada chizigli quvish-gochish
boshqaruvlari integral cheklovlarga bo‘ysunadigan differensial o‘yini uchun gochuvchi va quvuvchilar
quvish-qochish differensial o‘yinlari o‘rganilgan. ychun strategiyalar qurilgan bo‘lib, o‘yin giymati ¥
Asosiy natija sifatida quvish va gochish ga teng ekanligi asoslab berilgan.

masalalarining yechilishi uchun yetarli shartlar

keltirilgan hamda Isaacsning “hayot chizig‘i” o‘yini . PR
uchun o‘yinchilarning uchrashish sohasini analitik 1. Masalaning qo*yilishi.

ifodalovchi formula isbotlangan.  Bu natijalar l, bilan cheksiz o’lchamli Hilbert fazosini

Isaacs, Petrosyan, Pshenichnyi, Azamov kabi belgilaymiz
olimlarning fundamental tadgiqotlariga tayangan

holda rivojlantirilgan. l, = {a = (g, 1, iaiz < oo},
i=1

Ko‘p quvuvchili quvish-gochish differensial

o‘yinlari ham differensial o‘yinlar nazariyada

alohida o‘rin tutadi. Bu borada [3, 4, 5, 8, 9, 10]
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skalyar ko‘paytma (-,-) va norma ||-|| odatdagidek
aniglanadi.

Ikki quvuvchi B, P, va bitta gochuvchi E
ishtirokidagi quvish-qochish differensial o°‘yinini

garaymiz.  O‘yinchilarning  harakati  chizigli
dinamika bilan quyidagicha tasvirlanadi

P % =—ax +U;, % (0) =X,

P, X, = —a%, +Uy,  %,(0) =Xy, 1)
E y=-ay+v, y(0)=y,,

buyerda a>0, va x;,%,U;, Xy, Xo0,Us, Y, Yo,V €L, .

O‘yin davomiyligi
Quvuvchilarning  boshgaruvlari  u,(-),u,() va
gochuvchining boshgaruvi v(-) [0,6] vaqt
davomida I, da  berilgan Borel o‘lchovli

funksiyalar bo‘lib, quyidagi integral cheklovlarni
ganoatlantiradi

¢>0 belgilangan.

0 0
Jylm@ P de<pl, [P ds o,

0
[ IV P de<o?,
bunda p,, p,,o berilgan musbat sonlar.

O‘yin giymati yakuniy 8 vaqgtda gochuvchi
bilan quvuvchilar orasidagi minimal masofa sifatida
aniglanadi

DUy (), U5 (), v()) = mind][ ,(0) = Y(O) [} [| X (8) = y(O) [I}-

Quvuvchilar bu giymatni minimallashtirishga,
gochuvchi esa maksimallashtirishga intiladi.

Ta’rif 1. Borel o ‘Ichovli u; :[0,0] —1, (
i =1,2)(mos ravishda v:[0,8] — |,) funksiya
quvuvchi P (mos ravishda qochuvchi E ) uchun
joiz boshgaruv deyiladi, agar u berilgan integral
cheklovni ganoatlantirsa.

Agar o‘yinchilar joiz boshqaruvlardan
foydalansa, u holda (1) tenglamalarning yechimlari
guyidagicha ifodalanadi

X (t) =e X, + I;e’a(t’s)ui (s)ds, i=1,2,

V(1) = ey, + [ Iv(s)ds

136

Ta‘rif 2. U, :[0,0]x1, —>1, (1=1,2)
funksiya quvuvchi P, ning strategiyasi deyiladi,
agar gochuvchining har bir joiz boshgaruvi v(-)
uchun

% =—ax +U;(t, y(t), x%(0) =Xy,

boshlang ‘ich shart masalasi C(0,6;l,) da yagona
yechimga ega bo‘Isa. U, strategiyasi joiz deyiladi,
agar har bir joiz v(-) uchun hosil gilingan
0
5, =Vt y(©) boshaaruvi [y @)1 dt<p?
shartni ganoatlantirsa.
Ta‘rif 3. V :[0,0] <1, x|, — 1, funksiyasi

gochuvchi E ning strategiyasi deyiladi, agar
guvuvchilarning har bir joiz boshgaruvlari
u, (),u,(-) uchun

% =—ax +Uy(t), % (0) = Xy,
X, = —aX, +Uy(t), X,(0) = Xy,
y=-ay+V(t,x )., %), y(0)=y,,

sistema (% (),%,(-),y()) Yyagona yechimga ega
bo‘lsa. V strategiyasi joiz deyiladi, agar har bir joiz
U (),u, () uchun hosil gilingan
v(t) =V (t, x (1), %, (1)) boshgaruvi

4
J.O | v(t) |]* dt <o shartni ganoatlantirsa.

Ta‘rif 4. O yinning quyi giymati deb
L= inf sup ®U,(-).U,(),v())

UpUs v

ga aytiladi, bunda infimum barcha joiz quvuvchi
strategiyalari bo yicha, supremum esa
gochuvchining barcha joiz boshgaruvlari bo ‘yicha
olinadi. Yugori giymat esa

C=sup inf @, (),u,().V())

\Y Ul(')xuz O]

bo‘lib, bu yerda supremum qochuvchining joiz
strategiyalari bo ‘yicha, infimum esa
guvuvchilarning joiz boshgaruvlari  bo ‘yicha

olinadi. Agar T=T"=y bo’lsa, u holda y o‘Yin
giymati deyiladi.

I11. Asosiy natija.

Bir quvuchi va bir gochuvchili hol. 1kki
qguvuvchi va bitta gochuvchi ishtirokidagi asosiy

o‘yinni tahlil gilishdan oldin, bir quvuvchi P va bir

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026



MATHEMATICS 137

gochuvchi E ishtirokidagi sodda differensial )
o‘yinni qaraymiz. Ushbu o‘yin quyidagicha -a(0-s) -a0 _y o-a0 <w?p?_
ZIOe (Yoe X€ U, V(s))ds<y p

aniglanadi *)
i el
P : X=—aX+U, X(O)zxo, (2) . .
E i y=-ay+v, y(©0)=Y, munosabat hosil bo‘ladi.
o Endi quvuvchining boshqaruvini
bu yerda u,v joiz boshgaruvlar bo‘lib, quyidagi _x,e |P
0

, 0 e
integral cheklovlarni ganoatlantiradi: baholaymiz. IO ||ug (S) HZ ds = 1% 5
74

'[:” U(t) ||2 dt sz, J09||V(t) H2 dt SGZ, ekanligidan foydalanib,

bunda p,o berilgan musbat sonlar.

0 e—a@ -X e—a@ 2 0
it iy i J a1 ds =282y s vtsos
uyidagi funksiyani kiritamiz:

= +[[lv(s) | ds
= [[fez09gs = 226 0 |
v = Ioe ds = Y

O‘rtadagi go‘shiluvchini yuqoridagi (*) tengsizlik

Ma’lumki, quvuvchining  boshlang‘ich X yordamida qayta baholaymiz

o

nugtasidan @ vaqtgacha erishish to‘plami yopiq
[ 14

shar 2J' (Up(s), v(s))ds = %J. e 209 (y,e —x,e, v(s))ds
0 174 0

He™ . .
&%, wp), sz_o_z_” Yo " —x,e ™ |
va shunga o‘xshash qochuvchining erishish to‘plami y

He *y,,yo) dir.

4
[ Ivs)|? ds<o® ekanligini e‘tiborga olsak,
Yordamchi o‘yin uchun quvuvchining ”°

quyidagi strategiyasini ko‘rib chiqamiz J‘g [u(s)|P ds < | Yoe 2 — %87 |
0

2 2
> +p° -0 -

u(t) =uy(t) +v(t), 0<t<g, 3 0 w2
Y™ —xe™ |
bu yerda w?

ekanligi kelib chigadi. Demak strategiya joiz.

2

+ol=p

U () = Vo™ %€ a0y
0 v’ ' x(0) = y(0) ekanligini tekshirish uchun u

ni yechimga qo‘yamiz

Lemma 1. Agar gochuvchinin 1)
Jard 9y x(a):xoe-ag+j:e-a<9—s>uo(s)ds+j:e-a<9—s>v(s)ds.

vaziyati
Birinchi  integral = qurilishiga  ko‘ra
2(y,e ™ - xe ™, y(0)) <v’p®-vy’c? yoe % —x,e* ga teng, ikkinchi integral esa aynan
+[| Yo& ™ IF =11 %€ I, y(8) — y,e* dir. Shuning uchun x(6) = y(6) .
4)

Endi esa (1) tenglama bilan tavsiflangan
shartini ganoatlantirsa, u holda (3) strategiyasi joiz ikki quvuvchi va bitta gochuvchi ishtirokidagi
bo‘lib, x(8) = y(8) bo‘lishini kafolatlaydi. o’yinni tahlil qilamiz.
Isbot. Awval @) shartini O‘yin qiymatini quyidagicha aniqlaymiz
0 = . —af
y(0) = y,e +'[0 e 30=%)y(s)ds tenglik yordamida y =inf {I 20:H(ye .yo) =
gayta yozamiz. Almashtirishlardan so‘ng H (%08~ y01 +1) U H (%08~ yp, + I)}
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Boshgacha aytganda, y shunday eng kichik manfiy
bo‘Imagan sonki, gqochuvchining erishish to‘plami

quvuvchilarning | ga kengaytirilgan to‘plamlari
birlashmasi yordamida qoplanadi.

Lemma 2 . Faraz gilaylik, shunday noldan
fargli p, €l, vektori mavjudki, i =1,2 uchun

(Yo — %067, p,) >0 bo lIsin.

a) Agar biror i uchun
H(y,e ¥, wo) c H(x.e *,yp,) bo’lsa, u holda
H(yoe ™ yo) < X;,

bu yerda X; Lemmaldagi kabi aniglanadi.

b) Agar &>0 uchun

H(yoe ™ o) = H(xe ™ yp, —&) =12,

bo’lsa, u holda shunday ¥ e S(y,e *,wo) nugta
mavjudki, || ¥ — %, |>wp, (i =1,2) bo ladi.

Lemma2 ning isboti Ibragimovning [5]
maqolasida keltirilgan.

Theorem 1 Faraz gilaylik, shunday
noldan fargli p, 1, vektori mavjud bo lib,
quyidagi

(yoe_ag - X10e_a9, Py) =0,
(yoe_ag - Xzoe_aga Py) = 0.

tengsizliklarni ganoatlantirsa u holda (1) o‘yin y
giymatga ega bo ‘ladli.

Quvuvchilar va qochuvchi  uchun

strategiyalarni quramiz.

optimal

Quvuvchilarning optimal strategiyalarini qurish
Har bir i=1,2 uchun soxta quvuvchi z; ni
kiritamiz, uning harakati

— — ¢ 2 —=2
2 =-az+w, z(0)=%, [ [w® d=p?,

bunda p =p, +y/y Dbilan berilgan. z, soxta
quvuvchining to‘plami

H (x0e™ ,wB) = H (%™ wp; +7) bo’ladi.

erishish

Quvuvchi
tanlaymiz

strategiyasini  quyidagicha

138

_ Xioe—ae

W’

e _a(o-
u()i (t) - yO e a(o t).

Berilgan &>0 wuchun p, ()= p, +1+ki ni
olamiz, bu yerda k; =max{1,p}. Huddi [6]
magoladagi kabi z; hamda z;" vagtlarni aniglaymiz

¥ = min{@, inf {tzO:LjHum (s)+v(s)|P ds = ﬁf(s)}},

va z; ham xuddi shunday aniglanadi, ammo p, (&)
o‘rniga p; bilan. Soxta quvuvchilar uchun quyidagi
strategiyalarni quramiz

=] BOTO. 0stze
0, 7f <t<é,
W (t) = {um ®+v(t), 0<t<g,
0, 7, <t<6.
P hagigiy quvuvchi  quyidagi boshgaruvni
go‘llaydi
u®=2w), o<t<o.

Quvuvchilar uchun kafolatlangan natija
Har bir joiz v(-) gochuvchi boshgaruvi

uchun
min{]| x,(6) — y(6)

ekanligini ko’rsatamiz.

X (0)-y(@) [F<y

olib,
aniglangan z soxta quvuvchilarini garaymiz. y
ning ta’rifiga ko’ra, har bir joiz v(-) uchun

Ixtiyoriy &£>0 ni p.(g) bilan

2
¥(6) e H(yoe ™ o) = H (%08 ™y + 7+ 1 k)

i=1

Demak, shunday ie{1,2} indeksi

o’rinli.
mavjudki,

y(0) e H(xoe ™ yp; + 7 +&1k).

P, hagidagi faraz va Lemma 2(a) dan foydalanib,
y(0) € X ekanligini olamiz, bu yerda
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XE={zel, 2(y,e ™ —x,e %, 2) <

(wp, +7+5/ki)2 —(yo)’+ | YOeia(9 ”2 =l Xioeiaa HZ}

y(0) € X{° sharti aynan Lemmal dagi kabi farazdir,
bunda p o‘rniga p +(y+e/k)/y olingan.
Shuning uchun shu i uchun z® soxta quvuvchi
z'(@)=y(@) ni ganoatlantiradi va uning w;
boshgaruvi p, (&) joizdir.

Endi haqigiy quvuvchi P va y(6)
orasidagi masofani baholaymiz:

1Y(0) =% (0) Il 27 (6) — X (0) |}<

< [T |l w (5) - wi(s) s +

+J‘9e7a(9—s) | W (8) - @Wi (s) l|ds.
0 Pi

Birinchi integral [6] magola isbotidagidek K+/e
bilan chegaralanadi, chunki z7 > ;. Ikkinchi had
uchun

0 .
[ e =L wi(s) s <
0 Pi
<(-2yp =Lyp =7,
A 7

Shunday  qilib, [ guvuvchi  uchun

1y(0)—x (O) ||l 7+ Kz . £—0da
min | ¥(0) =% (9) <7

kelib chigadi. Demak,
L = inf sup®U,,U,,v)<y.

Uz v()
Qochuvchi uchun kafolatlangan natija
Endi gochuvchining shunday strategiyasini
guramizki, u

inf

O, (),u,()\V) =y
u Oy ()

ni kafolatlaydi.

1VV. Xulosa.

139

Agar y=0 bo’lsa, tengsizlik bajarilishi
ravshan. Shuning uchun » >0 deb faraz qgilaylik. »

ning ta’rifiga ko‘ra, ¢ >0 uchun

2
H(yoe™ o) 2 | JH (5oe ™y +7 - )

i=1

munosabat o°rinli.  Shuning uchun shunday

¥ €S(y,e ™, wo) nugta mavjudki,
1Y =%oe™ |2y +7, 1=1,2.

bu yerda S(y,e *,wo) - markazi y,e ™ nugtada,
radiusi esa wo ga teng bo‘lgan sfera.

Qochuvchi
foydalanadi

quyidagi strategiyadan

N3 —ad

v(t) = %e’a(g") . 0<t<é,

bu boshqaruv joizdir, chunki
0 T _ e—aH 2 0 g o 2
J.O ||V(t)||2 dt=||y yO4 || J‘ e 2a(o t)dt: (l// 4) l//2:O'2.
v 0 v

Bundan tashqari, y(8) =Y.

Quvuvchilarning ixtiyoriy joiz u,(-),u,()
boshgaruvlari uchun har bir i da

| % (@) -y@) |y - Xioe_ag | =1 %:(8) - Xioe_ae >
2(yp +y)-wp =v

bo‘ladi. Shunday qilib
D(uy,U,,V) = mind]| x,(6) — y(0) [, X, (6) — Y(O) [} = »
va natijada

T =supinf ®(U,,u,,V) > 7.
VU,

Ikkala natijalarni birlashtirib T <y <T ni
olamiz. Har doim T >T ekanligidan T=T =y

ekanligi kelib chigadi. Demak, o‘yin »
giymatga ega .

Biz |, Hilbert fazosida integral cheklovlar

ostidagi ikki quvuvchi va bitta gochuvchi

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026



MATHEMATICS

ishtirokidagi chizigli quvish-gochish differensial
o’yinini o’rgandik. O‘yin giymati sifatida yakuniy
vagtda qochuvchi bilan quvuvchilar orasidagi
minimal ~ masofa  belgilandi.  Boshlang‘ich
vaziyatlarga go‘yilgan geometrik shart ostida o‘yin
y Qiymatga ega ekanligini isbotladik, bu y
gochuvchining erishish to‘plami quvuvchilarning y

ga kengaytirilgan erishish to‘plamlari birlashmasi
bilan qoplanishini ta’'minlaydigan eng kichik manfiy
bo‘Imagan sondir. Quvuvchilar va gochuvchi uchun
optimal strategiyalar qurildi va o‘yin qiymati
aniglandi.
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06 ogHOM cnocobe npecnepgoBaHus B auddepeHUManbHO-Pa3HOCTHbIX
ypaBHEHUAX HEUTPAsNIbHOIro TUNa ¢ UHTEerpasnbHbIMU U Pa3fINYHbIMU
OrpaHM4YeHNAMM Ha ynpaBreHUst UrPOKOB

H.A. Mamaganues?, T.T. U6anagynnaes?

1HauyuoHarnbHbIl yHUBEpCcUMem Y3bekucmaHa
2AHOuxaHcKul e2ocydapcmeeHHbIl yHUsepcumem

AHHOTauusA. B HacTodwen paboTe OCHOBHOE BHMMaHWE YOENsieTCs WCCRefoBaHWo 3agauv
npecnegoBaHus OMUCbIBAEMON CUCTEMOW NMHEWHbIX AnddepeHLnanbHO-pasHOCTHbIX  YpaBHEHUN
HeﬁTpaanoro TMNa npu WHTEerparnbHbIX OrpaHUYeHUAX Ha YynpaBrieHna Urpokos. TepMMHaanoe
MHOXeCTBO MpeacTaBnseTcd B BMAE UuIMHApPa B n— MEPHOM €BKNMMOOBOM npocTpaHcTee. [lpu
nccnengoBaHmMn aTon 3ajayn nonyvyeHbl HOBble OOCTATO4YHbIE YCnoBuA ONA pa3penMocTn 3afadu
npecnegoBaHus.

KnioueBble cnoBa: [uddepeHumanbHO-pa3HOCTHbIE YPaBHEHWS, TEPMUHANbHOE MHOXECTBO,
HeWTpanbHbIA TUM, MHTErpanbHbIe OrPaHUYEHNst, 3agada npecnegoBaHns

Annotatsiya. Ushbu ishda asosiy e’tibor o‘yinchilarning boshqaruvlari integral chegaralanishli
neytral tipdagi chizigli differensial-ayrimali tenglamalar sistemasi bilan berilgan quvish masalasini tadqiq
etishga qaratilgan. Terminal to‘plam n— o‘lchamli fazoda silindr ko‘rinishida tasvirlangan. Ushbu masalani
tadqiqg etishda quvish masalasini yechish uchun yangi yetarli shartlar olingan.

Kalit so‘zlar: Differensial-ayrimali tenglamalar, terminal to‘plam,
chegaralanishlar, quvish masalasi.

Annotation: In this work, a pursuit problem described by a system of linear neutral-type differential-
difference equations, where the players' controls are subject to integral constraints is studied. The terminal
set is defined as a cylindrical set in n-dimensional space. In the study of this problem, new sufficient
conditions to solve the pursuit problem have been established

Keywords: Differential-difference equations, terminal set, neutral type, integral constraints, pursuit
problem

neytral tip, integral

Beenenue. KpaTtkass MOXHO paccMarpuBaTh KakK YaCTHBIM CIllydau
XapaKTepPUCTHKA padoThI. Teopuss nepBOM, KOTJa YNUCIO UTPOKOB PaBHO 1.
KOH(IMKTHO YIPABJISIEMBIX IIPOLIECCOB Juddepenumanbiple  UIpbl  UMEIOT
IIPEJICTaBIISIET coboit UHTECHCUBHO CBOMM HCTOYHMKOM IPAKTUYECKHE 3aJadH.
pa3BUBaOLIMNCSA pasznen COBPEMEHHOM OTH 3a7audl YKIAJbIBAIOTCS B CIEIYIOLLYIO
MaTeMaTHKU. B naHHON Teopuu uccienyrorcss oOmryro  cxemy. Mwmeercs auHamuyeckas
3a1a4u yIpaBICHUS JUHAMUYECKMMHM  CHCTE€Ma, OIHChbIBaeMasi  OOBIKHOBEHHBIMU

MPOIIECCAaMH B YCIOBHSX KOH(DIMKTA, KOTOPBIi
npeanoyiaraeT HaJluyue JABYX WM Ooiee
CTOpPOH, CIOCOOHBIX BO3JCHUCTBOBaTH Ha
mpoliecc € MPOTHUBOMOJIOKHBIMH ~ WJTH
HECOBIAJAIOIIMMHU LIESIMA U ONITUMHU3UPOBATh
3a/laHHble (PYHKIMOHAJIBI KauecTBa Ipolecca.

muddepeHIMaTbHBIMUA YPaBHEHUSIMH, KOTOPBIE
CBA3BIBAIOT €€ (ha30Bble KOOPIAUHATHI C
VOPABISIIOUMMUA U JIpyTUMH cujamu. YacTh
CHWJI HalleJIeHa Ha BBINOJIHEHHE KaKoh-TO
3a/laud, Jpyrue€ CWIbl MOTYT  MelaTh
JOCTHKEHHIO 3ToM 1enu. [loatomy mporecc

KoHduukTHO yrpaBiisieMble IPOLECChl,  TPAKTyeTcs KakK urpa MEXIY
ONHUCHIBAEMBIE OOBIKHOBEHHBIMU ~ NPOTUBOOOPCTBYIOIIUMU CTOpOHAMH,
Qg depeHIaIbHBIMU YPaBHEHUSIMH, KOTOPBIM IIPUITUCHIBAETCS BJIACTH HAJ TOU WM
Ha3bIBAIOT Ju(depeHnrnaIbHbIMU  UTpaMu, HHOM rpynnoi cwi. Ilpu »TOoM wurposoit
TepMUH  OBT  BBEIEH  aMEPUKAaHCKMM  XapakTep  TakuX  KOHQUIMKTHBIX  3ajad

Marematukom P.Aiizekcom [1] - omamMm w3

YIPABJICHHUS TPOSBISAETCS OCOOCHHO B TOM

OCHOBOIIOJIO’KHUKOB TEOpUU  TPEATNIONOKEHUH, YTO TOMY WJIM HHOMY UTPOKY
b hepeHIMaTbHBIX UTp. B KaXJblii MOMEHT BPEMEHHU HE U3BECTEH TOYHO
Huddepenumanbaple  Urpsl - OAWH W3 Oyxaymuii oOpa3 aeicTBU MPOTHUBHUKA, U MPH
BAKHEHIINX  pa3/leioB  MAaTeMaTH4YEeCKOM  OINpENENIeHHH CBOMX JEHCTBHM 3TOT HUIPOK
TEOpUU YNPABICHHUS, B KOTOPOM HM3y4aeTCsi MOXET  ONUpaTbcsd  JUIIb HAa  3HAHHE
yhnpaBjieHHe OOBEKTOM B  KOH(MDIUKTHBIX (PU3MYECKHMX  BO3MOXKHOCTEM  CBOMX U
curyauusx. Teopust nuddepeHHanbHbIX UIP  MPOTHUBHHKA. Tunuunele 3a/1a4n
pasBUBaeT MAEM MU MeTOAbl  Teopuu JIu(epeHUHaNbHON WIPBl  SIBISAIOTCS, Kak
ONTUMAJIBHOTO  YIpPaBJICHHS; IIOCIEAHIO  3aj1ada 0 Ipeciae10BaHun OJITHOTO

JBUKYIIETOCS yIPaBIsIeMOro o0beKTa IpYTruM,
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3ajada O TPUBEACHUHU YIPABISEMOT0 00bEKTa
B 33aJaHHOE COCTOSHHUE TIPU HEH3BECTHBIX
3apaHee BO3MYIIAKOIIUX CHJIAaX, 3a7ada o0
yIpaBIeHUH  OOBEKTOM MpPHU  HEMOJHOU
uHpopmanut o ero TekymeMm (a3zoBom
cocrossHuu u np. Ilpum 3TOM mpecnenyromuit
CTPEMHTCSI OCYIIECTBUTH BCTPEUY KaK MOMHO
paHblIIe, a peciIeyeMblil CTPEMHUTCS OTTAHYTh
€¢ Ha BO3MOXXHO TTO3THHIA CPOK.

OCHOBHBIM MaTeMaTHYECKUM
amnmaparoM Teopudu IUGGEpeHITNaTbHBIX UTP
SBIISICTCS TEOPHS OOBIKHOBEHHBIX
Qg epeHImaIbHbpIX ypaBHeHUH. C MTOMOIIBIO
muddepeHaIbHbBIX  ypaBHEHUH  yJaaeTcs
OINHKCaTh M WMCCICIOBATh LENBIH PsiJl BaXKHBIX
3aKOHOB  ()M3WMKHM,  MEXAaHUKH,  XUMHH,
OMOJIOTHHU, aCTPOHOMUH, SKOHOMHUK U, TCOPUHU
yrnpaBieHus.  Mcnonb3oBaHMe — ammapara
QG epeHIMaIbHbIX YPAaBHCHUN TTPUBOJIU T K
TOMY, YTO B TE€OpHH TU(PPEpEeHIINATBEHBIX UIP
OCTPO BCTAIOT PA3JIUYHBIC MPOOJIEMBI TCOPUU

QG epeHIaIbHbIX YpaBHEHUH. Or1o
00CTOSITEIILCTBO OTJINYaeT TEOPHUIO
mudepeHaibHbpIX ~ UTp  OT  JAPYIHX

HANpaBJICHUH TEOPUU UTP U IOPOXKIACT e
OIIPEJIETICHHYI0 CaMOCTOSITEIbHOCTh. TeopHs
TuddepeHIaIbHbIX UTp cHOPMHUPOBATIACH KAK

CaMOCTOSITENIbHAsL ~ HayKa CPaBHUTEIBHO
HEIABHO.

Teopuss nuddepeHunanbHbIX UTp -
MaTeMaTHuyecKass  Teopusi  KOH(IMKTHBIX
CUTYyaluH, OTIHCHIBAEMBIX
T depeHIMaIbHbIMI  YPaBHEHUSMHU u

UMEIOUIMX MECTO B pa3jIMuYHbIX O00JacTAX
YeJI0BEUECKOU JEeATEIbHOCTH. Kpome
UCCIIEIOBaHMsI KOH(IMKTHBIX CUTyalUd B

Teopun mddepeHnnanbHbIX urp
paccMaTpUBAIOTCS W 3aa4d  ONTUMAIIHOTO
yIpaBJIeHUs,  OCJIOXKHEHHOTO  HAJIWYHEM

Pa3IMYHOTO POja MOMEX.

CucremaTnueckoe pa3BUTHE TEOpUU
muddepeHIIMaTbHBIX UTP HA4yaloch B KOHIIE
50-x u Hayane 60-x ronoB XX cronetus. OHO
CTUMYJIMPOBAIOCH MOTPEOHOCTSIMHU MPAKTUKH,
OONBIIMMHM ~ yCHeXaMM  MaTeMaTH4YecKon
TEOpUU  YIOpaBIEHUS, TEOPUHU UIP U
uccienoBanus omnepauuid. Ilporpecc Teopumn
TG depeHIMATBHBIX UTP CBSA3aH MPEXkKIE BCETO
¢ wumeHamun JI.C. Ilontpsruna, H.H.
Kpacosckoro, E. ®. Mumienko, P. Aiizekca, V.
@®nemunra. KpynHblii Bkiag B pa3BUTHE
teopun nuddepernuanbabx urp Baecu 10.C.

136

Ocunos, b.H. ITmennunsiid, JI.A. TletpocsH,
AW. Cy066otun. HWHTepecHblE pPe3yIbTaThI
MOJy4YeHbl B ucciaenoBaHusx A.A. A3amoBa,
A, AsumoBa, H.JIL. TI'puropenko, P.B.
lNamkpenunze, II.B.I'ycsiTHUKOBA,
A.B.Kpsxumckoro, A.b. Kypxanckoro, A.H.
Kpacosckoro, A.A. Menuksna, M.C.
Huxonbsckoro, H.H. [1erposa, H.}O. Catumosa,
H.H. Cy66otunoii, B. E. TperbsikoBa, B. H.
Vmakosa, B. . Yxo6orosa, A.3. ®Pa3bln0Ba,

A.I'. UYennona, @.JI. UYepnHoycbko, A.A.
Uukpusa, JLII. ¥Oras, B.T. CamaroBa, H.A.
MamananueBa, [.M. HOparmmoBa u ux
YUECHHKHU.

OcHoBonoJyararolui BKJIaJ B pa3BUTHE
Teopur  TUPPEpPeHIINAIBHBIX HUTP BHECIH
kol JI.C.ITontpsruna u H.H.Kpacosckoro.
H.H.KpacoBckuM u mpencTaBUTENsIM U €T0
HAyYHOW IIKOJBI OBLI HPEIJIOXKEH U Pa3BUT
MO3UIMOHHBIA TTOAX0/ K U depeHITnaIbHBIM
urpam [2], [3], [4]. DTOT noaxo, OCHOBaHHBII
Ha KOHCTPYKTHMBHBIX 3aKOHAX YIPABICHUS C
00paTHOH CBS3b10, O3BOJIUI CHOPMYITHPOBATH
U JI0Ka3aTh LEHTPaJbHBIA pe3ynbTaT TEOPUU
MNO3UIMOHHBIX AU(PPEpeHINnaTbHbIX WIP -

TeopeMy 00 anprepHatuBe [3]. 3agau a
IpecieOBaHusl,  MpeACTaBiIseT  OOJIbLION
MIPAaKTUYECKUI M TEOPETUYECKUM HHTEpEC.
Uwmeercs  psg  pabor, MOCBSIIEHHBIX
g depeHIMaTbHBIM UrpaM, YaCTHBIM
CIly4aeM KOTOPBIX

SBJIIETCS 3ajaya IpeclieJoBaHUs. 37ech, B
IEepBYIO O4Yepellb, CIEeIyeT OTMETUTh KHUTY
Aiizekca [1], xoTopas comepku T OOJbIIOE
KOJIMYECTBO MPHUMEPOB U HA HUX JOCTATOUHO
rI1yOOKO BBISICHEHBI BCE OCHOBHBIE
NPUHILIUIIAATIBHBIE TPYAHOCTH mpobnemsl. [Ipu
9TOM  3aCiIy’XMBaeT BHUMaHuU€ TO, 4TO
yIpaBJIeHUs] TMPOTUBOOOPCTBYIOIIUX CTOPOH
KOHCTPYUPYIOTCSI B BHJIE CHHTE3HPYIOUINX
GyHKUMHA, T.e. OHHM 3aBUCAT TOJBKO OT
COCTOSIHUSI UTPBI. P. AiI3€KC ¢ MOMOIIBIO CBOETO
MeToJ1a peni MHOTO WHTEPECHBIX
MPUKIIQIHBIX 3a/1a4 U TOTYYHI OPUTHHAIBHBIC
pe3yJIbTaTHI.

@dyHaaMeHTaJIbHbIE PE3YyNbTaThl IO
PELIEHUIO mddepeHnnanbHbIX urp
npecnefaoBanus U yoeranus nomyuywin JI. C.
[Montpsirun u E. ®. Mumenko [5]. B pabore
[5], chopmynmupoBaHbl TOCTATOYHBIC YCIOBHUS
paspelrMoCTd  33/1la4d  TIPEClieIOBaHUS B
HEeTWHEHWHBIX auddepeHmaIbHbIX urpax. B
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Hell ucronb3oBaH (opMaiau3M MpPUHIUINA
MakCUMymMa - OJHOTO M3 LEHTPaJbHBIX
METOJIOB TeopuHu ympanieHus. OCHOBHOI
pe3ynbTaT 3aKioyaeTcs B OMHMCAaHUU 9
MHO’KECTBa HAYaJIbHBIX TOUEK (COCTOSHUN), U3
KOTOPBIX rapaHTUPYETCs BO3MO>XHOCTh
3aBepIICHUs] TPECIEIOBaHUS, a TaKke B
BBIUUCIICHUM BpPEMEHHM TMpECcIelOBaHUsA, U
croco0 dbopMHupOBaHUS yIpaBIICHUS
IIPECIIE0BATENs], PEATU3YIOIIEr0  IPOLECC
npecie10BaHusl.

Yuponieaue pe3ylnbTaToB padoTel [5]
nonyuenHoe JI. C. Tlontpsiruaeim u E.D.
MulieHko, B KOHEYHOM CUE€T€ IPUBEIO K
co3ganuto JI. C. IloHTpSATHHBIM NEpPBOTO U
BTOPOTO (IIPSIMBIX) METOJOB PELIEHUS 3a/1a4u
npecie10BaHus JUTSE JMHEHHBIX
muddepeHmanbHpIX urpax. s pemeHus
MOCTABIICHHOW 3a/ladyll BBEICHBI HEKOTOpbIE
Olepanvy HaJ BBIITYKIBIMA MHOXKECTBAMH, B
YACTHOCTH ONEpalUi0  aJbTEePHUPOBAHHOTO
WHTEPUPOBAHUS BBHITYKJIBIX MHOXECTB. Bce
paccMaTpuBaeMbIe B JTATbHEHIIIEM MHOXKECTBA

ABJSIIOTCA ~ 3aMKHYTBIMH  ITIOJMHOKECTBAMH
npoctpanctBa R™: B npojoimkeHue nepBoro u
BTOPOTO METOJI0B

JI.C. Tlontpsruna B paborax [5,6,7] H.IO.
CatumoBbIM [8] TIpeayioKeH Tak Ha3bIBA€MBbIit
TpeTUil  MeTox  peleHus  3a1ad = u
MpeCIe 0BAHUS B JIMHEMHBIX
T depeHMaIbHbIX Urpax. ODTOT METOA B
HavaIbHbIX BapHaHTax 3aHHUMal
IIPOMEXYTOUHOE I0JIOKEHUE MEXIy
YIIOMSHYTBIMH ~ BBIIIIE TIE€PBBIM M BTOPBIM
MeTtojamu. JlanpHeiiee pa3BUTHE 3TOT METO]
(ero Moaudukanuu) TOIyYHSI B paboTax
A.A3amoBa, b.CamaTtoBa [9], M.C.
Hukonbckoro [10], H.}O.Catumora [8].

Bo Bcex ymoMsHYTBHIX BbIlIe paboTax
N3Yy4aJINCh muddepeHnanbHbIe WTPBI,
OTHCBIBaEMbIe OOBIKHOBEHHBIMU
muddepeHIMaTbHBIME YpaBHEeHUSIMH. OJTHAKO
npu 0oyl ee TIIATETBHOM M3YYEHHU YacTO
CTAaHOBUTCA  OYEBHUIHBIM,  4YTO  OoJee
peaqucTU4yHas ~ MOJAEIb  UIPhl  JIOJDKHA
BKJIIOYATh HEKOTOpPbHIE M3 MPEAIIECTBYIOMINX
COCTOSIHUH cucTeMbl. OTMETUM, YTO YCHIIUSAMU
MaTeMaTHKOB  pa3HBIX  CTpaH  Teopus
QG epeHIaIbHbIX YpaBHEHUN c
OTKJIOHSIOLIUMCSI apIyMEHTOM (B OCHOBHOM,
3aMa3AbIBAlOLIETO0 U B HECKOJIBKO MEHbIIEH
CTENEHW HEUTPaJbHOTO THUIIOB) TIyOOKO
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pazpaboTaHa B pa3IUYHBIX HamNpaBlICHUSIX,
HalJIeHbl €CTECTBEHHBbIC MOCTAHOBKHU 3aJ1ay U
yCTaHOBUJIACh aJIcKBAaTHAS TEPMUHOJIOTHSI.

B  nocienHee  BpeMs  €KErogHO
yOJIUKYIOTCS Oonee COTHH pabor,
MPEACTABISAIONMX MaTEeMaTUYECKUM HHTEpecC,
MOCBSILIEHHBIX TEOPHUH U  MPUIOKEHUSIM
Qg depeHraIbHbIX ypaBHEHUN c
3amaszapiBaroluM aprymeHToM. [losBunuces u
CBOJIHBIE Pa0OTHI, OTHOCSIIUECS K ITOMY KPYTy
UJei; el IOJHOCThIO WIM B 3HAYUTEIbHOMN
CTEIIEHU TNOCBslIeHb KHUTH P.bemnMana u
K.Kyka [12], C.b.Hopkuna [13], x.Xeiin [ 14]
u 1p. OHU TOCBSAIIEHBI HANOOJIee BAKHBIM TSI
MPUIIOKEHU N pazaenam Teopuu
g hepeHIMATBEHBIX ypaBHEHU c
OTKJIOHSIFOLIIUMCSL ~ apTyMEHTOM -  TEOpUH
TMHEHHBIX  audepeHnanTbHO-Pa3HOCTHBIX
YpaBHEHUH U TEOPHUH  YCTOWYMBOCTH.
[Ipocreimmii TN 3aBUCUM OCTH OT IPOILIOrO
B MU depeHIHaNbHbIX UTPaX OCYIIECTBISAETCS
yepe3 (a3oBbie IEPEMEHHEBIE.

Wzyuenuro nuddepeHnaibHbIX Urp,
OTHCHIBAEMBIX muddepeHIraTbHO-
pPa3HOCTHBIMH  YPAaBHEHUSIMU, IOCBSIICHbI
pabotrsr H.H.Kpacosckoro, HO.C. Ocwurmosa,
A.b.Kypxkanckoro, A.B.Kpspkumckoro, B.H.
MaxkcumoBa. B 3tux paborax mnpuBoasATCS
JIOCTaTOYHBIE YCIIOBHS YCHEIIHOTro
3aBepiieHus auddepeHImaIbHO-pa3HOCTHON
UTPhl CONMMKEHUSI, BBIACHACTCS CTPYKTYypa
OKCTPEMAJIbHBIX ~ CTpaTeruil  COJMMIKEHUS,
JoKa3aH P  TeopeM 00 anbTepHATUBE.
B pab6orax M.C.Hukonsckoro [JAH, VY],

A.A.Yukpuii, I'.1].Yukpuii [av],
A.ITl.KonoBasos [1,2] H3yYaAOTCA
muddepeHIaTbHO-Pa3HOCTHEIE UTPBI

MPECIeIOBaHUsl TIPU TEOMETPUYECKUX M TPH
UHTETPAJbHBIX OTPAaHMUYCHUAX Ha YIpPaBJICHUS
HUTPOKOB. Uccnenosana CTPYKTYypa
mudepeHManbHbBIX ~ UTP,  ONMHMCHIBAEMBIX
YPaBHEHHSIMH C 3aI1a3/[bIBAIOIIIIM apTYMEHTOM.
B  pabore  A.AYukpuii, [I'.L[.Hukpuii
n3ydarorcess  nuddepeHnaibHO-pa3HOCTHBIE
UTpBl  TpECleOBaHUs] MHOTHX JIUI HpU
Te€OMETPHUECKUX OTpaHUYEHUSX Ha
yIpaBJIeHUs] UTPOKOB. B wactHocTH B pabote
M.C.Huxkomnbckoro [11] MPEJI0KEHBI
KOHCTPYKLIUU  SIBJISIOIIUECS  €CTECTBEHHBIM
o6o6mennem koHcTpykiuid JI.C.ITonTpsiruaa
[7] Ha ciyuait nuHeHHBIX 1UddepeHInATBHBIX
WUTp TIpU HAJIMYWK 3ana3fpiBanuil. [TomydeHsr
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HCKOTOPBIC OOCTATOYHBLIC YCJIOBHA O6H_[CFO
BUJA, IPH BBINIOJIHCHUN KOTOPBIX IJIA JAHHOT'O
Ha4YaJIbHOI'0 COCTOAHHA TapaHTUPYETCA, YTO
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UTPOKOB. TepmunanbHoe MHO>KECTBO
IPEJCTaBISIeTCA B BUJE LIMIUHAPA B N-MEPHOM
€BKJIMJIOBOM TMpOCTpaHcTBe. Pa3pabortanel u

IpecielOBaHUE U3 H €ro MOXET ObITb MPUMEHEHBl aHAJIOTH  TPEThEro  MeToja
3aKOHYEHO 3a KOHEYHOE BpEMs. IIpECIE€NOBaHUS  JUId  pelIeHHus  3aJayu
B HacTosmei#l paboTe OCHOBHOE BHUMAHHUE MpeciefoBaHMs. [Ipy HCCIENOBaHUHM ITOH
yIAEIsAeTCs UCCIIEJOBAHHIO 3aJa4d  3aJa4d  IIOJIYYEHBl HOBBIE  JOCTATOYHBIC
npeciaenoBanus  onuceiBaeMor  cucremMon  ycioBuss JI.C. IloHTpsiruHa paspemmmoctu
JUHENHHBIX  AuddepeHInaNIbHO-Pa3sHOCTHBIX — 3a/la4M MPECciIeOBaHusI.
YPAaBHEHUN  HEUTPAJbHOTO  TUIIA  IIpU
MHTETPAJIBHBIX OIPAaHUYEHHUSAX HA YIPABICHUS

IMocranoBka 3amaun. JluHamMuka  KOH(DIMKTHO-YIpPABISEMOro  mporecca B
KOHCYHOMEPHOM  CBKJIMIOBOM MPOCTpaHCTBE R™ ONMUCHIBACTCS CHUCTEMON  JIMHEHHBIX

Qg QepeHIraIbHO - PAa3HOCTHBIX YpaBHEHHH HEHTPAIBHOTO THIIA, COAEPIKAIIeld HEU3BECTHYIO
(GYHKIHIO U €€ TPOU3BOJIHBIE B Pa3IMUHbIE MOMEHTHI BpeMeHu [12]

= Az() + z B.2(t — ) + z C,z(t — hy) — Du(t) + Fu(t) + a,t = 0, (1)

rme z(t) ER",n=>1; A,B;(i=12,..,m), C; (i=1,2,...,m),— TOCTOSHHbIE KBaJpaTHbIE
MaTPHIlBl Pa3MEPHOCTH KOTOPBIX M X N, X N; D, F— MOCTOSIHHBIC MAaTPHUIIbI TMOPSIKA N X P H
n x g, coorBerctBeHHo; 0 = hy < hy < :-* < h,,; = h — 1e|CTBUTEIbHBIC YNUCIIA; @ — HEKOTOPAs
touka R™. u(t) m v(t) — ympaBieHHS TPECIACIYIONIET0 W IPECIEIYEMOrO HIPOKOB

cooTBeTcTBeHHO; OHHM  BBIOMpAIOTCI KAk CyMMHpPYEMbIEe C  KBaaparoM (YHKIIUH,
YIIOBJICTBOPSIOIINE HEPAaBEHCTBAM

+00 o

lu(HIl = j lu()Iz dt < p, @llv)HI = J lv(t)I? dt
0 0
<o, 3)
TJIe p U 0 — HEOTPHUIIATENbHbIE KOHCTAHTHI.
N3mepumbie byHKITUH u = u(t); v = v(t); 0 <t < +oxo;

yIOBJETBOpsIONIMe  orpaHudeHusM  (2),(3) Ha3oBeM  OonycmumbiMu  YNpagieHusmu

MPECIIEYIONIeT0 U yOeTaloIero UTPOKOB, COOTBETCTBEHHO.

Kpome toro, B mpoctpancTBe R™ BBIICIEHO HEMYCTOE HWJIMHAPHYECKOE TEPMUHATIBHOEC
MHOXecTBO M B Buie M = M, + M;; tne M, — nuHEHOE MOANMPOCTPAHCTBO pocTpaHcTBa R™;
M; — IpOU3BOJILHOE KOMITAKTHOE MTOJIMHOXECTBO MOANPOCTpaHCTBa L; r1e L — opToroHanbHOe
JIONIOJTHEHHE K ToAnpocTpancTBy My B R™ (T.e. My @ L = R™).

HauanbHbM monoxkeHueM i mpeciefoBanus (1) sBiasercas n — mepHast abCOIOTHO
HenpepbiBHas GyHKIHS @ (t); onpeneneHHas Ha oTpe3ke [—h,,, 0], T.e.

{p():z(t) = @(0), t € [~hyy, 0],2(0) = (0) € R* \ M} (4)

O6Go3HaunM yepes S MHOXKeCTBO Touek Bua S = { t:t = Y%, j;h;, j — uesoe uncio},
u mycTh S 0603HavaeT nepecedenue S ¢ nonymiockocthio (0; o) .. S = 5 N (0; ).

[IpecnenoBanue HauyMHaeTCst B MOMEHT t = 0 U3 nojoxeHus z, (1) € X u cuuraercs
3aKOHYEHHBIM B MOMEHT BpeMeHU t = t(zy(+)), korna ¢a3oBas Touka Z(t) BIepBbIC MOMAIAET
Ha MHOkecTBO M : Llenp yOeraromiero Urpoka COCTOUT B TOM, YTOOBI 110 BO3MO>KHOCTH OTTSHYTh
OKOHYaHUE UTPBI.

Lenp mepBoro urpoka, npecieaonaTens (1) ¢ MOMOIIbIO BeIOopa ynpasineHus u(t) (mpu
orpaHu4eHusix (2)) BbIBECTH TpaeKTopuio mporecca (1) Ha TepMuUHaATIBHOE MHOXECTBO M 3a
KOHEYHOE MOMEHT BpeMmeHH. Llenb BToporo urpoka, yoeraromero (V) ¢ IMOMOIIbIO YIPaBICHUS
v(t) YKJIOHHTH TpaeKTopHio mporecca (1) oT BCTpeun ¢ TEPMUHAIBHOM MHOXKECTBOM M B
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KOHEYHBII MOMEHT BPEMEHH, €CJIM 3TO HEBO3MOXXHO, TO MAaKCHUMAaJIbHO OTTSHYTb OKOHYaHUE
urpsl. [Iyctb T — npousBonbHOE yncio u t € [0; 7).

Onpenenenne 1. ITycte K(t), 0 < t < T; — eIWHCTBEHHAs MaTpu4Has (QYHKIIHS,
obnasaromas ciexyrommmMu coiictBamu[12,14]: a) K(t) = 0; t < 0; 0 — HyneBas marpuna
nopsinka n; 0) K(0) = En; rae E,— enMHUYHAS MaTpHIla MOPSIAKA 1; B) JEMEHTHI MaTPUIHOM
Gynkuun Y%, C;K(t — h;), wenpepbiaa Ha [0; +o0); 1) ¢ynukuus K(t) mpu t > 0
YIIOBJIETBOPSIET MATPUUHOMY z[ch(bepeHuHaanOMy ypaBHeHmo

K(t)—AK(t)+ZAK(t h)+23K(t h),t>0tes% (5

CymectBoBanue Hu CIII/IHCTBGHHOCTB ManI/I‘-IHOI/I bynxkunn K(t), -1<t <13
YIOBJICTBOPSIONICH  ycioBHSM a)—0), MOryT OBITh JOKa3aHbl OOBIYHOM  METOJOM
TIOCJIEI0BATEIBLHOTO MHTErPUpOBanus ypasHeHus (5). ®ynkuus K (t) npunamiexur kiaccy C*
nput > 0; t €S°; Ho B 00IIEM cITyuae MMeET Pa3phIBBI IEPBOTO POJIa B TOUKAaX MHOKecTBa S°.

[Tycth momyctumsie ynpasinenus u = u(t); v = v(t) BeiOpansl Ha oTpeske [0; T]; T >
0. Torna mst pemenns z(t) ypaBuenus (1) mpu HagansHOM ycioBu# (3) B criry popmyier Komm
MMEEeT MECTO clieqlyroliee npeacrasienue [12]

z(t) = |K(t) = ) K(t—hy)B;|¢(0) +
B
+Y [ K@= R)BO© + G de -
=0,
— f K(t — t)[Du(t) — Fv(t) + aldt, (6)
rae By = —E,,, E;,, — enMHU4YHAs MaTpuLa nopsmx% n X n.

Onpeneaenune 2. byoem cogopums, umo 6 uepe (1)-(3) mosrcro 3asepuiums npeciedo8anus
uz Hauanvnozo nonoxcenus @) sa epema T =T (p(:)) > 0,0 < T < 400, ecmu
cywecmeyem  gynuxkyus u = u(t; v), 0 <t < oo, v € RY, u(t; v) € RP, umo s
npou36obHoOU  cymmupyemou ¢ keaopamom pyukyuu v (t),0 < t < oo, v(t) € RY,
yoosnemsopsiowjeti nepasencmsy () 0,0y < 0, Pyuxyua u(t) = u(t; v(t)); 0 <t <
o, s6IAeMCcs (PYHKYUEU CYMMUPYeMbiM C K8AOpamoMm, YOOIemeopsowel HepaseHCcmay
I, 0,000 < p; u mpaexmopus z(t); 0 < t < oo, ypasnenus (1) ¢ yuemom nauanrbho2o
yenosus (4) nonadaem na mmosxcecmeo M : z(t) € M npu nexomopom t = t* € [0; T |. Ilpu
9MOM OJisl 8e0eHUsl NPeCle008aHUsl O02OHAIOUIEM) HYHCHO 3HAMb UHDOpMayuio 006 0O0vbeKkmax.
IIpeononacaemcs, umo npeciedosamens 3Haem: 8 Kaxcovitl momenm epemenu t = 0 pewenue
z(8) na ompeske —h,, < s < tuynpasrenue v(s),0 < s < t.

Yucno T (@(-)) Ha3pIBaeTCs BpeMEHEM IMIpecieqoBaHus M3 TOYKH ¢@(+), (yHKIUA
u(t; v),0 <t < T (p(+); v € R?, — dpyHKumei nmpecieaoBanus.

Tpebyercst HaiiTu HavanbHBIC TONOXKEHUs @(+), U3 KoTophix B urpe (1)-(3) BO3MOKHO
3aBepIICHHE MPECIIeIOBaHNUs 32 KOHEYHOE Bpemsi T

O003HaYMM Yyepe3 T — MaTPHILy OlepaTopa OPTOrOHAIBHOTO MPOEeKTUpoBanus u3 R™ Ha L,
a uepes

X*Y={xix+YcX}= fe]y(X—y)
y

— 0003HAYMM T€OMETPHUECKYIO Pa3HOCTh (Pa3HOCTh MHHKOBCKOTO) MHOXKECTB X U Y, re
X,Y ¢ R™[5].

[Tog pemennem 3amayu TMPECICIOBAHMS TMOHUMAETCS: a) HAXOXKACHUE HaYaIbHBIX
nostoxxenuii @ (+), u3 Koropsix B urpe (1)-(3) BO3MOKHO 3aBepIlEeHHE MPECIENOBAHMS B CMBICIIE
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BBEJICHHOTO BBIIIC OMNpEICICHHs; b) HaXOXXIEeHHWE B SBHOM BHJEC WIM yKa3aHHE CrocoOa
noctpoeHus QyHKIMH peciiejoBanus u(t; v).

A. VzmeHnuB BekTop a B ypaBHeHue (1), ecnu 310 HE0OXoaumo, OyneM cuutath 0 € M.
Uepes [coM;] o0o3HaunM HecyIee MOIIPOCTPAHCTBO BBHIMYKIOW 000JI0YKH CcOM; MHOXECTBa
M;, yepe3 k — 0003HaUUM €ro pa3MepHOCTb. SICHO, YTO CyIIECTBYET OECKOHEYHO MHOT'O MaTPHIL
Hy: R*¥ — R™; takmux, uto H;R* = [coM,].

Benuunnbl

p2(1) = p? - f u@2dt, o%(c) = % — j v(o)|2dt,

XapaKTEPU3YIOT OCTABIIMECS K MOMEHTY BPEMEHU ¢ PecypcChl IPECIICAYIONIETO U yOeTaronero
UTPOKOB, COOTBETCTBEHHO.

Ipeanoao:xkenue 1. Cywecmsyem nocmosunas mampuya Hy makas, umo ons écex t €
[0; T ] sbinoaneno exnouenue

wH,R* + nK(t)DRP > nK (t)FRA.

[Tpu BeIOTHEHUY TIpeATIONOKeHHs 1 cymecTByOT Marpuanbie pyakmun G;(t); 0 <t <
1,0 = 1; 2, G,(t):R™ - Rk, G, (t): R™ — RP; ¢ CyMMHpPYeMbIMH C KBajpaTaMu
9JIEMEHTAMH, TAKHE, YTO UMEET MECTO PAaBEHCTBO

mH,G,(t)w + nK(t)DG,(t)w = K (t)Fw

JUTs pon3BOJIbHBIX t € [0; T]uw € RY.

CuwrTasi BBIOJHEHHBIM YCIOBHE MIPEIIOI0KEHHUS 1, BBEIEM B pACCMOTPEHUE CIICIYIOIIEE
MHOYECTBO

T T
W) = U G, (t)wdt : le(t)lzdt < o? }, (7)
Y HEOTPHIATEILHOE YUCIIO i "
T T
1@ = [sup { [16.@worde: [wolde < o } ®)
0 0
Ipeanosoxenue 2. Hmeem mecmo Hepaeencmeo x1(t) < p.

CunuTas BBITOJHECHHBIM YCJIOBHUC U IIPCATIOIOKCHUA 2, BBCAEM B PACCMOTPCHUC CIICAYIOIIHNC
MHOXECTBA

0 (1) = {Wl(t): wy (t) € Ly[0, 7, R¥],

[ et ©de € M, x [0@pC) + w<r>]} ©)
Trac ’
PP = |K©) = Y K@= h)Bi| 9(0) +
i=0

+) [ K@=t =h) [Big(® + Cop@]de

i=0 —p;
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A (1) = {Wz(t),O <t<7: wy(t) € L,[0,7,RP],
f wa (D12t < [p — 3 (D1 (10)

Wi(r) =

f [Hywy (£) + 7K () Dw (D]1de  w () € 2 (D), wo() € A,(0) L. (11)
0

Tenepp chopmynupyeM JOCTaTOYHOE YCIOBHE JUJIsi BO3MOXKHOCTH — 3aBEPIICHHUS
npecnenoanus B urpe (1)—(3). 3aBepieHue mpecie0BaHus IOHUMAETCS B CMBICIIE OIPEICIICHHSI
2.

Teopema 1. IIycms npu nexomopom t1(@(+)) > 0 gvinoanensvt npeononoscenus 1,2 u
uMeem Mecmo 6KI0UeHUe

JnK(t)adt € Wi (1) (12)

0
Tozcoa 6 ucpe (1)-(3) moocHo 3a6epuiums npecied08anus U3 Ha4aubLHo20 nonodxcenus @ (+) 3a
Hekomopoe koneuroe spema T = 11(p(+)).
JoxkaszarenabcrBo. B cuity (9)-(12) Halinyres pyHKuuu
wi() € U (t(90))); wo() € Ma(a(9()), Taxue, uro

71 T1

j nK(t)adt = J [tH,w,(t) + TK(t)Dw,(t)]dt (13)

ITycth praBJ‘I}IIOIJ_IaS? napameTpoM 0V; BbIOpajia IMPOU3BOJIBHYIO CYMMHUPYEMYIO C
kBazparoM ¢yHkuuwo v(t); 0 < t < 74; U KOTOpOH
vy, 0 < 0
Torna npecnenyromemMy UrpoKy PeKOMEHIYeTCsl IPUMEHSTD yIIpaBlieHHE
u(t) = u(t,v(t)) =G,(1; —t)v(t) + wy(t; —t),0 < t < 14. (14)
Bhavane yOenumcs B jomyctuMoctd ympasieHus (14). JleWcTBUTENbHO, B CHIY
HepaBeHcTBa Komm—bynsakosckoro (cm.(8),(10)) umeem

1
1/2 T1 2 T1 2

j|u(t,v(t))|2dt < JIGZ(Tl—t)v(t)Izdt + JIW(Tl—t)IZdt <
0 0 0

N| =

<xi(m)+p—x(m) =p
4TO U O3HAYAET JOMyCTUMOCTh ynpasieHus u(t); 0 < t < oo, (cm.(14)).
st tpaektopun z(t); 0 < t < 74, ypaBHEHHSA
m m

2= Az(t) + Z By2(t — hy) + Z Ciz(t — b)) — Du(t,v(®)) + Fo() + a,
C y4eToM HadaiabHOTO ycioBus (4) npu 7 = t1(@(+)), uMeeM
m
K(t) - Z K(T - hi)Bi
i=0

mz(ty) = ®(0) +

)|

i=0 —

K(t—t—h)[Bip(t) + Cip(t)]dt —

3\0
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—f K (7, — )[Du(t, v(t)) — Fv(t)]de + f K (1, — t)adt.

Ho B cootBerctBum ¢ (14)
Du(t,v(t)) = D[G,(t; — t)v(t) + wy(t; — t)].
IToaTOoMy
. nz(ty) = ©,(D) () —
—f K (1, — t)[DG,(1; — t)v(t) — Fv(t)+Dw, (1, — t)]dt +

0
71

+J nK (1, — t)adt. (15)
0
B cuny npennonoxenus 1 umeem
T[K(Tl - t)DGz(Tl - t)v(t) - T[K(Tl - t)FV(t) = _T[HIGI(TI - t)v(t) (16)
CnenoBatenbHo, (cM.(15),(16))

T1

nz(ty) = ©,() () — _f [nK (1 — t)Dw,(7y — t) — mH G (7, — v (t)]dt +

0
T1

+J nK(t, — t)adt. 17

0
Orcrona cnenyer, uto (cMm.(13),(17))

71

nz(ty) = By (D () + j [Hywy (8) + THy Gy (2, — v (D)]dE.

0

Janee, Tak kKax
T1

f 7TH, G, (1, — Dv()dt € W(ty),

0

TO
71

na() € [ mHwy@de + [0,p0) + W]
0
Ortcrona, u u3 onpeaenenust MHOkecTBa (7;) (cM.(1.17)) BeiTekaet BKmtoueHue nz(t,) €
M, 9TO SKBHBAJIEHTHO BKJIIOYeHNIO Z(T,) € M;. CiieoBarebHO, IpeciieI0BaHNE 3aKaHINBAETCSI
3a Bpems T,. Teopema 1 qoka3zaHa.
b. Temepp paccMoTpuMm ciy4yad, KOrJa Ha YIPAaBIIOIMIME NAapaMeTpbl HaJOKEHbI
Pa3HOTHITHBIE OTPAaHUYCHHUSI CTISAYIOIETO BIIa

400

J lu(lzdt < p,v(t) EV,0<t < oo, (18)
0

()l =

rjae I/ — HenmycToe KOMITAKTHOE MOJIMHOXKECTBO MPOCTPAaHCTBO RY.
[Tycts H, — mocTosiHHas MaTpuiia Takas, uyro H,: R™ — R, H,R™ = [coV/].
IIpeanoso:xkenue 3. Cywecmgyem nocmosauuas mampuya H, makas, umo ons écex t €
[0; t] sbinonneno exarouenue
wH,R* + mK(t)DR? > nK(t)FH,RY.
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[Tpu BHIMOIHEHHUH MPEAMOIOKEHHS 3 CYIIECTBYIOT MaTpuuHbie Gpyrkiun G;(t),0 <t <
7,i = 1,2, 3IeMEHTBl KOTOPBIX SIBISIOTCS CyMMHUpyeMbIMU GyHKIusMu, U G(t) : R™ —
R¥; G,(t) : R™ — RP,
mH,G,(t) + tK(t)DG,(t) = nK(t)F,0 <t < T
Yepes S(t) 0603HaUMM HHTErpajl MHOTO3HAYHOTO 0TOOpakenus wH; G, (t)V, T.e.
T

S() = nJHlGl(t)th.

0
ITycthb y,(T) — apudmernyeckuii KOpeHb YKCIIa

T

x5(t) = sup {fle(t)v(t)IZdt: v(t) EV,0 <t <1 }
0

Mpeanonoxenne 4. Myeem mecmo nepasencmso y,(t) < p.

Cuynrtas BBIIOJHEHHBIM H IpCAITOJIOKCHUC 110, BBCAEM B PACCMOTPCHUC CJIICAYIOIINC
MHOXECTBA

Qs (1) = {W1(t): w; (t) € L0, T:Rk]:
f rHywy (Ddt € My x [D@p() + S(r)]}. (19)
0

A, (1) = {Wz(t),O St<T1: wy(t)

€ L,[0,7,R?], J|W2(t)|2dt < [p = x(D]? } (20)

0
Terneps onpenennm MHOKeCTBO W, (T) cnenyromum oopasom (cm.(19), (20)):
T

W, () = {f [mH w1 (t) + K () Dw, ()] dt: wy () € Q,(7),w, € Az(T)}-
0
Teopema 2. Ilycmo npu nekomopom T = T,(@(:)) > 0 svinonnenvt npeononodicenus 3,4
U umeem mMecmo GKIUeHUe
T2
J K (t)adt € W,(1,). (21)
0
Tozoa 6 uepe (1)-(3) mooicro 3aeepuiums npeciedosanue Uz HaA4AILHO20 noaoxcerus @ ()
30 HEKOMOPOe KOHEUHOe 8peMia T = T,.
OTMeTHM, YTO TIPH JOKa3aTEeIbCTBE 3TOW TEOPEMBI CTpOHUTCS He Toybko U(t),0 < t <
00, - YIpaBJICHHUE MPECIICAYIONIETO UTPOKa, HO KOHCTpyHupyercs u GyHkius m(t); 0 < t < 1y,
T.e. ynpaBreHueM spsetcs napa Gynxumit (u(t), m(t)),0 < t < 1.
Joxa3zateabcTBo. M3 Brmouenus (1.29) crenyer cymectBoBanue (yHKIMA Wp €
R, w;, € RP0 < t < T,, TaKHUX, 4TO
T2 T2
[ et @ dt € M@ £ [0)00 + 5@ [ Im@Pd < - 6@,
0 0

f nK(t)adt = J [TtH,w,(t) + TK(t)Dw,(t)]dt . (22)
0 0
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ITycts v(t),0 < t < 0o, — OPOU3BOJIBHOE [OMYCTUMOE YIPABICHUE YOETaIIIEero
urpoka. [IpecieayromnemMy HrpoKy peKOMEHIyeTCsl CTPOUTH ¢Boe yrpasienue u(t),0 < t < o
B CJICAYIOIIEM BUJIE

u(t, () = Gy(t, — V() + Wa(t, —1),0 < t < 15,u(t,v(t)) =0,t > 1, (23)
Kpome Toro, oH mo/okeH KoHcTpyupoBath W ¢yHkimo m(t),0 < t < 7,. Ee
PEKOMEH/IYeTCSI CTPOUTH CIIEAYIOIIUM 00pa3oMm:
m(t,v(t)) = G,(t; — Ov(t) + Wy (1, —1),0 < t < 15 (24)
[lokaxem  pomyctumocts  ynpasienus — (23). Tak  kak  lu()lly, [0, <
1G, (v (I, 1050, + W2 (DL, [o;r,), TO B CHIly TpeANoNoNKeHHs 4 W BBHIY HEPABEHCTB
W, (I, p0i0,) < P — X2(T2) nmeem  llu( )l [or,) <p, UYTO M O3HAYAECT JOMYCTHMOCTH
yIpaBJICHUS u(t,v(t)), 0 <t £ 1y. [lanee, uMeeM CleIyIONUE COOTHOIICHHUS
Ty T2 T2
f mHym(t) dt = j mH; G, (1, — t)v(t)dt +J wH; W, (t)dt €
0 0 0
€ S(2) + {My * [®(2)p () + S(2)]} = My * ©(z2) (). (25)
Tenepb MoKa)xem, YTO C MOMOIIbIO YIIPaBICHUS u(t, v(t)), 0 <t < oo, (cM.(23)), MOXKHO
3aBEpILIUTH MPECIICIOBAHNE 3a BpeMs T,. [lojicTaBuB ynpaBieHUs u(t, v(t)), v(t),0 <t <ooB
ypaBHeHue (1), ¢ yuerom HayanbHOro ycious (4), momyuum 3agaay Komru:
m

2(6) = Az(D) + z B2 (t — h;) +

+ Z Ciz(t — h;) — Du (t, (v(t))) +Fv(t)+a,  z(t) = @(t),t € [—h,0].
i=1

st pemienust z = z(t); 0 < t < oo, 3TO¥ 3a1a4M, MOCIIe TPOSKTUPOBAHMSI HA L nMeeM
T
nz(t) = ®(1)p(-) — f nK(t —t) [Du(t,v(t)) — Fv(t) — a]dt.
0

VYuuteBas (22),(23),(24) u cuutas T = T, MpeodOpazyeM IMOIY4YEHHYI0 (QOpMyILy

CJIEIYIOIIUM 00pa3oM:
T2

n2(t;) = O(1)p() — j 7K (T3 — DD, (15 — D)v(t)dt —
0

T2 T2
—] T[K(TZ - t)DWZ(TZ - t)dt +J T[HlGl(TZ - t)v(t)dt +
0 0
T2 T2
+J K (T, — t)DG,(t, — t)v(t)dt +J K (t)adt = O(1,)p(-) —
0 0
T2 T2 T2

—J nK(t, — t)DW,(t, — t)dt + f mH G, (1, — t)v(t)dt + J K (t)adt.

0 0 0
Orcrona, BBuay (23),(24) umeem

T2

nz(t,) = ®(1,) (") +f mHym(t)dt —
0
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T2

—f K (t, — t)DW,(t, — t)dt —f wH, W, (t)dt +J nK(t)adt =

0
T2

= 0@)p() + | mHm(Ode € D(e)pC) + [My £ [D()00]] € M.

0

3T0 03Ha4acT, 4YTO MOXXHO 3aBCPUIUTH IIPECICAOBAHUC 3a BPEMA T,. TeopeMa 2 JOKa3zaHa.
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O HenokanbHOM KpaeBOW 3afaye ANA CMeLaHHO-NapabonnM4eckoro ypaBHeH A B
HeorpaHM4YeHHHOW obGnacTu

M.X. Akb6apoBa, C.X. Ak6apoBa, Y.M. KogupoBa

TawkeHmckul yHugepcumem UuHgopMayUoOHHHbIX MexHo1oaud,
AHAuxxaHcKul 2ocydapcmeeHHbIl yHugepcumem

AHHoOTaumA. [JaHHasa cTaTbsi MOCBSALLEHa NOCTAHOBKE M UCCMELOBaHUI0 HENOKaNbHON KpaeBon 3agayun
Onsa  cMmellaHHo-napabonuyeckoro ypaBHEHWsI B HeorpaHuyeHHow obnactu. EAQWMHCTBEHHOCTb pelueHus
nocTtaBneHHON 3ajayn OoKkasblBaeTCA C NOMOLLBIO NpUHUMNA 3KCTpemMmyma. Ha ocHoBe TEOPUN NHTEerpanbHbIX
ypaBHEHUI NOKa3aHO CYLLEeCTBOBaHUE peLleHUs 3aaqun.

KniouyeBble cnoBa: ypaBHeHWEe CMELIaHHOro Tuna, kpaeBas 3ajada, npsimo-napabonuueckoe
ypaBHeHue, obpaTHo-napabonuyeckoe ypaBHEHWE, pPEerynspHoe pelleHne, HeorpaHu4eHHass obnacTb,
WHTErpanbHOe ypaBHEHMeE.

Annotatsiya. Ushbu magola aralash parabolik tenglama uchun chegaralanmagan sohada nolokal
chegaraviy masalani qo'’yilishi va tadqiq etishga bag’ishlangan. Qo’yilgan masala yechimining yagonaligi
ekstremum prinsipi yordamida isbotlangan. Integral tenglamalar nazariyasi asosida masala yechimining
mavjudligi ko’rsatilgan.

Kalit so‘zlar: aralash tipdagi tenglama, chegaraviy masala, to’g’ri-parabolik tenglama, teskari-parabolik
tenglama, regulyar yechim, chegaralanmagan soha, integral tenglama.

Abstract. This paper is devoted to the formulation and study of a nonlocal boundary value problem for
a mixed-parabolic equation in an unbounded domain. The uniqueness of the solution of the posed problem is
proved using the extremum principle. The existence of a solution of the problem is demonstrated using the
theory of integral equations.

Key words: equation of mixed type, boundary value problem, a direct parabolic equation, inversely
parabolic equation, regular solution, unbounded domain, integral equation.
|.BBenenue

Teopuss cMmemiaHHO-MapaOOIMYECKUX YpaBHEHHMH HMeeT OoJblIoe 3HAuYeHUE MpHU
MCCTIEOBAHUH TMPAKTHUECKUX 3aJlad, BCTPEYAIOUIUXCs B (PU3MKE, MEXaHUKE M IPYIHMX HayKax, U
SBIIAETCS OJHUM W3 Ba)XHBIX pa3/eiOB COBPEMEHHOW Teopuu AuQQepeHIranbHbIX ypaBHEHUN B
YaCTHBIX MPOU3BOAHBIX. Takue ypaBHEHHS OCOOCHHO YaCTO MCMOJB3YIOTCS B THUIPOJUHAMHKE C
M3YYEHHEM JBUKCHHUS JKUIKOCTH CO 3HAKOTIEpEMEHHBIM KOA((UIIMEHTaM BSI3KOCTH.

OcHOBBI 3TOM TeopuH, emé B Hadane XX Beka, ObUTH 3aJI0KeHBI B padoTax M.JXKespe [1-2]. B
3TUX paboTax cojlepskaTcs MepBbie (pyHIaMEHTAIbHBIE UCCIEA0BAHUS IO TUHEHHBIM YPAaBHEHUSM C
YaCTHBIMH TIPOU3BOJHBIMH BTOPOTO TOpsAJIKA CMEIIaHHO-apabonuyeckoro Tumna. Jlanee m3ydeHs
HOBBIE TIOCTAHOBKH KPAEBBIX 3a/1a4 Il CMEIIaHHO-TapaboInIecKuX ypaBHEeH A B padbotax [3-4].

Crenyer OTMETHTh, YTO JIOKaJbHBIE W HEJOKaJbHBIE KpaeBble 3a/Jaud JJisi CMEIIaHHO-
napaboJIMuecKUX ypaBHEHUI U3ydeHbl B paborax [5-8].

1. ITocTanoBKa 3aga4u

B o6nactu Q = (Q I ~-OyZIeM paccCMOTPHBATH CMEIIAHHO-TIAPA0OTHIECKOe
ypaBHEHHE

u, —sgn(x)u, = f (x,t), (1)
rac

Q, ={(x1):-1<x<0,0<t<T}, T >0,
Q, ={(x,1):0<x<0,0<t<T}, I ={(x,t):x=0,0<t<T}.
Bunano, uro ypaBuenue (1) sBisercss mpsmMo-napaboIUYecKuM B 00JacTu Qoo 1 oOpaTHO-

napaboINYecKuM B 001acTH Qo [9].
ITycTth
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l,={(x1):x=-20<t<T}, I, ={(x,t):-1<x<0,t =T},

|, ={(x,t):0<x<o0,t=0};
u mycts X = Xy (t)’ k :ﬁ - MPOU3BOJBLHO 3aJaHHble (YHKIUM U3 Kacca Cl[O,T],anqu
-1<x (1) <O0.

Jns ypaBaenus (1) uccrienyem cieyromyo HeJIOKaJIbHYIO KPaeBylo 3a/1aqy.

3anaua. TpeOyercs HallTH HYHKIIUIO u (X; t) CO CJICAYIOUIMMH CBOMCTBAMU:

1 21
1 u (X’ t) eC (Q) NC (Qo N Qoo) U HETMPEPHIBHO BIUIOTH JI0 TPAHULIBI 00JIaCTH
Q;
2) U(X; t) yZIOBJIETBOPSiET ypaBHEHMIO (1) B obmactsax Qov Qoo Y OrPaHMYEHA JUI BCEX

V(X1)e(0<x<wo,0<t<T);

3) BBIIOJIHAOTCA CICAYIOIIUM KPACBbIM YCIIOBUSAM

U(—l,t)'l‘Zak(t)U(Xk,t):,Ul(t), Xk S |1,'[€ Ios (2)
k=1
u(x,T) = 1, (x), Xel, @)
U(X,O)I(P(X), Xe Ioo’ (4)
rae ,Lﬁ(t)’ a (t)’ (k = 1:_n) v My (X), (0()() - 3a/1aHHbIE byHKIUY, npuyeM
w(t),a,(t)eC [O,T]QCZ(O,T], Hy (1) + Zak (MU (), T) = g4 (T),
k=1
1,(x) € C[-1,0] NC? (-1,0), a @(X) - orpanuuena s |-
I11. CymecTBoBaHMEe U €ITMHCTBEHHOCTH PellleHUs 3a1a4u
Teopema. Eciu BBINOJIHAETCA YCIOBUE
D a ()| <1, )
k=1

TO 3aga4a UMECT HE Ooiee OAHOTI'0O PCIICHUA.
EnuHCTBEHHOCTH peuICHuA IMOCTaBJICHHOM 3aJayd JOKa3bIBA€TCS C IIOMOIIBIO [MpUHIUIIa

HKCTpEMyMa: pelIeHue U(Xat) 3ajjauu 1pU f (X,t) =0, /Jl(t) =0, 4, (X) =0, (P(X) =0
CBOETO MOJIOKUTENFHOTO MAKCUMYMa M OTPUIIATEILHOr0 MUHAMYMa B o6mactu {2 MoxeT mocTHrath

JIMIIb Ha I'paHUuIC I]_ U Ioo '

JlelicTBUTEIIBHO, OJI0XKUM

M =max|u(x,1)|.
Q
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Mo npuHIKIY SKCTpeMyMa JUTsl CMEIIaHHO-apadoinyeckux ypaBuenui [9] hyHkius u (Xa t) CBOE
MOJIOKUTEITFHOE MAaKCUMaIbHOE U OTPUIATEIbHOE MUHUMAIbHOE 3HAYEHHE MOKET JIOCTUTaTh

romkona g U1, UI .

[Ipenmonoxxum, 4To Ha Io CYULIECTBYET TaKasi TOUka (_1; to) € Io, JUISL KOTOPO# UMeeT

MeCTO |U(—1, 1:0)| =M.

Torna u3 ycioBus (2) Hoaydum

u(-1Lt,)+ iak (t)u(X, 1) =0,

nim

M =[u(-1)] = X8, (U ). )| < 3 Ja, @)lucx, @), )}

M <M Ya, t,)| <M,
k=1

YTO NNPOTUBOPEUHUBO.

OTCIOI[a B CUJIY IPOU3BOJIBHOCTHU TOYKH (_11 to) CJICAYCT, YTO Ha IO peUICHUC u (Xl t) HE
AOCTUTaCT CBOUX OKCTPECMAJIbHBIX 3HA4YCHUH.

Taxum o6paszom, pemenne U (X; t) MIOCTABIICHHOW 33/1a4M JOCTUTAET MAaKCUMYM U MUHUMYM
JINIITb HA |1 U IOO-
IIycts
Temepp gOKaXeM €IUHCTBEHHOCTh pelIeHus 3amadd. [Ipeamonoxum oOpaTHOE.
CYILECTBYET JBa pPa3IM4YHBIE PELICHUS u1(X’ t)’ u, (X’ t)- PaccMoTpuM  HMX  pa3HOCTB:
u (X, t) = u1 (X, t) - U2 (X; t), Torja 3ta GQyHKIUS OyAET pelieHueM Cleayolen 3a1auun:

u,, —sgn(x)u, =0  Q,
n
u(—1,t)+2ak(t)U(Xk,t) =0, x el tel,,

k=1

u(x,T)=0, xel, u(x,0)=0, xel,.
Tak xak peIICHUC u (Xl t) AOCTUTaCT MAKCUMYM U MUHUMYM JIMIIb Ha I]_ U Iool TO II0 YCJIOBUIO

OJIHOPOJHOM 3a/1a4M MOJIYYUM, YTO U(X, t) =0 B o6mactu (2.
Cy11iecTBOBaHUE PEIICHUS TOKA3aHO Ha OCHOBE TEOPUHU MHTErPATIbHBIX YPABHEHUH.

IIpeanonoxum, 4To f (X,t) < C(l,h) (ﬁ)’ Hy (X) =0.

B oGnactu Qo paccMOTpUM 3azady A ! HAlTH pellieHne

U(X, t) € C(Q_O) mCZl (Qo) yPaBHEHUS
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u, +u = f(xt), (6)
YIOBJIETBOPSIOIIEE YCIOBUAM
u(—l,t)+Zak(t)u(Xk,t):;Ll(t), te IO’ (7)
k=1
u(x,T)=0, xel, )
uOn=7t),  tel, ©
IIpu4eM
o(T) = 14(T) =O.
[Tonoxum
u-Lt) =w(t), tely, (10)
Torna pemenue ypaBHenus (6), ynosierBopsioiiee yciaosusam (6), (8), (9), (10) umeer Bux:
u(x,t) =

= J.T(U)G;(X,ti 0,m7)dn —jro ()G (x,t;=Lm)dn+g™(x.t),
t t (12)

e G_(X,t;g,ﬂ) =G+(—X,1—t;—§,1—77)- ¢bynkust ['puHa mepBoif KpaeBOW 3a1add B

obractu Qo, u
G (x,t;&,m) =

(x—&-2n)* (x+&-2nY

1 - -
— Z e 4(t-n) —e 4(t-n) ;

2|z(t-n)

(12)
0 T
g () =-[de[G (xtEm T Emdn.
-1t (13)
A B oOnactu Qoo paccMOTpHM 3a1auy A ¥ . ONpesenuTh peleHre
u(x,t) e CH(Q, U1)NC*(Q,) ypasenus
u,, —u, = f(x,1), (1)

HCMIPCPBIBHOC BIJIOTH A0 I'PaHUIIBI obOmactu Qoo " OT'PaHUYCHHOC IJISA BCEX

0<X<o,0<t<T, 4 ynoBietBopsitoree yciaosusm (4), (9).
Pemienue stoit 3anaun npeacrasnsercs B puie [10-11]:

% (x=&) (x+&)
uxt) = [— (e 5 _g “:}x@d§+

WNL

t 2

X _4(tx—n)
+| ———=¢ 7(n)dn+
!). 2\m(t—m)
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o t (6" (x+¢)°
+ j j e 4 _g A £ (£ myd&dn.
05 2 7[('[
(15)
Ucnonezyst ¢opmynsr  (11), (15), cymecTBoBaHWE pemIeHUsT TOCTABICHHOW —3a7adu

SKBHBAJIIEHTHBIM O0OPa30M CBEAEM K pa3pelIMMOCTH CHUHTYJISIPHOTO HHTErpajbHOr0 ypaBHEHHS
HOPMAJIBHOTO THIIA C HYJEeBbIM UHIEKcoM [11-12]. Perynsipusupys 3T0 ypaBHEHHE MbI IPUXOAUM K
UHTErpallbHOMY YypaBHeHHIO Dpearonbma BTOPOro poja, Oe3ycloBHAas Pa3peuIMMOCTh KOTOPOTO

cllelyeT U3 €AMHCTBEHHOCTH PEIICHUS 3aJ1auH.
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To‘rtinchi tartibli xususiy hosilali differensial tenglama uchun boshlang‘ich masala
Sh.A. Oripov, N, Rahmatullayeva

Farg‘ona davlat universiteti

Annotatsiya. Mazkur ish to‘rtinchi tartibli xususiy hosilali differensial tenglama uchun Koshi
masalasini o‘rganishga bag‘ishlangan. Masalaning yechimini topish uchun Riman usulidan foydalanilgan.
Riman funksiyasi qurilgan va uning yordamida qo‘yilgan masala yechimining integral ko‘rinishi topilgan.

Kalit so‘zlar: Koshi masalasi, to'rtinchi tartibli xususiy hosilali differensial tenglama, Riman usuli, Riman
funksiyasi.

AHHoTauma. [JaHHas paboTta nocesiweHa mccnepoBaHuo 3agadn Koww ans gudpdepeHumansHoro
YpaBHEHUSA B YaCTHbIX NPOM3BOAHbLIX YETBEPTOro nopsaka. [Ans HaxoxaeHus pelleHus 3agavy UCnorib30BaH
meToq Pumana. NMoctpoeHa yHKkuMss PuMmaHa, ¢ NOMOLLBIO KOTOPOM NONy4YeHO MHTerpansHoe npeacTtaBrneHve
peLLeHns NOCTaBNeHHON 3aaauun.

KnioueBble cnoBa: 3agava Koww, auddepeHumanbHOe ypaBHEHME B YacCTHbIX MPOM3BOAHbIX
YeTBepTOro nopsigka, metog Pumana, dpyHkunsa Pumana.

Abstract. This paper is devoted to the investigation of the Cauchy problem for a fourth-order partial
differential equation. The solution of the problem is obtained using the Riemann method. A Riemann function is
constructed, which makes it possible to derive an integral representation of the solution to the posed problem.

Key words: Cauchy problem, fourth-order partial differential equation, Riemann method, Riemann
function.

I. Kirish

Bir qator muhim amaliy muammolarni tadqiq etishda klassik bo‘lmagan differensial tenglamalar
paydo bo‘ladi. Matematik fizikaning bunday modellari noklassik deyilib, xususiy hosilali differensial
tenglamalar yoki tenglamalar sistemasi shaklida ifodalanadi hamda klassik tiplar — elliptik, parabolik,
giperbolik tiplardan biriga mos kelmaydi. Xususan, noklassik modellarga aralash tipdagi tenglamalarni
(Trikomi, Gellerstedt tenglamalari), buziladigan tenglamalarni (masalan, Keldish tenglamasi) yoki
Sobolev tipidagi tenglamalarni (masalan, Barenblat-Jeltov-Kochina tenglamasi) tavsiflovchi modellar
kiradi.

Sobolev tipidagi tenglamalarning muhim sinfi to‘rtinchi tartibli Bussineska-Lyav tenglamasidir
[1]:

Au (X,t)—u, +Au(x,t)=0
bu yerda A — Laplas operatori.

A.G.Sveshnikov, A.B.Alshin, M.O.Korpusov, Yu.D.Pletner [2], M.O.Korpusov [3], S.A.Gabov,
B.B.Orazov [4], V.l.Jegalov [5], A.N.Mironov, E.A.Utkina va boshgalar ishlarida psevdogiperbolik
Bussineska-Lyav tenglamasi uchun boshlang‘ich va lokal chegaraviy masalalar yechilishi o‘rganilgan.
T.D.Jo‘raev va A.Sopuyevlar [6] ishlarida ikki o‘zgaruvchili umumiy to‘rtinchi tartibli chizigli
tenglamani to‘liq sinflash va kanonik ko‘rinishga keltirish masalalari o‘rganilgan.

1. Asosiy gism
Masalaning qo¢yilishi. Q= {(§,n) n>E> 0} sohada

L(U)Euéérm —Um] +U§§ =0 @)
tenglamaning xarakteristika bo‘lmagan 77 = & chiziqdagi quyidagi
u(¢.&)="($). )
ou( ¢,
M — fl(x)’ ?3)
on e
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azu(f,n) B
T?Ff B fZ(X), (4)
o’u &

8(n3 ),7(; } fg(X)’ (5)

shartlarni  ganoatlantiruvchi -~ u(&,77)eC*(€2)  regulyar  yechimi topilsin, bu yerda

f.(&)eC(Qn{n=¢}), i= 0,3 - berilgan funksiyalar, fi = (%,—%j esa 17 =¢& chizigga

o‘tkazilgan tashqi birlik normal vektor.
Bu masalaning yechimini qurishda Riman usulidan foydalanamiz.

RL(u)=Ru,,,, —Ru, +Ru, =0 (6)
a) Rug,, =(Ru 5577) ~RUg, = (R“&fn) (Rﬂuéfﬂ) +R§77ur§77
:(Ru%n) (Rﬂugn) (Rinun) ~R. U, =
:(Ruféﬂ) (Rﬂuiﬂ) (Rén“n) (erfnu) + Ryl =

0 0
5§ ( Rénun - Rnufﬂ) on ( Riénu Rué{fﬂ ) + Rfiéﬂn
0
b) Ru, = (Ruﬂ)n -R,u, =(Ru, )77 -(R,u )n +R U= %(Rq7 ~RU)+R,u;

¢) Ru,, :(Ruﬁf)g —Ru, :(Ruff)g _(Rfu)g +R

0
U :%(Rug - Rgu)+ R.U;

Topilganlarni (6) tenglamaga go‘yamiz:

RL(u)= aig(Re:n“n R, ) - agn(R&:n” RU.,, )+ Reyy, U -
—%(RU,7 -RU)-R,u +%(Ru§ ~R.U)+R.U;
RL(u):uL(R)+%(R§n ,—RU, +Ru,—R u) 8877(R§§’7u Ru.., +Ru, —Rnu);
RL(u)—uL(R):%—%, (")
buyerda Q=R,u, —Ru. +Ru.—R.u; P=R,,u—Ru,, +Ru, —Ru.

(7) tenglikni €2, soha bo‘yicha integrallaymiz:
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[[[RL(u)—uL(R)]d&dn ﬂ(@—a—degd m .
% o ) BOIE. S 2 E— B(y:y)
Matematik analiz kursidan ma’lum bo‘lgan |
|
= _=T |dedy=dPde+Qd L Q
”(65 anj <y = § Pz Qb -
Grin formulasiga asosan (8) tenglik quyidagicha |
bo‘ladi: i
[J[RL(u)-uL(R)]dédn = § Pdé+Qdn (9) a(x:x)
Qq Qg |
X g3
(1) tenglamaning R(X, y;(f,ﬂ) Riman funksiyasi

deb, quyidagi shartlarni ganoatlantiruvchi funksiyaga aytiladi:
1°. (X y) va (5 77) o‘zgaruvchilar jufti bo‘yicha Qx Q) da R(X, y;§,77)e M, bu yerda
M ={R:ReC'(Q).R,,. R,, €C(Q), Ry, eC(Q)}, Q={(x,y): y>x>0};
2°. Har ganday (X, y) € Q bo‘yicha R(X,Y;&,77) funksiya
L*(R) =R, +R.:—-R, =0, (10)

tenglamani ganoatlantiradi;
3% £ =X, n =y xarakteristikalarda quyidagi shartlarni ganoatlantiradi:

E=X da: R(X,y;x7)=0, R.(Xy:xn)=a(mXYy), (11)
n=y da R(X,y;&,¥)=0, R (X Y&, y)=a,(&E,xY), (12)
bu yerda a)l(ry,x, y) va a)z(f,x, y) quyidagi Koshi masalasining yechimini ifodalaydi:
@, +@, =0, @l =0, a)177|= =1, X<n<y
Wy: — @, =0 @,|, =0 Wy, =1 X<ELYy,

Eslatib o‘tamizki, bu masalalar birgiymatli yechiladi va bu yechimlar mos ravishda quyidagilarga
teng:

w,(n,x,y)=sin(n-y), @, (& xy)=sh(&—-x).

Izlanayotgan Riman funksiyasi quyidagi ko‘rinishga ega:

R(X,y;&,m)= p-KO(l;g,l;g,l;o-l,o-zj, (13)
buyerda p=(&-x)(7-Y), oy :—(5_4)() .0, = _=y) —4y) :
3 3 < (1)m+n Glm O-_ln_
(s agten |- 3 e e

0

© O .3 . B o’ .3 .
:§WZ—;W1F2(1+m’E’1’02) ;(3/23 n|1F2(1+n E,]_,(ylj’

yoki Kampe de Feriet funksiyasi [7], orgali quyidagicha ifodalanadi:
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3.3 ool L - —
Ko(l,z 1— > 161,0'2j Folzozo{_’ 3/2’1’ 3/2’1, O O'z:|.

(1) va (10) ifodalarga ko‘ra (9) tenglikdan (j} Pd& +Qdn =0 ekanligi kelib chigadi. Bu

oQ,
tenglikdagi integralni soddalashtiraylik.
¢ Pde+Qdp= ¢ PdE+Qdy=0 (14)
0Qy ABUBCUCA

1)<j>Pd§+an jP| dé= J-[Rgg,,]u Ru,, +Ru, ~Ru]| dé=

—j[ Rey =R, R(uéén_uﬂ)]

(12) shartlarga ko‘ra bu integralnlng qumatl nolga teng bo‘ladi.

2)95Pd§+an jq| dn = I[ng

de.

n=y

I R.,U s d77 —JRUU(:U o dn+ I Ru§|§:x dn —JR§U|§:X dn.
y y y
Bu tenglikdagi 2- va3 integrallar (11) shartga ko‘ra nolga teng. Demak,
gﬁpd&an:jRgﬂ o 7= jR ul,_ dn (15)
CA
tenglikka egamiz. (15) tenglikning o‘ng tomonidagi 1-|ntegraln| bo* laklab integrallaymiz:
X

gSPd§+Qd77:Rgn(x,y;x,n)u(x,n) an_J'RéuLz:an:
CA

S| e=

d77:

=X

=R, (X, y;x,x)u(x,x) =R, (X, y; X, y)u Iu Rg,ﬁ7 +R
=cos(x—) o (x ) u(x.y).
3) $Pdé+Qdn=[[P+Q] ,dé=

y
:j R, U-Ru, +Ru —Ru+R,u —Ru. +Ru,— Rgu]ﬂzé dé.

Yuqoridagi hisoblashlarni e’tiborga olib, (14) tenglikni quyidagicha yozamiz:
u(x,y)=cos(x—y) f,(x)+

+I[ u +U, ggn)—Rn(ujtug) RU+R. U +R§§nu]

dé.  (16)
(]

Endi n=¢& da U, U, u,, U, , U, larni (2)—(5) shartlardan foydalanib topamiz.

u(é.&)="%(%).
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U (&,6)-u,(£,8) =21, ($),
u:(&,8)+u,(&,8)=1(S).
U (&) -u,, (£6)=21(¢).
U, (&.8)-2u,,(&.8)+u,, (&.8)=21,(%).
Ug(&,8)+2u,,(8,8)+u,,(&,8)=1(S),
Uge (£,8) =3y, (&,6) +3U,,,(S,6)-U,,,(£¢)= 2«/§f3(§),
Upe (£,8) +Ug, (6,:6) -1, (£,6) -1, (£.6)=N2118).
uééf (é’ 5) + 3u§577 (5'5) + 3u§7777 (6’ 5) + umm (5'5) = foﬂ(g)’

Uz (§,8) — U, (6:6) g, (8.5)+u,,, (£,8)=21,(5).
Yugoridagilardan foydalanib quyidagiga ega bo‘lamiz:
V21, (&)

0 (6)=RELHE) () LS

2
_fi(6)-2%(¢)
Ugﬂ(g,f)— 4 !

116)+26(8)-214(£) ~2426,(¢)

Uy, (¢.8)= 4 :

o0 m n
w(oy,0,)=Ky(a;b,c;b' ¢ 01,0,)= D (8)y., 91 9% gator uchun

£4(0), (c), (1), (), mE nt

quyidagi differensiallash formulalari o‘rinli:

a !/ /. a‘ . M~ /. .
1) gKo(a;b,c;b ,C ,al,o—z):EKo(a+1,b +1,c+1Lb',c’;0,,0,);

1

2) (o-lai +(b —1)j Ko (a;h,c;b',c’;01,0,)=(b-1)K,(a;b-1,¢c;b',c’;0,,0,);

0,

2
3) (01%”3%) Ko(a;b,c;b’,c’;al,az):EKo(a+1;b,c+1;b’,c’;al,<72).
1 O-l c

1) -3) lardan foydalanib (16) ifodadagi Rg, R,], an, Rﬁﬂ hosilalarni hisoblaymiz.

o 1 3.3 3.1 .
RU:2(5—X)(Gza—o_z+§jKo(l,i,l,a,l,O'l,O'zj=(§—X)K0 1,5,1,5,1,0'1,(72 ;

o 1 3.3 1.3 .
Ré;:2(77—y)(o‘la—o_l+§}Ko(l,a,l,a,l,()'l,()'z):(ﬂ—y)KO 1,5,1,5,1,(71,(72 ;

o 1 o 1 3.3 1.1
Rgﬂ:4(01—4‘—}(028—624‘5}Ko(l;g,l;a,l;al,azj:Ko 1;5,1;511;0-1’02 ;

o 1 * 390 3.3
Re:) = 2(5_ X)[O-Zﬁ—O'Z_FEJ[Gl?Of—FEG_Gl] K, (1,5,1,5,1, 0'1,02] =
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3.1
:(g—X) KO(Z,E,Z,E,].,U]_,GZ),

Bu tengliklarni (16) formulaga qo‘ysak, qo‘yilgan Koshi masalasining yechimi quyidagi
ko‘rinishda bo‘ladi:
u(x,y)=cos(x—y) f,(x)+

+f(§ —X)(£-Y)Ko(L3/2,1,3/2, 0, p) D, (£)dE -

(£-X)Ko(L3/2,5Y2,L0,, p) D, (£)dE -

—1(&-y)Ky(31/2,1,3/2, 30, p) o (&)dE +

x'—,~< X C—

+}K0(1;§,1;§,1;01, j £)de+ [( j Ko(2:3/2,21/2.5:0,,0) 1, (£)dé . (17)

bu yerda
1

®1:Z|:2fo,(§)_2ﬁf1( )+2\/_f( )+2f( )
_fo"(f)—ﬁfl’(§)+2f2’(§)+2ﬁf3(§)};

1

0.(6)=5(41,(6)+ 110)-24,(9). 0:(6)= 3 16) 1), o=

Masala yechimining yagonaligi Riman funksiyasining yagonaligidan kelib chigadi. Mavjudligi
esa konstruktiv isbotlangan.

Teorema. Agar f,(&)eC*(Qn{=¢}), 1=0,3 bo'lsa, u holda Koshi masalasining
yechimi mavjud va yagona bo‘lib, u (17) ko‘rinishda bo‘ladi.
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N-STRATEGY IN A PURSUIT DIFFERENTIAL GAME WITH DIFFERENT
CONSTRAINTS

B.l.Juraev, R.O.Uraimxudjaeva

Andijan state university, 170100 Andijan, Uzbekistan.

Abstract. In this work, we consider a pursuit problem in a simple motion differential game when
geometric and an exponential integral constraints are imposed on controls of a Pursuer and an Evader. In
order to solve the pursuit problem, the parallel approach strategy (the Il-strategy) for the Pursuer is
constructed, and sufficient conditions of pursuit are obtained.

Keywords: Differential game, pursuer, evader, pursuit, geometrical constraint, integral constraint,
strategy, guaranteed capture time.

AnHoTauus. B Hacrosmedl crarbe MBI paccMaTpuBacM 3aJadd TpPECeOBaHUs B MPOCTOU
i hepeHInanbHON Urpe IBIKCHHUS, KOT/Ia YIPABICHHUS MIPECIIeoBaTeNs U yOeraromero moadiHsII0TCsS
TEOMETPHYECKHUM U SKCTIOHCHIINAIb MHTETPATbHBIM OTpaHUYEHHSAM. J{JIs pereHns 3a1auu npeciieIOBaHNs
CTpOMTCSl cTparerusi mapajuienbHoi cxomumocTtH ([I-cTpaTerus) ans mpecienoBaTensi W MOTYYaIOTCS

JAOCTAaTOYHBIC YCIIOBHUA NMTPECICA0OBAHUA.

KuaioueBble cioBa: /[uddepeHunansapie Urpbl, mpecienoBarelb, yoeraronmi, mpecie1oBaHue,
reoOMEeTpUYECKOe OTpaHHMYCHUE, HHTETpall OTPAHUYCHHUE, CTPATET s, TApAaHTHPOBAHHOE BPEMsI 3aXBara.

Annotatsiya. Bu ishda, sodda harakatli quvish differensial o’yini, quvlovchi va qochuvchining
boshqaruvlari geometrik va eksponensial integral chegaralanishlar qo’yilgan holda ko’rib chiqilgan. Quvish
masalasini yechishda, quvlovchining parallel yaqinlashish strategiyasi (I1-strategiya) qurilgan, quvishning

yetarli shartlari aniglangan.

Kalit so’zlar: Differensial o’yin, quvlovchi, qochuvchi, quvish, geometrik chegaralanish, integral

chegaralanish, strategiya, kafolatlangan tutish vagqti.

INTRODUCTION

The theory of differential games was began
to explore systematically by the American scientist
R.Isaacs [1], and in 1965, his monograph entitled
“Differential Games” was published. In this
monograph, many differential game problems are
investigated, and a number of new problems for the
further research were offered. These problems have
been widely studied by world scientists so far.
Besides, L.S.Pontryagin [2], N.N.Krasovskii [3],
A Friedman [4], L.A.Petrosyan [5], N.Yu.Satimov
[6], A.A.Azamov [7], B.N.Pshenichnii [8],
A.L.Subbotin [9], and other mathematician scientists
are considered as the fundamental founders of the
theory of differential games, and they made their
great contributions to the development of this field.

The “Life-line” differential game problem,
which is one of the intriguing problems proposed in
the monograph of R.Isaacs [1], was first solved for
a simple motion differential game by L.A.Petrosyan
[5] using the method of parallel approach, and this
method is also called the parallel pursuit strategy
(briefly, II-strategy). Later on, A.A.Azamov [7]

gave an analytical solution of the “Life-line”
problem for a differential game with multi-pursuer
and one evader. Employing ideas of the II -strategy
and L.S.Pontryagin’s [2] first direct method
A.A.Chikrii [10] generalized the method of II-
strategy for linear systems. Subsequently, the II -
strategy served as the basis for the development of
methods of pursuit in differential games with
multiple pursuers.

Differential games with various types of
constraints set apart from other games under the
same type of constraints because of simultaneous
physical properties and special constructions of
strategies. The pursuit and evasion problems with
different  constraints were considered in
comparatively few works, for instance, in [11, 12].
Hence, the more researches on such kinds of
problems contribute to extensive the class of new
problems in the theory of differential games. For
example, B.T. Samatov pioneered to use the new
types of constraints, e.g. linear constraint [13],
Gronwall type constraint [14], Langenhop type
constraint [15]

Statement of the problems
Suppose that in R™ controlled object P called the Pursuer, chases another controlled object E called
the Evader. Denote by x the position of the Pursuer and denote by y the position of the Evader in R™. In
the present work, we consider the pursuit-evasion problems when the objects move in accordance with the

equations

P: X =1u,

x(0) = xo, (1)
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E: )’/=v, y(0)=y0, (2)

respectively, where x, y,u, v € R™,n > 2; x,and y, are the initial position of the objects accordingly, and
it is assumed that x, # y,; u and v are the control parameters of the objects correspondingly, and they
denote the velocity vectors which depend on the time ¢ > 0 . We regard the control parameters u and v as
measurable functions u(+): [0,0) — R™ and v(-): [0, ) = R", respectively.

On the control parameter u, we impose the constraint [16]

¢
flu(s)lzds < a’t 3
0

where a is given positive number. We denote by U the set of all measurable functions u(+) such that satisfy
the geometric constraint.

Similarly, on the control parameter v, we impose the constraint [17]

0.2
<

t
flv(s)lzds < le (1—e %) + g2 4)
0

where oy > 0, o; > 0 and [ > 0 are positive numbers. We denote by I/ the set of all measurable functions
v(-) such that satisfy an exponential integral constraint.

Defenition 1. The functions u(-) = (ul(-),uz(-), ...,un(-)) and v(-) = (vl(-),vz(-), ...,vn(-)) are
said to be admissible control functions of pursuer and evader, respectively if (1) and (2) are satisfied for
u(+) and v(-) correspondingly.

Definition 2. If u(-) € U and v(-) € V, then by virtue of the equations (1), (2), the pairs (xq, u(:))
and (y,, v(-)) generate the motion trajectories

t t

u(s)ds, y@)=yo+ f v(s)ds
0

x(t) = xp +f

0

of the objects P and E accordingly.

The chief target of the object P (Pursuer) is to capture the object E (Evader), i.e., to achieve the
equality x(T) = y(T) at some finite moment T > 0 (Pursuit Game). While the object E struggles not to
be captured (Evasion Game), i.e., to keep the condition x(t) # y(t) for every t, t > 0, or to lengthen the
encounter time 7.

Definition 3. We say the strategy u(t, v) the parallel approach strategy, or in short, [1-strategy if, for
an control v(-) € V, the solution z(t) of the initial value problem
z=u(t,v) —v(t), z(0) = z,
may be represented as

z(t) = zoI(t,v()), ro,v()) =1,

where I'(t, v(+)) is the scalar function of t,t = 0, and it is generally called the approach function in the
pursuit game.

Definition 4. We say that a strategy u = u(t, v) guarantees capture at time moment T'(u) if at some
time t, € [0,T(u)] the equality x(t.) = y(t,) is satisfied for any control v(-), v(:) € V, where x(t) and
y(t) are the solutions of the initial value problems

x=u(t,v), x(0)=xg
y=v(), y(0)=y

where t = 0.
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Solution of the pursuit game

According to the equations (1), (2) for any v(-) € Vand u(v(:)) € U the pairs (xq, u(v(+))) and (yo, v(+))
generate the trajectories

t

x(t) =x + f u(s,v(s))ds (5)
0

t

y© =30+ [ v ds ©)
0
of the Pursuer and Evader respectively.

Definition 5. We say the function [17]

u(t,v) =v—y(tv) ()

the Il-strategy in the Game of Pursuit, where

)

2 2\2
y(tl U) = (U, 60) - m + \]((U, 50> — Zo-l%ol) + az _ 0-128—2[t (8)

& = ;—Ol, Zy = Xy — Yo and (v, &y) means the inner product of the vectors v and &, in R™. It is worth noting
0
that the function y (¢, v) is usually called the resolving function.
Proposition. If « > g, then for any pair (t,v): R} X V:
a) y(t,v) function is defined, continuous and non-negative;
b) the equality
2 2 9° 2 2 -2t
lut, v)|* = |v| —my(t.v)ﬂl —o01%€ (8a)
0

is satisfied.

Lemma. Let ¢ > gy, then the equation [17]

VE@®) + G(t) —F(t) = |z 9)
has at least one positive root in respect to t,t = 0 where
0,2 1—e 6\’
F(t) = t(zil(l—e_w) +002>, G(t) = (a—012)< l ) — 0y°t.

Proof. From (9) let’s write the following function down:

A®) = F () + G (&) = VF (&) = |2l
Consider below some properties of A(t), i.e.,
a) A0) = —|zl;
b) take the limit of A(t) ast — 4o
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lim A(®) = lim (VFO + 60 ~VF@O - lz]) =

t—>+o0

— |z = 00,
t_) © \/F (t) + G(t) + \/1 (t) ’

According to the above properties of A(t), there can be found some 1 € [0,+0) that generates I'(t) = 0. This
completes the proof.

In the Game of Pursuit, we call the smallest positive root of (9) the guaranteed capture time and
denote it by T.

Theorem. Let ¢ > ¢,.Then [I-strategy guarantees realization of capture on the time interval [0, T].

Proof. Let’s suppose that the Evader chooses any arbitrary control v(:) € V and the Pursuer realizes
the I1-strategy (7). Then from (5), (6) and from the denotation z(t) = x(t) — y(t), we generate the function

t
20 = 270+ [ (s, ()~ v ds (10)
0
Considering the form of (7), the function (10) can be rewritten as

2(8) = 2T (t,v()), an

where

F(t,v(-)) =1 ——f v(s,v(s))ds.

Now, analyze the nature of decay of the convergence function F(t, v(-)) with respect to t. Obviously, the
function T'(t, v(+)) is continuous and monotonically decreasing with respect to ¢, ¢ > 0, and therefore, in
view of (8), the following estimation holds:

1 g iy 52 \2
r(t,v(-))=1—|Z—0|0f[<v,fo>—#zol+j((v,fo)_ﬁoo bt — o225 ds <
0-2 2
VRSN e s
1 g [ 52 \\2 }
BTN Is 00" s o
1z lof : < ol ) (e (<v.fo> 2|z0|>> + a2 — o2 |ds,

|

or

t
1
F(t,v(-)) <1 ——f w(s)w(w(s))ds, (12)
|1Zo | 5

where

P(s) =e™, w(s) =e’s (ZTZZI ), o) = w+Jw?+a?— o2

Since @(w)is a convex function ($(w) > 0) with w and : [0. +o0] — (0, 1] is integrable, the Jensen

inequality [17]
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f;¢<s>w(s)ds>
Jy w(s)ds

can be applied to the integral in (12). Then for the right side of this Jensen inequality and from the
definitions of the functions ¥ (s), w(s) and ¢ (w) we have

[ w(s)w(s)ds :
fzp() (M(S)ds) 0f<2' 0|+|v<s)|>als+

t

+ f(” " |v(s)|) +¥(1—e‘“)2
0

t t
[vr0(@e)ds = | w(s)ds<p<
0 0

2|z

~ el |~ T TE-pO+ J(zw

Where p(t) = fot |v(s)|ds. The function

2 2 2 —1e\ 2
_ 0o 3 0y 2 2 1—e

which is on the right-hand side of (13), is monotonically decreasing with respect to p. Taking into account

the Cauchy—Bunyakovskii inequality and constraint (4), we have
1/2

t t
flv(s)lds <+t flv(s)lzds < JF(®)
0 0

Then, from these inequalities and from the property of monotonically decreasing function f (¢, p), we obtain
an inequality of the form

0> 0> 2 1—e-lt\?
f(tp@®) = ——t —JF() + ( t+ F(t)) + (a2 — 012)< )
Zy| 2|z l

for ¢t > 0. Thus, by virtue of the last inequality, from (12) we obtain

r(t,v()) <T() (14)

1 002 02 z 1—e-lt\?
r)y=1—-—1|- t—+F() + < t+ F(t)) + (a? — 0,2) ( )
|Zo| 2|Zo| 2|Zo| l

Let us show the equivalence of the equalities I'(t) = 0 and (9). From the latter and from the form I'(t), it

Consequently, from (12) we get

1ty 2
r(t,v()) < ) | a3)

2
> + (a? — 0,2) (1_6_

where

easily follows that

002 2 1—e-lt\? 002
t+F@®) | +(a?—o0,2 = +—t+F(t
<2|z0| ()) (@~ 0, )( l ) 170l + 57+ FD
Multiplying this equality on both sides by the conjugate part of the left side we have
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2

-1 2 - 2
(a2—012)<1 ¢ t) = |z, (”LZH F(t)) +(a2—012)<1 ¢ lt) L0 t +/FD
l 2|z, l 2|z

Z,

2

22y g e , ) 2 1 — e-lt\2
. Ul)( ] >‘2720|t_“F(t):J<zTZO|” F(t)) ““2_”12)( ) )

|Zo

Squaring the latter on both sides, we get

_ 2
—e it

(aZ—of)(l l )‘Z'Z"'(%” FO) = 2ol

We find
|Zo|? + 2|2o|/F(t) — G(t) =0

whence (9).

Now, by virtue of Lemma, there exists a time T such that T'(T) = 0. Based on (14) there exists some
time n € [0, T] which gives the result F(n, v(-)) = 0 and thereby, by virtue of (11) we have z(n) = 0,

or, more precisely, x(n) = y().

And now, we will have to prove the admissibility of the strategy (7) for all t € [0,7n]. To do this, suppose
that the Evader picks an arbitrary control v(:) € V. Then taking the integral of both sides of (8a) and

considering (4) we obtain the relations
n n

n
2
0flu(s,v(s))lzds = Oflv(s)lzds —laz—oolof v(s,v(s))ds + a’t —
n

2
o
—0,2 f e 2bsds < 2—11(1 — e72) + 6¢ — 0o% + a’t —

0

2

n
jlu(s,v(s))lzds < a’t.
0

This completes the proof of Theorem 1.
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CONCLUSIONS

In the paper, we investigate a pursuit
problem in a simple motion differential game when
geometric and an exponential integral constraints
are imposed on controls of a Pursuer and an Evader.
In order to solve the pursuit problem, the parallel
approach strategy (the Il-strategy) for the Pursuer is
constructed, and sufficient conditions of pursuit are
obtained.
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A pursuit-evasion differential game for players with inertial motion under
Gronwall type constraints on controls.

A.X.Akbarov, S.Ma’rufjonova

Andijan State University named after Z. M. Babur, 129, University Street, Andijan, Uzbekistan,
170100

Abstract: This study develops a Il-strategy for the inertial motion pursuit problem when players’ control
functions belong to different Gronwall-type constraint classes, and establishes sufficient conditions for capture. A
control strategy for the Evader is also proposed, with conditions ensuring evasion. Additionally, the attainability
domains of both players are constructed, along with their time-dependent inclusion conditions. These results extend the
work of R. Isaacs, L. A. Petrosyan, B. N. Pshenichnyi, A. A. Chirii, A. A. Azamov, and others.

Keywords: differential game, Gronwall’s inequality, pursuit, evasion, optimal strategy, capture time.

AnHoTtauus: B manHoii pabote paspabdbarsiBaercs [1-cTpaTerus 1uis 3a1a4uu pecaeI0OBaHus IPH HHEPIHOHHOM
IBIDKCHUH, KOTAa YIpaBisifomMe (QYHKIAHM WIPOKOB NPHHAIUICKAT PA3MUYHBIM KiaccaM OTPAaHWYCHHH THIa
I'ponyonna, 1 ycraHaBIMBAIOTCS JOCTATOYHBIE YCJIOBUS 3axBara. llpemnaraeTcs Takke CTparerusl yrnpaBJIeHUS IS
y6erafomer0, npu KOTOpOfI IMNOJIYYCHBI YCJIOBUS YKIIOHCHUSA. KpOMe TOTO, CTPOATCA obnacrtu JAOCTUKUMOCTH UT'POKOB U
(hOpMYJIHPYIOTCS YCIOBHS MX BJIOKCHHUS BO BpeMeHH. [loiTydeHHbIe pe3ysbTaThl pa3BUBalOT paboThl P. Aiizekca, JI. A.

[Terpocsna, b. H. ITinennynoro, A. A. Yupus, A. A. AzamoBa 1 IpyTrux UccleoBaTesei.

KiroueBble cJioBa:
OIITUMAJIbHAA CTpaTeI‘I/I)I, BpeMﬂ IIOMMKH.

I. Introduction.

According to  the  fundamental
approaches of Pontryagin and Krasovskii, a
differential game can be viewed as a control
problem from the perspective of either the
pursuer or the evader. In this sense, it reduces to
either a pursuit (approach) or an evasion
(escape) problem. In this paper, we focus
mainly on the pursuit problem.

The concept of differential games was
introduced by Isaacs and has been widely
studied since the 1960s, with important
contributions from many researchers, including
Pontryagin, Krasovskii, Bercovitz, Elliott and
Kalton, Fleming, Friedman, Hajek, Petrosyan,
and others.

In Isaacs work, several specific
problems were proposed, including the life-line
problem. For the case of geometric constraints
on controls, this problem was extensively
studied by Petrosyan using piecewise constant
controls that implement a parallel approach
strategy, later known as the II-strategy. This
approach also influenced the development of
pursuit methods in games with multiple
pursuers. Differential games with integral
constraints have also been considered, though
less extensively than those with geometric
constraints. Interception problems in dynamic
flow fields have also been investigated.

Typically, control functions are subject
to geometric, integral, or mixed constraints.
However, in some applied settings, such as

muddepeHnnanbHas  urpa,

HepaBeHCTBO [ 'poHyoiuta, mpecienoBaHue, yOeraHue,

ecological and  engineering
differential-type constraints also arise.

In the work of B.T. Samatov, G.I.
Ibragimov and 1.V. Hodjibayeva, the notion of
Gr-constraint (Gronwall type constraint) on
controls of players, which expresses more
general form of geometric constraints, is first
introduced. In the present work, a pursuit—
evasion differential game with Gr-constraints is
considered for more generalized cases. This
paper studies inertial movements pursuit—
evasion game with Gronwall-type constraints on
the players’ controls, determines the pursuit
time, and constructs strategies.
Il. Main part.

Assume that in the space R" a
controlled object P, called a pursuer, chases

another object F, called an evader. Denote by
xa state of the pursuer and by y that of the
evader in R".

Let the motion dynamics of the players
be generated by the following differential
equations and initial conditions respectively:

P: i=u, 2(0)=z, @0)=z, (1)

E: j=v y0)=y,, 90)=y,, (2)
where =z, y, 2,5, Yyo» Tpps Yips U, VER", n22;
z,, and y,, are initial states of the players, and
x,, and y,, are their initial velocity vectors,

respectively. We suppose that z,#y, and

Ty = Y-

problems,
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Here the temporal variation of u must
be a measurable function wu(-):[0,+0)—>R"
and we impose a Gronwall type constraint on

this vector-function (briefly, Gr-constraint) in
the form

U@ <p*+2k[|u(s)?ds, 20, (3

where p are nonnegative numbers and Kk is

positive number.
In a similar way, the temporal variation
of v must be a measurable function

v(-):[0,+0) —>R", and we impose on this
vector-function a Gr -constraint in the form

MO <o%+ 2k [v(s)|ds, 20, ()

where o are nonnegative numbers and k is
positive number.

The control parameters of the players are
the acceleration vectors u and v, which depend
on time t>0. We denote by U, and V,, the
set of all control parameters u and v satisfying
conditions (3) and (4), respectively.

Definition 1. We call the measurable
function u(?) (v(-)) that satisfies the condition

(3) (the condition (4)) an admissible control of
the pursuer (the evader) of the class Ug, (the

class V), where the pair of classes of
admissible  controls introduced (Ug,,V,)

defines a diff erential game.
By means of the equations (1) and (2),

each triplet (X, X, U()) and (i, Yo, V()
generates the trajectories of motion

z(t) = @, +xt+ J.(t —s)u(s)ds (5)

0

Y(t) = Yo + gt + [(E=s)u(s)ds.  (6)

of the pursuer and evader respectively.
We use the following statement.
Lemma 1. (Gronwall’s inequality, see

[27]). If
|)/(t)|2 <a’+ 2kj|7/(s)|2ds ,

then |y (t)| < e, where y(t), t>0,isa

measurable function: & and K are non-
negative numbers.
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By Lemma 1, if u(-) eU,, and

v() €V, , then
u(t)|< pe, v(t)|<oe, t20. (7)

It can be easily presented that the
converse is not satisfied, that is, the inequalities
(7) do not mean the inequalities (3) and (4). To
define the notions of optimal strategies of the
players and optimal pursuit time, we will
consider two games.

Suppose that a closed subset M called a
lifeline is given in the space R". The main goal
of a pursuer P, is to catch an evader E, that is,

to achieve the equality =(¢")=y(¢") at some
time ¢', t >0, while the evader remains in the

zone R"\M . The goal of the evader is to reach
the zone M before being caught by the pursuer
or to maintain the relation x(¢)=y(¢) for all
t,t>0. We should note that M does not
restrict the motion of the pursuer. Further, it is
assumed that the initial states z, and y,, are

given under the conditions =z,#y, and

Yo €M .

It is known that control functions
depending only on the time parameter ¢, ¢>0,
are insufficient for the pursuer to solve the
pursuit problem, and suitable types of control
must be strategies. There are several methods
for defining such a concept. Below we will give
some concepts to define.

First, we introduce
notation:

2(t) = 2(t)—y(t), 2(0)=2, =2, — Yy,
20) =2y = 2y — Y. (8)
Then according to (1), (2) and (8), we get the
initial value problem
Z=u-v, 2(0)=z,, 2(0)=0. 9)

Consequently, as an alternative to the
game (1)—(4), we have generated the game (3),
(4), (9), or for brevity, the game (Uy,,V, ).

Later, the symbol S, will be used to
denote the ball of a radius x centered at the
originin R".

Definition 2. It is said that a function
uw:R"xV, U, is the strategy of the
Pursuer if:

the following
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1) for v(-) eV, the
inclusion  u(-) = u(z,,v())eUg is satisfied.

any control

Here, we term the function u(-) = u(z,,,v()) as
the implementation of the strategy w(-);

if) for each v,(-), v,(-) eV, and for all
u(e)=vy(e) s

reasonable almost everywhere on [0, ¢], then

te[0,+x), the equality

w,(g) = u,(e) takes place almost everywhere on
the same interval, where w,()=wu(z,,v,()),
i=1,2.

A special case of the strategy can be
given by a mapping v:R" xS; — S,, which is
a Borel measurable function with respect to
v,veS;.

Definition 3. In the game (U, V),

we say that a strategy w=wu(z,,v) is the

parallel pursuit strategy, or the II-strategy for
short, if, for any o(-) e V., the solution z(¢) of

the Cauchy problem
Z=u(z,0(t))-v(t), 2(0)=z, 20)=0 (10)
can be expressed as

2(t) = ZloA(t’U('))' A(O'U(')) =1, (11)
where A(t,0(-)) is a scalar function with
respect to te[0,+0), and it is called the

convergence function of the objects.
Definition 4. We say that the II-
strategy guarantees to catch the object E on

the time interval [0, ¢, | if, for every o()) e V:
1) there exists such a time moment
t',t [0, t,] that generates the equality

z(t*):O;
ii) the inclusion wu(z,,v())eUg, Iis
fulfilled on the time interval [o, t*].

Here the number ¢, is called the
guaranteed pursuit (or capture) time.
Definition 5. In the game (Ug,,Vy,),

we call a control wg :[0,+%0)—>V, the
strategy of the object E if v, (¢) is a Lebesgue
measurable function in respectto ¢, t € [O,+oo).
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And now, we will define the game
(Ug,, V5, ) from the vantage point of the object

E.
Definition 6. It is said that a strategy
v, () €V, guarantees to escape if, for any

u(-)eU,,, the solution z(¢t) of the Cauchy
problem

Z=u(t)—vg (1), 2(0)=2, 20)=0 (12)
is nonzero, viz, z(t) =0 forall ¢ €[0,+x).

The next sections of the Chapter are
intended to be individually discussed the
following problems for a differential game with
the inertial motion dynamics (1)—(2) when Gr -
constraints (3)—(4) are enforced on the controls
of the objects P and E correspondingly:

Problem 1. Problem of Pursuit: define
the I, -strategy for the object P, and identify

solvability conditions of the Problem of Pursuit.

Problem 2. Problem of Evasion:
prescribe an admissible control for the object
E, and determine solvability conditions of the
Problem of Evasion.

Problem 3. Find an analytical formula
for an attainability domain of the object P in
the Problem of Pursuit.

A solution of the pursuit problem

In a great number of mathematical
problems with parameters, an interesting
property of the final analytic results is their
explicit dependence on these parameters, which
are regarded as constants in the solution.
However, these parameters can help to
determine feasibility conditions for these
problems. In this section, we are going to
present necessary and sufficient feasibility
conditions for the pursuit problem in the game

(UGr’VGr)'
If the pursuer and evader choose
admissible controls w(-)eU,, and u(-)eV,,

respectively, then, depending on equation (9),
we obtain the solution

2(t) =z, + j(t —s)(u(s)—u(s))ds. (13)

In the new notation introduced, the goal
of the pursuer is now to fulfill the equality

z(t*):Oat some time ¢, ¢ >0. As for
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evader’s goal, it is to maintain the relation
2(t) = 0forall ¢ €[0,+x).

To construct a strategy for Pursuer, first
we assume that Pursuer knows t, v(t) at the

current time t.
Definition 7. Assume that p>o . Then,

in the game (Uy,, Vs, ), we call the function

U, (le’ U) = v_ﬂGr (Zlo’ U)§10 (14)
a parallel pursuit strategy (briefly, IT-strategy)
of the pursuer, where

& (Zm,v) = <U' 9810> +\/<U, 6610> +oe™,
él()

S=p° -0’ (15)

J7l wl
and (v,&,,) is the scalar product of the vectors

v and &, in R". The function A(z,,v) is

usually called a resolving function.

Now we will indicate some important
features for the strategy (14) and the resolving
function (15).

Lemma 2. The strategy (14) is defined
and continuous for all ve S, and the equality

[ty (20,0)| = |0 +5€*  holds  during  the

pursuit game.
Lemma 4. Let following condition
p>o valid.

Then the equation

has at least one positive root with respect to t
and we denote it by tg,.

Proof. Let o> o . Using equation we
will form the function

Z[(“-D-kt]=0,

“_1)—kt],

F (t) =z, |- P
and analyze it as follows:

a) F(0) =z];
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b) The derivative of the function F(t)
is monotone decreasing in ¢, ¢ >0.

d) Take the limit of the function F(t)
as t—oo.

Then there exists a positive root of the equation.

Theorem 1. If the condition of Lemma 4
holds in the game (Uy,,Vy, ). Then I, -
strategy (14) guarantees catching the evader on
the time interval [0, {5, |.

Proof. Assume that the evader chooses
some control v(-) € V;;, while the pursuer

implements the IT-strategy (14). Then, by (13),
we obtain the function

2(t) = Zpt J(t —8) g, (Zl() ) U<5)) 104,

which can be written as follows:

Z(t) =20 (t’ U(’))v (16)

where

AGr(t’U(' 1__It s Z’Gr 2101V (8))d5- (17)

|le|

Now we will study the behavior of the
function A(t,v(-)) of t. Using the definition

of the function A, (t,Vv). It can be checked that
the function

f(t.g)=\s* +p%e™ —MO) —¢., c<R, is
monotonically decreasing with respect to ¢ for
every t>0. Therefore, by the inequality
KV(t), &) < |v(t)| and also, from (7) we have

g, (t,v(-))ﬁl—pz_gj (t—s)e“ds=F(t).

2] 5

According to Lemma 2 we know that the
function F(t) is equal to zero at t=tg,.

Therefore, there exists ¢ €[0, #, | such that
A (£7,v(:)) =0, and this (see (16)) implies that
z(t")=0. Thus, Theorem 1 is proved. O
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A solution of the evasion problem

In this section, we will suggest an
admissible strategy for the evader, which
guarantees escaping in the evasion problem.

Definition 8. We call the control
function

Ve, () = _Gektglo (18)

a strategy of the evader in the game (U, , V).

Theorem 2. Let a<f.Then  the
strategy (18) guarantees escaping on the time
interval [0,+0) in the game (Uy,,V, ), and the

distance between the players is estimated as
follows:

if p=o0,

) > —~
|z( )| |Zm|+(0' p)(ekt_l_kt) if p<o.

k2

Proof. 1) Assume that p<o and the
pursuer picks a control u(-)eU, while the
evader applies the strategy (18). In accordance
with (13), it follows the function

2(t) =2z, + j-(t —s)u(s)ds+ j(t —5)o€&, ds. (19)

0

Estimate the absolute value of (19) as follows:

|z(t)| >

t
2+ I(t —s)o €& ds
0

- I(t —8)|u(s)|ds >

kt
>[oll 1+ =2 [ 2t ]|
K|z Kk

t

—I(t —5)peds =¥(t),

0

where

(c-p)

k2

W (t) =|2|+ (e —1-kt).

If p<o,then
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(1) = (U—;p)(e‘“ -1)20,

forall ¢ €[0,+).

This implies that the function W(t) is monotone
increasing on [0, ). Hence it follows that
W¥(t) >|z,|>0.Theorem 2 is proved. O

An attainability domain of the pursuer

In accordance with Theorem 1, if p>o
then, by the II -strategy (14), the evader is

captured at some point in the space R". In the
considered game, we will construct a set of
meeting points of the players for the case
p>0.

Let a tr|p|9t (yloa Vit 'U(')),U(') EVGr
generates a trajectory of an evader E in the
form (6) while a triplet

(X10' X115 uGr(Zm’v(')))’ uGr(Zm’U('))EUGr!

generates a trajectory of a pursuer P in the
form

t

z(t) = 7y + 7yt +J(t —8)Ug, (Zlo’v('))ds , (20)

0

where te[0,t" |, 0<t <ty and ¢ s the
encounter time of the players, that is, the
equality x(¢")=y(t") holds. Thus, for each

pair ((z(t), y(t)). we form the set

Py (1) = Py, ((0), (1)) :{p: |p—x|z§|p—y|},
(1)

on [O,t* ] Note that

Ps, (0) =P, (xm'ym) = {p: |p_3710| 2 %|p_y1o|}'

Since |z(¢)[=00n [O,t* ] it is obvious that the

inclusion y(¢)ePg (t) is valid on this time
interval.
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Remark 1. Note that the trajectories
z(t) and y(t) of the players and the multi-

valued mapping P, (t) directly depend on the

choice of a control v(-) e V. This dependence
is omitted for brevity.

Lemma 5. The multi-valued mapping
P, (t) can be expressed as

Per (1) =

where A, (t,v(-)) is the convergence function
(17) and

(1) + Ag, (8,00))[ P, (0) —,, |, (22)

Psr (O) =z, —C(zlo)+R(zw)S,

po |z
Clew) =£28, (e =27,

(23)

and S is the unit ball centered at the origin of
the space R".

Proof. First, write the set (21) as follows:
_ : P _
P (0) =500+ [pf2 Zlp+20)]| -

=z(t)—C(2(¢)) + R(2(1))S,
where

polz(t)|
P

0(:t1) = R(:(0)) =

pQ_GQ

Now, by (16) and (23), the functions C'(z(t))

and R(z(t)) can be written in the form

C(z(t)) = —C'(zw)/lGlr (t, v(-)),
R(2(t)) = R(2y ) Ag: (£,0()).

Hence, we derive the validity of formula (22).

Corollary 1. Lemma 4 implies that, for
each te[0,t" |, the multi-valued mapping

P R(zm)/‘cr (t’ U())
centered at the point z(t)—C(zy)Ag, (£,0(-))
and the set P, (0) is a ball of the radius R(z,,)

centered at the point z(0)—C(z,,).

(t) is a ball of radius
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Lemma 6. The multi-valued mapping
P, (t)—ay,t is monotonically decreasing in

te[0,t" |, with respect to embedding, i.e., if
t,t,e[0,¢ | and t, <t,, then

Pe, (t,) —25t, < Pg,(t,) =244t -

Proof.  From the statement of the
problem, we have geometric constraint of the
form (7) on values of the evader’s acceleration
vector. As a consequence, we find that

2
o}

5e2kt

o) <7

(24)

From the form of the resolving function (15), it
is easy to ensure in the validity of the equality

se* = Aer (Zlo’ U(t))(ﬁer (Z1O'U(t)) _2<U(t)’ 510>)'
Due to this, inequality (24) takes the form

2

ole) + p?fo_g (W8, E0) Zor (2000(1)) <
< T a0,

Completing the square in this inequality,
we obtain the following inequality:

v(t) + o ﬂ’Gr(ZIO’ (t))éo <

p_

Po z
<2 e ()

(25)

However, for all yeR", |y|=1 the
relation

<'U(t) +%ﬂcr (zw!v(t))gm’ \|f> <
p—c

o)+ I (2, 0(1)) &,
p —c

holds. Then, using the inequality (25), we find
that
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<U(t) +20—22/1<3r (zlo’v(t))égm’ \V> <
p—c

p 0_2 AGr(zlo' ())

Integrate both sides of this inequality over the
interval [0, t]

I

For the left-hand side of (26), we can write the
following equalities:

e ﬂGr(zw, (s ))510, \|l>dSS

<p0'
p—o’

J.ﬁ“er 210V )ds. (26)

j<v(8) + pQU_QO-Q ﬂ@r (zw , U(S))fm, \|J> ds =

—t u(S '02
-jlo( 2
= [{0(8) = 2 (210, 0(5)) G0 W) ds +

+ %0_2510’ \V> J.ﬁ“er (2101U<5))d3-

/\ D'_ﬁ
D

By the definition of IT, -strategy (14) and in
view of the form of the vector C/(z,)in (23),
the latter equality takes the form

o —— %o (210' (3))510’ \|f>d3 =

o3
:<J%r<zm,v<8»ds,w>+

C(z
Ay (o,

|Z10| 0

v(s))ds. (27)
Taking into account the form of R(z,,) in (23),

for the right-hand side of inequality (26), we
obtain

_]} Asr (210 ' U(S)) 1o \|f> ds =

171

pO'
o -
_ R(zw)

|Z10|

())ds -

J-ﬂer (ZI(J’U(S))dS' (28)

J.ﬂGr 1() U

Thus, by (26), (27), and (28), we have the
relation

<j‘uGr (2,9, v(s))ds, \|1> +

N <C(Z1o)’ W>_R(Z1()) j.ﬁ'er (ZIO,U(S))dS <0.(29)

2l

Applying the properties of the support function
[7]

F(Ps., w)=sup(p.v)

pEPGr
in yeR", |y|=1 and using formulas (17),
(20), (22), and (23) we can find the derivative of
P, (t) in tas follows:

d

& P( (0, v)=

d t
= F(z,, +x,t+ I(t —$)ug, (2,0, 0(s))ds +

0

+5, (t7 U('))[R(Zlo)s_c(zlo ):I’\V) =

= (0 v) +<ju (20 0()) s, \,,> +

n <C(z10)' \V> _R(zw

|21

) j‘ﬂ’Gr (2,9, v(s))ds.

From this and
d

%F(PGr (t)—z,t, \V) <0

inequality (29) we get

for all

WERH,

\y|:l. This completes the proof of
Lemma 6. U

Corollary 2. Lemma 5 implies the
inclusion P, (t) =P, (0) +x,,t or all

te[0,t .
By Lemma 6, we obtain an attainability domain
of the evader.
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Lemma 7. The inclusion
y(t) € Py, (0) + 2t

holds for all te[o,t* ].

Proof. The inclusion (29) easily follows
from the form of the multi-valued mapping (21)
and Corollary 2.

Corollary 3. Lemma 7 implies that, if
the initial velocities of the players are equal to
zero, i.e., x,, =y, = 0, then the boundary of the

attainability set of the evader is the Apollonius
sphere of the form (23) in R".

(29)
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A pursuit problem in the linear game with constant coefficient under Gronwall

type constraints
J.D.Dexkonov, A.X.Akbarov, I.Abduvosiyev

Andijan State University named after Z. M. Babur, 129, University Street, Andijan, Uzbekistan,
170100

Abstract: The primary objective of this study is to demonstrate several meaningful applications of Gronwall-
type inequalities in differential game theory. We investigate the pursuit problem in linear differential games under
constraints of Gronwall type, which can be regarded as a generalization of geometric constraints.
To address the pursuit problem, a parallel pursuit strategy is introduced, describing the coordinated parallel movement
of the players, and its structure is analyzed with respect to system parameters.

This work further develops and extends the ideas of Rufus Isaacs, Leon Petrosyan, Boris Pshenichny and other
researchers. New sufficient conditions ensuring the solvability of the pursuit problem for the pursuer are established.

Keywords: differential game, Gronwall’s inequality, pursuit, strategy, capture time.

AHHOTalIl/ISI: OcHOBHOM I CJIbIO [[aHHOP‘I pa6OTLI SABJIACTCA OCBCUICHUE HEKOTOPBIX l'IpI/IJ'IO)KeHI/If;I HCPABCHCTB
tuna ['panyormna B Teopun aubdepeHUManbHBIX Hrp. PaccMarpuBaeTcst 3amada INpeciefOBaHUS B JIMHEHWHBIX
muddepeHInanbHBIX UTpax MpH OrpaHUUYeHUIX TUNa ['paHyosuia, KOTOpPbIe MOYKHO HHTEPIPETUPOBATH KaKk 0000IICHUE
TCOMCTPHUICCKUX Ol“paHPI‘IeHPIfI.I[J‘ISI peuIicHuA 3aaa4u MpeAjIaracTcsa CTpaTerus mnapajicIbHOTO COMKEHUS HUI'POKOB,

OTpa’karoliasl COrIaCOBAaHHOE IBMKCHUE CTOPOH, M UCCIIEAYETCS €€ 3aBUCUMOCTE OT IapaMETPOB CHCTEMBI.
Hacrosmiee mccnenoBanne passuBaeT U pomonHseT uaen Rufus Isaacs, Leon Petrosyan, Boris Pshenichny u

HOJ’Iy‘IeHBI HOBBIC

JIPYTHX  YYeHBIX.
IpecieyIoIero.

JOCTaTOYHBIC

yciaoBusa  paspCmImMOCTH

3aga4nu  OpeciacaoBaHusd I

KaroueBnle cioBa: muddepennuansHas urpa, HepaBeHCTBO [ poHyosula, TpecienoBaHne, CTPATETHs, BpeMs

IIOMMKH.
I. Introduction.

The origins of pursuit—evasion problems
are commonly traced back to a classical
problem formulated and solved in 1732 by the
French mathematician and hydrographer Pierre
Bouguer [20]. A more detailed historical
account can be found in the work of P. Nahin
[20]. However, the systematic study of pursuit—
evasion problems began much later, in the
1950s, due to the contributions of the American
mathematician Rufus Isaacs.

The concept of differential games was
first introduced in a number of his classified
works carried out within the RAND Corporation
(USA). Later, Isaacs presented his results in
monograph form [13], which contains numerous
significant examples of differential games. In
these studies, he considered such problems from
the viewpoint of the calculus of variations and
attempted to apply the Hamilton—Jacobi
approach, which is now known as Isaacs’
method. However, it turned out that the theory
of differential games is more complex than
classical methods could fully handle, and
Isaacs’ approach had mainly a heuristic nature.
Nevertheless, the monograph [13] generated
considerable interest in this new field, and since
then both mathematicians and specialists from
applied sciences have actively investigated
differential games.

In early studies, differential games were
considered under the assumption that the
controls belong to the class of bounded
functions, which provided certain constructive
possibilities for modeling control processes.
However, the need to more accurately describe
real-world phenomena led to the investigation
of differential games with integral constraints
imposed on the players’ controls. Such
constraints reflect, for instance, limitations on
energy resources or the consumption of
materials during the process. In particular, these
types of constraints are of great importance in
the mathematical modeling of technical and
engineering processes, both from theoretical and
applied perspectives.

Modern differential game theory, as a
theory of controlled dynamical processes,
combines key features such as dynamics,
control, conflict, information, and optimality,
and represents one of the most complex
mathematical models of real processes with
significant practical importance. The
foundations of this theory were established by
W. Fleming [10], A. Friedman [11], O. Hajek
[12], L.S. Pontryagin [23], N.N. Krasovskii
[16-17], L.A. Petrosyan [20-22], and B.N.
Pshenichnii  [24]. Each of these authors
proposed their own approaches to the subject.
Further development of the theory has been
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carried out by many researchers [2-8, 9-10, 14—
15, 18-19, 25-30, etc.].

At present, there exist more than a
hundred monographs devoted to differential
game theory. Nevertheless, only a relatively
small number of problems have been
completely solved. This work is devoted to the
Pursuit problems for the linear differential game

and introduce several basic notions as
constraints of the Gronwall type for controls of
the players.
I1. Main part.

Let the motions of the pursuer P and the
evader E be described by the following

differential equations, initial conditions and

Gronwall type constraints (briefly, Gr-
constraint)
P:x=ax+u, Xx(0)=Xx,, 1)
E:y=ay+v, y(0)=y,, )

where x,y,u,veR", n>2, and a is arbitrary;
u is the velocity vector of the pursuer and here
variation of u must be a

u(-):[0,00) - R". We

the temporal

measurable  function

denote by U, the set of all measurable

functions u(-) satisfying Gr -constraint:
t
u(t)| < o + pit +k j u(s)|ds, t>0, (3
0

Similarly, Vv is the velocity vector of the evader

and here the temporal variation of Vv must be a

measurable function V() :[O, + oo) — R". We

denote by V., the set of all measurable

functions v(-) satisfying Gr -constraint:
t
V(t)|< o, + ot +k j v(s)|ds, t>0, (4)
0

where p,, p,,0,, 0, are nonnegative numbers

and Kk is positive number.

174

Note that in (3) and (4) and in further

constraints, as the norms of the control vectors

U and V in the space R", we will consider the

usual Euclidean norm, i.e.

|u|:\/uf+u22+...+u§, where U;,U,,..U,

are the coordinates of the vector U in the space

R" and |V :\/Vlz +V2 4. +V2 where
V,,V,,...v, are the coordinates of the vector vV

in the same space R".

Remark 2.1.1. For the case

p,=0,=0, the pursuit-evasion problems

with Gronwall constraints on controls have been
completely studied in the work [31,32].
By virtue of the equations (1)-(2) each

pair (X,, U(:)) and (,, v(-)) generates

the trajectories of motion

x(t) =e* (xo + _t[u(r)e‘afd z‘},

y(t) =e* [yo + Jt'v(r)e“’”d r]

of the players P and E oninterval t>0.
Definition 1. A
u:R, xR"—>R" is called a strategy of the

function

Pursuer if u(t,v) is a Lebesgue measurable

function with respect to t for each fixed v and
also is a Borel measurable function with respect
to v for each fixed t.

Definition 2. It is said that a strategy
u =u(t,v) guarantees capture at time moment

T(u) if, at some time t €[0,T(u)], the
equality X(t)=y(t") is satisfied for any
control V(-) €V, of the Evader, where X(t)
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and Y(t) are the solutions of the initial value

problems
X =ax+u(t,v(t)), x(0)=x,,
y =ay +V(t), y(0) =Y,
where t > 0.

We use the following statement.
Lemma 1. (Gronwall’s inequality

[1]). If |w(t)|£a+j(,8+y|w(s)|)ds, then

|oo(t)] < £(67t ~1)+ae”, where oft),
Y

t>0, is a measurable function, and «, S are
given non-negative numbers and y is a given
positive number.

By Lemma 1, if u()eU, and

V() eV, , then
u®|<e(t), t=0, (5)
V()| <w(t), t=0, (6)

where

o0 =2 (e ~1)+ ", 9(0)=p,, ()

w(t) =%(ek‘ ~1)+0,", w(0)=0, ()

It can be easily checked that the
converse is not true, that is, the inequalities (5)
and (6) do not imply (3) and (4). To define the
notions of optimal strategies of players and
optimal pursuit time, we consider two games.

The goal of the Pursuer P is to capture
Evader E, i.e. achievement of the equality

X(t) = y(t) (Pursuit problem) and the Evader

E strives to avoid an encounter (Evasion

problem), i.e., to achieve the inequality

X(t) # y(t) for all t>0, and in the opposite

175

case, to postpone the instant of encounter as
long as possible.

To construct a strategy for Pursuer, first
we assume that Pursuer knows t, v(t) at the
current time t .

Definition 3. If 6,>0, 6,=0, then
the function

Ug (LV) =V—A(LV)S  (9)
is called the I, -strategy of the Pursuer in the

Gr -Game of pursuit, where

ALY) = (V&) + v, 52+ 0 O~V
& =12, 1zy],
Oy =Py =00, O, = P — 0y, 2y =Xy — Y-
Note that
ug, (t.V)] = o(t). (10)

Indeed, if we square equalities (9) on
both sides, then we get

| uGr (t,V) |2:| \Y |2 +ﬂ/(t,V)(ﬂ,(t,V) - 2<V1 §0>)
From here and from the form of the
scalar function A(t,v), it is easy to calculate

the
every

equality (10). Let wus now check
admissibility of strategy (9) for

admissible function v(t)eR", t>0. From

inequality (3) and from equalities (7) and (10)
we have

t
po+ pit+k g, (v(s),5) | ds =
0
t
= py+ pt+k[p(s)ds =
0

t
=p, +pt+ kj[% (e° —1) + p,e* }ds =
0

= o(t) = ug, (v(t), 1) |
which proves the admissibility of strategy (9).
Lemma 2. Let one of the following
conditions

1) 6,>0,0,=0 and

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026



MATHEMATICS

ae(—oo, O)U(O, k) or ae(k,+oo) ,
0,

a—k '
2) 6,=0,0,>0 and

ae (-0, 0)U(0, k) orae(k,+x),

2] <

2| <
a— k
3) 0,>0,6,>0 and

ae (-0, 0)U(0, k) orae(k,+x),

ao, + o, _
EARS be valid.
a(a—k)

Then the equation

o, + k&,
1-
|ZO|[ k(k - a)(e
Oy (-t
+-L(e —1)j:0 (12)

—1)+

ka
has at least one positive root with respect to {
and we denote itby T, .

Proof. Case 1). Let 0, >0, 6, =0 and
ae(—oo, 0)U(0, k) . Using equation (11)
we will form the function

_é(ké—oa(ew—aﬁ _1)j -

o (e(k_a) _1) :|Zo|’

k—a
e(k’a)t :1+|ZO|(k—_a) 1
0
- [|z o| (k= a) )
k a Po~

If ae(k,+o0) and

Ts =—iln[1_|zo|(a—‘k)j N

" a-k :

|ZO|(a_k) <1’
%

—

176

O

a—k’
then there exists a positive root of the equation
(12).

12,

Case 2). Let 6, =0, 6, >0 and
ae(—oo, 0)U(0, k) . Using equation (11)
we will form the function

1 0, k—a)t
e
+|f—;(e‘at —1)j20
%E(kfa)(e(“’t EA _1)}'2‘)'

e(k—a)t -1
a(t)—%{%%@m_lﬂ

and analyze it as follows:
a) F(0)=0;
b) The derivative of the function F(t)

equals F(t) =e®* >e*>0.
c) The function F,(t) is increasing

when t > 0.
d) Take the limit of the function F(t)
ast—oo

(k-a)t _ -at
lim F(t) = |imﬁ£(e Y ey
— e

(k—a) i a
a)a<0 !LrEF() +0
b)0<a<k !LrQF() 00

then there exists a positive root of the equation
(12).
2.11f ae(k,+o0) and

O
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__ 4 3.11f ae(k,+o0) and
Ckea 5+KS, S as,+6
limF(t)=-2"5% & _8%*a
>z, o k(k—a) ka a(a—k)
a— k 0
then there exists a positive root of the equation |Z | < 5 +5
(11). o et

Case 3). Let &, >0, 6, >0 and . . ,
then there exists a positive root of the equation
ae (—oo, O) u(O, k) . Using equation (11) (11).

O
we will form the function Property. If 5,20, 6,=0 then a
1 L[a +k&, (e _1)+ function A, (t,Vv) is continuous, non-
|7,/ k(k —a) negative and defined for all the control

5 functions V(-) such that satisfies the Gr -
+—1(e‘at —1) =0 :
ka - constraint (4).
‘ Theorem. If one of the conditions of
k5 : O, (e(k a)t _1)+k5_1(e—at —1):|Zo|’ Lemma 2 holds, then the I1, -strategy (9) is
( a) a winning in the Gr -Game of pursuit on the time
F2 (t) _ 51 + k50 (e(k—a)t _1) + ﬁ(e—at _1)’ |nterva| [O’TGI’] .
k(k—a) ka Proof. Let V(-) €V, be an arbitrary
control of the Evader, and let the Pursuer use

d analyze it as follows: . .
and analyze It as 10TIows the I1, -strategy (9). Using equations (1) and

a) F,(0)=0; A
) The d fthe f E(0) (2) we get the following initial value problem:
The derivative of the function ;
2 z—az=—g (tv(t))&, z(0)=z,.
equals )
S From this, we can see that
e>—21— = F,'(t)20. Z(t) = At,V())z,,  (12)
o, + Ko,
where
c) The function F,(t) is increasing 1t
when t>0. A(tv() =e* - mj.ﬂer (s,v(s))e**)ds.
d) Take the limit of the function F,(t) _ oo _
Now we will study the behavior of the function
ast—>oo

5 kS A(t,v(-)) of t. Using the definition of the
1 + 0 (e(k_a)t _1)+

im F @) =1lim functi v h
tl—")noo (0 unction A, (t,V), we have

= (k —a)k
AP AtVO) <t~ ] Nv(s) £)2+ 02 (8) (s
ka ' 20| 5
D) a<0  limF(t)=-+eo —|v(s),&,)|Je**Ids.

) It can be checked that the function
2)0<a<k  limF(t)=+w

t—>0 — 2 204\ 2
then there exists a positive root of the equation fte)= \/g o' (0) |V(t)| ¢ ek,

(12). is monotonically decreasing with respect to ¢

for every t > 0. Therefore, by the inequality
Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 1. 2026
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|(V(t), §O>| < |V(t)| < (t) and also, from (7)
and (8) we have
1

At () <et —
2|

1——

1| o,+ko, () _q
DICTE

quii;(e“"lt —1)) e =d(t),

or

R(t,v()) < D(t). (13)
According to Lemma 2, there is some time T,
such that ®(T;, ) = 0. Consequently, from (13)

0<t' <T,, that
A(t*,v(-)) =0, and hence Z(t*) =0 by (12).

Next, we will prove the admissibility of
the strategy (9) forall t, t>0.
It is easy to check that the following
equality is valid:
P(t) =ko(t) + pr.
Integrate both sides of this equality

there exists time t

t
() = po + pt+ K[ p(s)ds.
0

Take into account of (10)

t

ug, (t V()| = 2 + it +K [ Jug, (,v(s))|ds.
0

This finishes the proof of Theorem. O
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Nochiziqgli kasr tartibli differensial tenglamalar uchun yangi barqgarorlik
mezoni va asimptotik xulqi

F.J. Eshondedayev, R.A. Muhammadnosirova
University of Business and Science, Namangan, O‘zbekiston

Annotatsiya: Ushbu magolada nochizigli kasr tartibli differensial tenglamalar uchun yangi
bargarorlik mezoni ishlab chigiladi hamda ularning asimptotik xulgi kompleks tahlil gilinadi. Tadgigot
doirasida kasr tartibli hosilalar (Riemann-Liouville va Kaputo ma’nosida) yordamida aniglangan dinamik
sistemalarning yechimlari mavjudligi, yagonaligi va barqarorligi masalalari ko'rib chigiladi. Lyapunov
funksiyalari metodiga asoslangan holda yechimlarning barqgarorligi uchun yetarli shartlar isbotlanadi va
yangi bargarorlik mezoni taklif etiladi.Bundan tashgari, sistemaning uzoq muddatli xatti-harakati, ya’ni
yechimlarning cheksizlikdagi asimptotik xossalari o‘rganilib, turli sharoitlarda ularning nol yechimga
yagqinlashishi yoki chegaralangan holda golishi aniglanadi. Olingan nazariy natijalar maxsus misollar orgali
tasdiglanadi va ularning fizika, biologiya hamda muhandislikdagi nochizigli jarayonlarni modellashtirishda
qo‘llash imkoniyatlari muhokama qilinadi.

Kalit so‘zlar: Nochizigli kasr tartibli differensial tenglamalar, Bargarorlik mezoni, Asimptotik xulq,
Kaputo hosilasi, Riemann-Liouville tenglamalari, Mittag-Leffler funksiyasi, Bihari turidagi funksiya.

AHHoOTauuA: B gaHHom paboTe npeanaraeTcsl HOBbIN KPUTEPUIA YCTOMUYMBOCTU OIS HENMHENHbIX
anddepeHumnanbHbiX ypaBHEHW OPOOHOro nopsiaka WM MNpOBOAWUTCSH BCECTOPOHHMW aHamm3 KX
acMMNTOTMYECKOro noBedeHus. B pamkax nccrnegoBaHus paccmaTpuBaloTCs BOMPOCHI CYLLECTBOBaHWMS,
€OMHCTBEHHOCTW U YCTONYMBOCTY pPELUEHUA AUHAMUYECKUX CUCTEM, 3a4aHHbIX APOGHBIMU NPOU3BOAHBIMU
B cMbicrnie PumaHa—JInysunns n Kanyto. Ha ocHoBe meToaa pyHKkuum JlanyHoBa NofyyYeHbl 4OCTaTOYHbIE
YCNOBMS YCTOMYMBOCTU peLUEeHNA U chopMynnMpoBaH HOBLIM KpuTepuin yctonymocTu.Kpome TOTrO,
uccriegyeTcs NoBeAeHNE peLleHnii Npy 0onbLUNX 3HaYEHUAX BPEMEHMW, B YHACTHOCTU NX aCMMNTOTUYECKME
CBOWCTBA. YCTaHOBMEHbI YCMOBWS, MNPU KOTOPbIX PELUEHWNS CTPEMATCS K HYMIO MM ocTarlTcs
orpaHuyeHHbiMU. TeopeTunyeckue pesynbTaTbl NOATBEPXKOANTCA KOHKPETHBIMW MpUMepaMu, a Takke
0o6CyxaalTCcs BO3MOXHbIE NPUIOXEHUS B 3a4avax MOAENMPOBAHUSA HEJTMHENHbBIX NPOLIECCOB B (hM3MKe,
Bronorum n nHxeHepun.

KnioueBble cnoBa: HenuHelHble [poOHO-MopsakoBble AnddepeHUnanbHble YpaBHEHUS,
KpUTEPUN YCTOWMYMBOCTU, acUMMTOTMYECKOe noBefeHue, npoumssopHas Kanyrto, ypaBHeHus PumaHa—
Jlnysunns, dyHkuna Muttar—Iledpdpnepa, dyHkumnsa Tuna buxapu.

Abstract: This paper proposes a novel stability criterion for nonlinear fractional differential
equations and presents a comprehensive analysis of their asymptotic behavior. The study addresses
fundamental issues of existence, uniqueness, and stability of solutions to dynamical systems described by
fractional derivatives in the sense of Riemann-Liouville and Caputo. By employing the Lyapunov direct
method, new sufficient conditions for stability are established, leading to the formulation of an original
stability criterion.Furthermore, the long-term dynamics of the system are investigated, with particular
emphasis on the asymptotic behavior of solutions as time tends to infinity. Conditions under which solutions
converge to the trivial solution or remain bounded are rigorously derived. The theoretical findings are
illustrated with representative examples, and potential applications in modeling nonlinear phenomena in
physics, biology, and engineering systems are discussed. The results contribute to the advancement of the
qualitative theory of fractional-order dynamical systems and open new directions for further research.

Keywords: Nonlinear fractional-order differential equations, stability criterion, asymptotic behavior,
Caputo derivative, Riemann-Liouville equations, Mittag-Leffler function, Bihari-type function.

I.Kirish o‘tmishdagi holatlariga bog‘ligligini
Nochizigli kasr tartibli differensial ifodalaydi. Shu sababli, bunday modellar real
tenglamalar (KDT) zamonaviy matematik fizik, biologik va muhandislik jarayonlarini

modellashtirishning muhim yo‘nalishlaridan
biri bo‘lib, murakkab
bo‘yicha xotira xususiyatlarini hisobga olish
imkonini  beradi.  Klassik  differensial
tenglamalardan fargli ravishda, kasr tartibli
hosilalar lokal emas, balki integral xususiyatga
ega bo‘lib, tizimning hozirgi holati uning butun

tizimlarning vaqt

samarali
diffuziya

yanada anigroqg tavsiflashda
hisoblanadi.Xususan, anomal

jarayonlari, viskoelastik mubhitlarning
deformatsiya va relaksatsiya hodisalari,
shuningdek, elektr zanjirlaridagi dissipativ va
inertsiya effektlari kasr tartibli modellar orqali
chuqurroq o‘rganiladi. An’anaviy butun tartibli
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ushbu
noan’anaviy xatti-harakatlarini to‘liq aks ettira
olmaydi, holbuki kasr tartibli yondashuvlar
yordamida vaqtga bog‘liq kechikishlar va
xotira effektlari tabiiy ravishda modelga
Kiritiladi.Biroq, nochizigli omillarning
mavjudligi va kasr tartibli hosilalarning integral
tabiati birgalikda tahlilni sezilarli darajada
murakkablashtiradi. Aynigsa, yechimlarning
mavjudligi  va  yagonaligi,  barqgarorlik
masalalari hamda uzoq muddatli dinamik xatti-
harakatlarni  o‘rganish ~ dolzarb  ilmiy
muammolar sirasiga kiradi. Bunday tizimlarda
klassik Lyapunov usullari, spektral tahlil va
fazoviy portretlarni qurish usullari ko‘pincha
to‘g‘ridan-to‘g‘ri qo‘llanilmaydi yoki ularni
umumlashtirish  talab  etiladi.Shu  nugtai
I1. Masalaning qo‘yilishi va asosiy natijalar.

modellar  ko‘pincha tizimlarning
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nazardan, nochizigli kasr tartibli differensial
tenglamalarni o‘rganish nazariy jihatdan ham,
amaliy qo‘llanmalar nuqtai nazaridan ham katta
ahamiyatga ega. Ularning xossalarini chuqur
tahlil gilish, yangi sonli va analitik usullarni
ishlab chigish, shuningdek, turli sohalardagi
real jarayonlarni modellashtirishda qo‘llash
zamonaviy ilm-fanning muhim vazifalaridan
biri hisoblanadi. [1-3]
Mazkur  ishning
quyidagilardan iborat:
-nochizigli KDTlar uchun yagona va
sodda bargarorlik mezonini berish;
-yechimning asimptotik xulgini analitik
ko‘rinishda ifodalash;
-nazariy xulosalarni sonli tajriba bilan
tasdiglash.

ilmiy  yangiligi

Ushbu magola D* da quyidagi kasr tartibli tenglama garaladi: [4]

“Dx(t) = f(t,x(t)),

O<a<l. (1)

KMo T . R . . ..
bu yerda "D, - kasr tartibli hosila (Kaputo yoki Riemann-Liouville talginida), f(t,x(t)) esa

nochizigli funksiyadir. [5]

Faraz gilaylik, f(t,0)=0 va shunday m>0, p<[0;1] hamda & >0 son mavjud

bo‘lib,

x| <& uchun

xf (t,x) < —mlx|"" )

o‘rinli bo‘lsin.

Teorema. Agar Xf (t,X) < —m‘x‘kp

shart bajarilsa, yetarlicha kichik boshlang‘ich

giymatlarda ham yechim global mavjud bo‘ladi va kamayuvchi bahoga ega bo‘ladi. Xususan , [6]

£ =1 bo‘lgan holatda

x(t)|<C@+t),

0< p <1 holatda esa

X()|<C@+t) -° @®)

bo‘ladi.

Isbot. Xf (t,X)S—m‘X‘Hp tengsizlik yechimni nolga tortuvchi (dissipativ) shart

ekanligini bildiradi. Tagqoslash uchun [6]

“Dfy(t) =—my(t)”,

y(0) =|x(0)

yordamchi masalani olamiz. Kasr tartibli tagqoslash qoidasiga ko‘ra ‘X(t)‘ < y(t) bo‘ladi.
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Agar p =1bo‘lsa, yordamchi yechim Mittag-Leffler funksiyasi orqgali yoziladi va
y(t) ~t* bo‘ladi. Demak |X(t)| <C(1+1)™ boladi.

a

Agar 0 < p <1 bo‘lsa, kasr tartibli Bihari turidagi bahodan Yy(t) <C(1+ t)_ﬁ ekanligi

kelib chigadi. [7-12]

a

Natijada |X(t)| <C(+ t)_E bo‘lishi kelib chiqadi. Teorema isbotlandi.

Ushbu natijalar nochizigli  kasr tartibli
tenglamalarni bargarorlikga tekshirish uchun
amaliy mezon beradi. Taklif etilgan
yondashuvning ustunligi— modelga juda gattiq
cheklovlar  qo‘ymasdan, keng sinfdagi
nochizigli funksiyalarni gamrab olishi, shu
bilan birga, asimptotik formula tizimning uzoq
muddatli holatini tez baholash imkonini beradi.
[7-12]
Natijalarning ilmiy va amaliy ahamiyati:

-kasr tartibli modellarni nazariy asosda
validatsiya qilish;

-boshgaruv va identifikatsiya
masalalarida bargaror parametr tanlash;

-sonli algoritmlarni tekshirish uchun
etalon xulgni berish.
Cheklovlar va keyingi tadqiqot yo‘nalishlari:

-yuqori o‘lchamli tizimlarga
umumlashtirish;

-murakkab  chegaraviy  shartlarni
gamrab olish;

-kuchli nochiziglilik holatlari uchun
yanada keskin baholar olish. [12]

Xulosa  sifatida  aytish ~ mumkinki
magolada nochizigli kasr tartibli differensial
tenglamalar uchun barqgarorlik va asimptotik
xulgni tavsiflovchi yangi nazariy natijalar
ishlab  chiqildi.  Xususan, kasr tartibli
tizimlarning o°‘ziga xos xotira xususiyatlarini
hisobga olgan holda, yechimlarning vaqt
bo‘yicha evolyutsiyasi, ularning muvozanat
holatlari atrofidagi barqgarorligi hamda uzoq
muddatli xatti-harakatlari chuqur tahlil gilindi.
Taklif etilgan teorema nochizigli va
noan’anaviy xatti-harakatlarga ega tizimlar
uchun bargarorlikni aniglashda umumlashgan

mezon sifatida qaralishi
nazariy natijalar sonli tajribalar orqali
tasdiglandi va bu esa ishlab chigilgan
yondashuvning amaliy jihatdan ham ishonchli
ekanligini ko‘rsatdi. Sonli modellashtirish
natijalari tizim yechimlarining asimptotik
bargarorligi, ularning konvergentsiya tezligi
hamda boshlang‘ich shartlarga sezgirligini
yagqgol namoyon etdi. Shu bilan birga, sonli
tekshiruvlar  nazariy  xulosalarning  turli
parametrlar oralig‘ida ham o‘z kuchini saqlab
qolishini ko‘rsatdi.Taklif etilgan barqarorlik
mezoni va unga asoslangan tahlil usullari
kelgusida murakkab kasr tartibli tizimlarni
o‘rganishda muhim metodologik asos bo‘lib
xizmat qilishi mumkin. Xususan, ushbu
natijalarni kengaytirish orqali ko‘p o‘lchamli
tizimlar,  kechikishli ~ kasr  differensial
tenglamalar hamda p-adik dinamik tizimlarga
tatbiq etish istigbolli yo‘nalishlardan biri
hisoblanadi.  Bundan  tashgari,  mazkur
yondashuv fizik, biologik va muhandislik
tizimlarini modellashtirishda qo‘llanilib, real
jarayonlarning murakkab dinamikasini yanada
aniqroq tavsiflash imkonini beradi.Umuman
olganda, ushbu ish kasr tartibli differensial
tenglamalar ~ nazariyasini  rivojlantirishga
muhim hissa qo‘shib, nochizigli tizimlarning
bargarorligi va uzoq muddatli xulgini
o‘rganishda yangi ilmiy yo‘nalishlar uchun
zamin yaratadi.
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Annotation.The aim of this paper is to determine general solution formulas for certain classes of
hyperbolic differential equations with singular coefficients. Such equations play an important role in
modeling various physical processes, including gas dynamics, wave theory, and aerodynamics. In this
study, analytical methods for differential equations, the method of transformation to characteristic
coordinates, and the properties of the Euler-Darboux equation were used. The considered equations
were transformed into characteristic coordinates and reduced to the Euler-Darboux type equation. Based
on the known general solution formulas of this equation, new solutions were obtained. As a result, general
solution formulas for hyperbolic equations with singular coefficients were determined for certain
parameter values, and the domain of their existence was investigated. The obtained results can be
applied in the development of the theory of hyperbolic differential equations and in mathematical
modeling problems.

Keywords: hyperbolic equation, singular coefficient, Euler-Darboux equation, general solution,
characteristic coordinates.

Annotatsiya.Ushbu magqolaning maqgsadi giperbolik tipdagi singulyar koeffitsiyentli differensial
tenglamalarning ayrim sinflari uchun umumiy yechim formulalarini aniglashdan iborat. Bunday
tenglamalar gaz dinamikasi, to‘lginlar nazariyasi, aerodinamika va boshqga fizik jarayonlarni
modellashtirishda muhim ahamiyatga ega. Tadgiqotda differensial tenglamalarni analitik tahlil gilish
usullari, xarakteristik koordinatalarga o'tish usuli hamda Eyler-Darbu tenglamasining xossalaridan
foydalanildi. Qaralayotgan tenglamalar xarakteristik koordinatalarga o‘tkazilib, Eyler—Darbu tipidagi
tenglamaga keltirildi va uning umumiy yechim formulalaridan foydalanib yangi yechimlar hosil qilindi.
Tadgiqot natijasida singulyar koeffitsiyentli giperbolik tenglamalar uchun parametrlarning ayrim
giymatlarida umumiy yechim formulalari aniglandi hamda ularning mavjudlik sohasi o‘rganildi. Olingan
natijalar giperbolik tipdagi differensial tenglamalar nazariyasini rivojlantirish va matematik modellashtirish
masalalarida qo‘llanishi mumkin.

Kalit so‘zlar: giperbolik tipdagi tenglama, singulyar koeffitsiyent, Eyler—Darbu tenglamasi, umumiy
yechim, xarakteristik koordinatalar.

I.INTRODUCTION

Degenerate hyperbolic type differential equations play an important role in modeling real
physical processes. These equations are used in gas dynamics, aerodynamics, wave theory,
plasma physics, and elasticity theory, allowing the description of shock waves, critical velocity
zones, and variable properties of the medium. Therefore, constructing general solutions [1] and
studying the properties of degenerate hyperbolic type equations, the correct formulation of
boundary value problems for such equations, and investigating the uniqueness, existence, and
stability of their solutions [1, 2] are not only of theoretical but also of significant practical
importance.

II.LITERATURE ANALYSIS AND METHODOLOGY

In this paper, we consider the problem of finding the general solution formula for a class
of hyperbolic equations with singular coefficients. The problem of finding such an equation and
its general solution is presented in [1]. In that work, the authors considered the following
equation

—(—y)mum+uw+%ux+%uy:0 (1)

and the properties of the solution of the Euler-Poisson-Darboux equation were used to find
general solution formulas for the considered hyperbolic equation for some values of the

parameters of «, and f,. In the present work, we use the method applied in [1] to derive
general solution formulas for a class of hyperbolic equations with singular coefficients.
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Let us denote by D the domain of the half-plane y <0 bounded by the
segment A(0,0) B(l,O) and the following characteristics of equation (1):

m+2 m+2

AC:§:X—L(—y)T:O, AC:./,&:X—L(—y)T:O. )
m+ 2 m+ 2

The straight line Yy =0 is not only the parabolic degeneracy line for equation (1) but also
the line where the coefficients of the derivatives u,, U, become infinite. Therefore, when setting

well-posed problems for equation (1), the parameters &, [, appearing in its singular

coefficients play an important role. Usually, when considering this equation, it is assumed that
the parameters satisfy the following conditions:

—2<m, —(m/2)<p, <1, || <(m+2)/2
Let us transform equation (1) to the characteristic coordinates (2). As a result, equation
(1) takes the following form:

) a
u. + u.———u_ =0, (3)
én 77_5 s 77_5 n
where
a:m+2(ﬂ0+ao)’ ﬂ:m+2(ﬂ0—ao). @
2(m+2) 2(m+2)

(3) is the Euler-Darboux equation [2], for which the general solution formulas differ for
different values of the parameters &, 3. Since the parameters & and [ vary depending

on &, end f3;, we investigate them in the plane a, O, .
Suppose O< ¢, B <1. Then, using equalities (4), it can be shown that the
parameters ¢, end [, must satisfy the following system of inequalities:
m m
——<fy—a,<—+2,
7 Pom <y )
m m
_E<ﬂ°+ao<3+2'
The set of solutions of the system of inequalities (5) in the plane of
parameters ,O/f3, consists of a rectangle bounded by the straight lines (Figure 1):

A B,
P
M
Figure 1.
m m
KFZ,BO—aO:2+E, FM:ﬂ0+aO:2+E’
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m m
MEZ,BO—OtO:—E, KEZﬂO+0(O=—E.
Thus, if the point (e, /fB,) lies in the rectangle KEMF, then the
inequality O <, £ <1 holds.
From the above and using equation (3), we can find the general solution of equation (1),
e, let (o, ) e AKEM ,0<a, <1, f<1.

In this case, the general solution has the following form [2]:

u(xy) jqﬁ Z) (1) dt+ (- ﬂojw Jre(1-t) dt, (6

m+2

= (-)* (2-Y),

m+
111.RESULT AND DISCUSSION

Using the given properties for the general solution of the Euler-Darboux equation, we
derive general solution formulas for equation (3) for various values of & and . As above,

consider the following hyperbolic type equation with singular coefficients in the half-plane D :

where z =x+

m+2 m+2
. oty Bt
—(—Y) UXX+UW+ (_y)l—mlz U, + y Uy:0, (7)

whose characteristic functions are also defined in the form (2), where m,«,, 5, €R and m>-2,
1<fy<2+m/2,0<o,<m+2.

Now, transform equation (7) to the characteristic coordinates (2). Then equation (7) takes
the following form:

B 241
U, + U, - U =0, (8)
én n— 5 ¢ n— é: n
where o, =a+1 and the parameters «,  are determined by equalities (4).

We determine the solution of equation (8) using the following property of the solution of
the Euler-Darboux equation (3) [2]:

(uam—?uam ©)

where z(a, ) denotes the general solution of equation (3), and z(1+e, ) is the general

solution of equation (8).
If we take the derivative with respect to the argument & based on property (9), the

condition imposed on the parameter « in equation (4) changes, i.e., a<(12) and B<(0,1)
belong to the interval, and the following system of inequalities is obtained:

m m
—E<ﬂo—ao <E+2’

m 3m
E+2<'80+a° <7+4.

The set of solutions of this system consists of a rectangle FPLM bounded by the
straight lines (Figure 2):

FP:ﬂo—aongrZ, PL:ﬁO+aO=37m+4, ML:,BO—a():—g, FM :ﬁ0+ao=g+2
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Figure 2.
Now, if we transform the general solution (6) of equation (3) to the variables (5,77), it

takes the following form:

U(&n)=[e(&+(n—-&)or (1-t) dt+

2(1-f) 1
(mzz " ey Jwer(n-e)ore (-1, (10)
2(1-4,)
where z=¢+(n-&)t, (-y) ™ :(mzzj " ()

Let us calculate the derivative of solution (10) with respect to the variable &:

U.(m)= Ico’(«f+(f7—§)t)tﬁ—1 (1-t) dt—

2(lfﬂ0) 1
_(mzzj " (l—a=B)(n-&) " JwE+(n-&)or=(1-1) " dt+
N2 .
+(mi (n=&)" [y (E+(n-&)nre (1-t) " dt

Returning to the variables (x, y) and performing the substitution « =e¢, —1, we find the
general solution of equation (9) when the point (ao,ﬂo) belongs to the triangle FML, i.e.,

when 1<o + <2, 1<ﬂ0<%+2,inthefollowingform:

v (5’”):j¢1(z)tﬁ_l (1-t)" " dt + ﬂOT_l(—y)ﬂ"r;jw(z)tl% (1-t)” dt+

oy j%(z)tl‘“l (1-t)" dt. (11)

Here ¢,(2)=¢'(2), w,(2)=v'(z) and ¢,(z),p,(z) eC® are arbitrary functions.

Now, in the domain D, consider the following hyperbolic type equation with singular
coefficients having characteristic functions (2):
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m+ 2 m+ 2
2 Aoty
T U, + Uy =0. (12)

(=y) y
Consider the case when the parameters of this equation satisfy the following conditions:

o

—(=y) Uy +U,, +

m>-2, 1£ﬂ0<2+%, -M-2<a,<0.

If we transform equation (12) to the characteristic coordinates (2), it takes the following
form:

ot @-Ué— 2 _u, -0,
n-¢ n-¢
where g = +1 and the parameters «, are determined by equalities (4).

We determine the general solution of equation (13) as above, i.e., we apply the following
property valid for the Euler-Darboux equation [2]:

z(a,ﬂ+l):%z(a,,8) | (14)

If we take the derivative of the solution with respect to the argument 7, the parameter S
belongs to the interval Se(1,2) and «<(0,1) and the following system of inequalities is
obtained:

U

(13)

m m
—E<,6’O+ao<5+2,

m 3m
E+2<ﬂo—a0 <7+4.

The set of solutions of this system consists of a rectangle NQFK bounded by the
straight lines (Figure 3):
KF: 4, —«a, :%+2, ON: 4, —a, =37m+4, NK: B, +a, =—%, QF : B, +«, =%+2

> 15‘

Tty

Figure 3
It is known that the general solution (6) of equation (3) in the triangle KEM is known,

and if we transform to the variables (5,77) , this solution takes the form (10).

Based on property (14), if we take the derivative with respect to the argument
E.; (U ) =0 from the general solution (10) of equation 7, we determine the form of the general
solution of equation (13):
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U,(&n)= f¢'(§+(ﬂ—§)t)tﬁ (1-t)"dt +

2(1-p,) 1
+ (mzz " a-B) &) [wE+(n-&)pre (1-t) " dt+
N2 .
+(m:{ j (n=&) " [y (E+(n-&)nr—(1-1) " dt

Returning to the variables (x, y) and performing the substitution g = g —1, the general

solution of equation (12) when the point (ao,ﬂo) lies in the triangle NKF and its parameters

are l<a+f,<3, 1<f,< %+2 takes the following form:
1 1 p -
U(ey)= [ @0 = =2 ) [y g e
0 0

+(-y) j%(z)tl—a (1-t) *dt. (15)

Here ¢(2)=¢'(2), w,(2)=w'(z) and ¢,(2),,(z) e C*are arbitrary functions.

Now, in the domain D, consider the following hyperbolic type equation with singular
coefficients:

m+2 m+2
o Qy— 5 Bo— 5
~(-y)"Uu+U,,+ o Upr—-U,=0. (16)

The characteristics of this equation are also defined in the form (2).
Assume that the parameters of equation (16) satisfy the following conditions:

m>-2, —m—1sﬁ0<—g, -m-2<¢a,<0.
If we transform equation (16) to characteristic coordinates, it takes the following form:
B ,
U, + U, - U =0, @an
én n _5 4 n— n

where «, =a —1 and the parameters «, S are determined by equalities (4).

We obtain the general solution of equation (16) by applying the following property to the
general solution (6) of the Euler-Darboux equation (3):

_ A _ g\mnH-a—f om" ya (05, ﬁ)
Z(a m’ﬁ n) - (77 é) aénanm |:(77_§)laﬁ :| ) (18)
From (18), when m=1, n=0, the following formula follows:
2—-a— a Z(aaﬂ)
2(@=1p8)=(n-&) " —| ——Z7 |- (19)
(a-18)=(1-¢) a,{(n_g) }

Thus, applying property (19), we find the general solution of equation (3)
when o e(-1,0) and S e(0,1), i.e., the general solution of equation (17). Then the following

system of inequalities is obtained for the parameters:
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3m m
—7<ﬂ0 +ao <_E,

m m
_E<ﬂ°_a°<5+2'

The set of solutions of this system consists of a rectangle RKEX bounded by the straight
lines (Figure 4):
KR: 3, —a, =%+2, XE: B, —a, =%+2, KE: 8, +a, :-%, RX : f, + :-37”'—2

Figure 4

Based on property (19), using the general solution of equation Ea,ﬁ(U):O, we

determine the form of the general solution of equation (17), i.e., equation E_, (U)=0, as

follows:

(n=¢)""" [(’7_5)06%71“ (5”7)17 =(a +ﬂ—1)j¢(§+(n—§)t)tﬂ“ (1-t)""dt +

+(n—&) [P +(n-&)t” (1-1)" dt +

2(1-4,)
( m+2) m2
+

4
Returning to the variables (x,y) and performing the substitution o =a,+1, the

(n-&)"" (n—é)jw’(ﬁ(n —E) e (1-t)  dt.

general solution of equation (16) when (ao,ﬂo)eARXE and its parameters are

-1<a,+f <0, -m-1< g, <—g takes the following form:

2(1- . «
U (X, y)z—%jq)(z)ﬂ“ (1-t)™dt +

m+2 1 4-25,+m 1

m+2 a 4 4=2fp+m _a _
() Ja@ @ dt () @ @ @)

Here ¢(2)=¢'(2), w,(2)=v'(z) and ¢,(2),w,(2) eC?® are arbitrary functions.

Now, in the domain D, let the following hyperbolic type equation with singular
coefficients be given:

+

m+ 2
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m+2 m+2
o + B 5
U, +——=—U =0. (21)
(=y) y
It can be shown that the characteristics of equation (21) are also defined in the form (2),
and the parameter appearing in the equation satisfies the following conditions:
m>-2, -m-1<f,<-m/2, O<oy<m+2.
When equation (21) is transformed to characteristic coordinates, it takes the following
form:

—(=y) U +U,, +

v Loy, 2y o, (22)
n-¢< n-¢
where f, = f—1and the parameters «, § are determined by equalities (4).
We determine the solution of equation (22) using the general solution (6) of the Euler-
Darboux equation (3) in the triangle KEM and its property (18).
Consider the case m=0, n=1:

z(a, f-1)=(n-&)"" %L;_(Z:—)ﬁ)ﬂ} : (23)

Thus, based on property (23), the intervals of the parameters change, i.e., when « <(0,1)

U

én

and fe (—1, 0), it represents the following domain, and the following system of inequalities is
obtained:

m m
—E<ﬂ0+ao <E+2,

m 3m
_E<'B°_a°<_7_2'

The set of solutions of this system consists of a rectangle EMYS bounded by the straight
lines (Figure 5):

EM:,BO—%:—g, YS: B —a,=—n_2, EY:ﬂO+aO=—g, MS:ﬂ0+a0=g+2

Figure 5
It is known to us that for equation (3), when the point (. /) lies in the triangle

KEM and its parameters are O<a, f<1,0<a+ <1 and f, <1, the general solution has
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the form (6). Transforming to the variable (5,77), the general solution is defined in the form
(10). Based on property (23), using the general solution of equation E, , (U ) =0, we determine

the form of the general solution of equation E, ,,(U)=0:

(18" [0 (Em)], =~(e+ A1) [oe+(n-£)00" (- ot +

+(n=&) [P (E+(n-E)O"* (L-t)" dt +

2(1-43,)
( m+2) m2
+

4
Transforming to the variables (x, y) and performing the substitution g=p, +1, the

(n-&)"“"(n —é)jl//’(&(n —E) e (1-t) 7 dt.

general solution of equation (21) when the point (ao,ﬂo) lies in the triangle EYS and its

parametersare —l<a+/f,<0, -m-1< g, < _% takes the following form:

2(1_ﬂ0)

Uxy)= m+2

[o(&+(n-&)ot* (1-t)"dt +

4 m+2 1

(-y) 2 [@(&+(n—&)or* (1-t) dt +

4 4-2p,+m 1

(-y) 2 [wE+(n-&nre(@-t) ", (24)

+
m+ 2

+

m+ 2

where ¢,(2) =¢'(2), w,(2)=y'(z) and ¢,(2),w,(2) eC? are arbitrary functions.

IV. CONCLUSION

In this paper, the problem of determining general solution formulas for a class of
hyperbolic differential equations with singular coefficients was studied. In the research process,
the considered equations were transformed to characteristic coordinates and reduced to the Euler-
Darboux type equation. Using known properties and general solution formulas of the Euler-
Darboux equation, general solutions for hyperbolic equations with singular coefficients were
obtained.

Furthermore, the existence conditions of solutions for various values of the parameters
were determined, and their domains were geometrically represented in the parameter plane. The
obtained results allowed us to determine general solution formulas for the considered class of
equations and helped to establish necessary conditions for the parameters.

The research results contribute to the further development of the theory of hyperbolic
type differential equations and can be applied in mathematical modeling problems of gas
dynamics, wave theory, and other physical processes.
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MaTemaTnyeckoe moaenmpoBaHue AUHAMUKN LUITUHOPUNYECKUX
o6ono4yek BO B3aMMoAeuCcTBMU C HEJTMHEUHO-YNPYron BHELUHEeW

cpenou
M.C. A6ayxanunoBa

AHOwxaHcKull 20cydapcmeeHHbIl yHUeepcumem

AHHoOTaTumA: B cTatbe paccmaTprBaeTcs npobrema MatemMaTtu4eckoro MogenupoBaHms AMHaMuK1
umnuHgpudecknx  obonoyek, B3aUMOOENCTBYIOLUMX C  HENUHEWHO-YNPYron BHELUHEW  Cpedow.
OBOCHOBbLIBAETCA aKTyanbHOCTb TEMbl B KOHTEKCTE LUMPOKOrO MPUMEHEHUS AaHHbIX KOHCTPYKUMA B
aBMaKOCMUYECKOW TEXHUKe, OHEepreTM4eckoM MaLUUHOCTPOEHUM U TpybonpoBOAHbLIX CUCTEMAX.
MpoBoanTca KpuTuyeckun o630p Kkrnaccuyeckon Teopum obonodek Kupxroda-JisiBa, oTmevarotcs ee
OrpaHNYeHnst NPy aHanmnse BbICOKOYACTOTHbLIX MPOLECCOB U NTOKaNM30BaHHbIX BOMHOBbLIX BO3MYLLEHWUN.

KnroueBble cnoBa: LinnnHapuyeckne o6onodkn, matematmyeckoe MogennpoBaHme, HennmHenHas
AVHaMuKa, HennHenHo-ynpyras cpefa, HanpsbkeHHo-AedopmmpoBaHHoOe cocTosiHue, Teopus Kupxroda—
JlaBa, yCTOMYMBOCTb KOHCTPYKLNIA, BOSTHOBbIE NMPOLECChI.

Annotatsiya:. Maqolada nochizigli-elastik tashgi muhit bilan o‘zaro ta’sirlashuvchi silindrsimon
gobiglarning dinamikasini matematik modellashtirish muammosi ko‘rib chigiladi. Ushbu konstruksiyalarni
aviakosmik texnika, energetika mashinasozligi va quvur tizimlarida keng go‘llash kontekstida mavzuning
dolzarbligi asoslanadi. Kirxgof-Lyav klassik qobiq nazariyasiga tanqidiy tahlil o‘tkaziladi, uning yuqori
chastotali jarayonlar va mahalliylashtirilgan to‘lgin buzilishlarini tahlil gilishda cheklovlari gayd etiladi.

Kalit so‘zlar: Silindrsimon qobiglar, matematik modellashtirish, nochizigli dinamika, nochizigli-elastik
mubhit, kuchlanish-deformatsiyalangan holat, Kirxgof-Lyav nazariyasi, konstruksiyalarning barqarorligi,
tolgin jarayonlari.

Annotation: The article discusses the problem of mathematical modeling of the dynamics of cylindrical
shells interacting with a non-linearly elastic external environment. The relevance of the topic is
substantiated in the context of the widespread use of these structures in aerospace engineering, energy
engineering and pipeline systems. A critical review of the classical theory of Kirchhoff-Lyav shells is
conducted, and its limitations in the analysis of high-frequency processes and localized wave disturbances
are noted.

Keywords: Cylindrical shells, mathematical modeling, nonlinear dynamics, nonlinear elastic medium,
stress-strain state, Kirchhoff-Lyav theory, structural stability, wave processes.

000JIOUKM  HE3aMEHHMBIMH B  YCIIOBHUSX
I.BBenenune

B coBpeMeHHOHl  uHKeHepHOil m  CTPOTHX TpeOOBaHUH K  pecypco- U

NPUKIAHOH — MeXaHHKe  LMIMHIPHYECKUE HeprodpHEeKTUBHOCTH KOHCTPYKIMi. BmecTe

000JIOUKM 3aHMMAlOT 0co00e MeCTO Kak
0a3oBbIe HECYyHIUC OJICMCHTBI CJIOKHBIX

C TEM OKCITyaTallUOHHBIC YCJIOBUA TaKUX
OJIEMCHTOB 3a4acCTyro COIIPAKCHBI C

IPOCTPAHCTBEHHBIX  KOHCTpyKumil. ~ Oup  HHTCHCHBHBIMH ANHAMUYIECKUMU
IIMPOKO TPHUMEHSIOTCS. B aBHAKOCMHYecKol ~ BO3ICHCTBUAMM, TEMIICPAaTypHbIMU
TeXHIKS (kopryca paker-HocuTenei, TPAMMCHTAMH M CIOXHBIMH T'DAHHYHBIMH
TOIUIMBHBIE Oaku, obeuaiiku (rozemspkeii), B YCIOBIAMA, aTo IpEAOIPEACIACT

SHEPreTHUECKOM MAIIMHOCTPOEHHH (Kopryca HEOOXOMMMOCTh  YIIyONEHHOTO aHajin3a HX

PEaKkTOpOB, TEMIOOOMEHHbIE anmaparsl), a HanpsKEHHO-1e(POPMUPOBAHHOTO COCTOSTHHUSI.

TAKXXE B Tp}/'GOl'IpOBOI[HBIX TPaHCIIOPTHBIX COBpeMeHHLIe MEXaHUYCCKHUE CUCTCMBbI

cucreMax Pa3InIHOTO HA3HAYCHUS. B OOJIBIIIMHCTBE CIydacB JICMOHCTPUPYIOT

I'eomerpuueckas 3P PEKTUBHOCTD
WIMHAPUYECKOH (QopMbl 00ycIOBIMBaeT €&

CYIIECTBEHHO HEJIMHENHOE IIOBEJICHHUE.
I'eomeTpuueckas HEJIMHEHHOCTS,

BBICOKYIO HECYIIYIO CIIOCOOHOCTB npu 06yCJIOBJIeHHa$I KOHCUHBIMU TICPCMCUICHUAMNU

CpPaBHUTCIBHO Majioi Mmacce, 4YTo JA€jacT
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Marepuasna, a TakKe HEJIMHEHHBIA XapakTep
KOHTAKTHOTO B3aMMOJICUCTBUSA C OKPY>KaIoLIei
Cpeaol MOTyT MPUBOAUTH K BO3ZHUKHOBEHUIO
KaQ4CCTBCHHO HOBLIX JTHUHAMUYCCKUX PCIKMMOB.
Haxe
KPUTHYECKUX

MaJibIC BO3MYIICHUA BOJIM3H

COCTOSHUN CIOCOOHBI
UHUIUUPOBATh OM(YpKAIIMOHHBIC IEPEXOIbI,

JOKanu3anuo nedopmaruii, MOIYISAIHMOHHBIC

HEYCTOHYHBOCTH u bopmupoBaHue
COJINTOHOIIOOOHBIX BOJHOBBIX CTPYKTYp. B
3TOM  KOHTEKCTE OCOOYyl0  aKTyaJbHOCTh

IpUOOpETaeT UCCIEOBAHUE YCTOWYUBOCTH U

HEJIMHEMHON  JUHAMUKH  UWJIMHIPUYECKUX

000710YeK MpU WX  B3aUMOJCHCTBUH  C
BHEIIIHUMH CPEaMy pa3iIuyHON (pU3HUECKON
HPUPOJIBI.

Bo MHOrmx mnpakTHUecKHuxX 3agadax
0005104Ka (PyHKIIMOHUPYET HE U30JIMPOBAHHO, a
BO B3aMMOJICVICTBUU C OKPYXKAIOILEH CPEeIor —
TPYHTOM,
HAIOJIHUTEISIMH, KOMITO3UTHBIMH CIIOSMH, a
neMI(pUpyIOIUMU
cpenaMu. Peakmusi Takoi cpesipl, Kak MpaBwIIo,

BA3SKOYIIPYIT'MMH HWJIK  [MOPUCTBIMU

TaKXC C AKTUBHBIMHU
HOCUT HEJIWHEWHBIN XapakTep U MOXKET
3aBHUCCTH KaK OT BCIIMYNHBI nepeMemeHI/Iﬁ, TakK
" OT UX CKOPOCTH.

Knaccuyeckass ~— teopus  06osouex
Kupxroda—-Jlsea ocHOBaHa Ha TuUIIOTE3€
HOpMaJIH, OCTaroencs psAMOI u
MEPIECHANKYISIPHON K CpPEIHEH MOBEPXHOCTH
nocie  nedopmanuu, W TpeHeOperaet
IIONIEPEYHBIM  CABUIOM M BpalllaTeJIbHOMN
uHepuuen. Takas MoOJENb JIEMOHCTPUPYET

YAOBJIETBOPUTENIBHYI0 TOYHOCTh IIPU AHAIU3E
HU3KOYaCTOTHBIX JUIMHHOBOJIHOBBIX ITPOLIECCOB
M TOHKHX  O0OJOYEeK,  OJHAaKO  IpH
PacCMOTPEHUU BBICOKOYACTOTHBIX CIEKTPOB,
KOPOTKOBOJHOBBIX BO3MYILEHUIN u

JIOKaJIN30BAaHHBIX  BOJIHOBBIX IIaKETOB €€
IIPUMEHUMOCTb OKAa3bIBACTCSI OIPaHUYEHHOM.
HrropupoBaHue 3HEPrUU MONEPEYHOrO CIBUra
NPUBOIUT K 3aHMKEHUIO YAaCTOT COOCTBEHHBIX
KoJeOaHUiH W MCKAXEHUIO HCIIEPCUOHHBIX

XapaKTePUCTHUK.

194

II.MeToamI.

B kadecTtBe TeopeTHUECKO OCHOBBI
MCCJICIOBAHUS UCTIONB3YETCS] KOHTHUHYaJIbHAS
MOJIENIb  IWIMHIPUYECKON O000JIOYKH THTA
TumorreHko,

YUYHUTBIBAIOIIAA BJIMAHUC

MONEPEYHOTO  CIBUTa W BpallareiabHOM
WHEPIUU
JIBIDKEHUS
BapUAIMOHHOTO

Octporpaackoro
t
é Z(T—l'[)dtz 0,
t1
T
IT—
BKJIFOYAIOIIAsl HSHEPTrUi0 U3ruoda,

HOpMaiu. BbiBog — ypaBHEHUU
OCYILIECTBIISIETCS  Ha
npuHuuna [amunbTOHA—

OCHOBC

Iac KHMHCTHYCCKas OHCPIusia

CHCTEMBI, NOTeHIMAJIbHAS ~ DHEPTHS,
CIBUTA H
paboTy HETMHEWHOW BHEIITHEN CPEJIbI.

s ciryJas

JUHaAMHU4YCCKasA CUCTEMaA ypaBHeHI/Iﬁ HUMECT BU]

2 2
2 kGh (a—W—%) +Qw) =0,

OCCCUMMCETPHUIHOTO

ph ot? 0x?
ph? 0%y 0%y

ow
oz~ Do+ ksGh (W —¢) =0,
IpIS

w(x, t)— paguaibHbBIH MPOTUO 000IOYKH,

Y (x, t)— yroa noBopoTa HOpMaJH,
p— TUIOTHOCTh MaTepHaa,

h— TommmHa 000JI0YKH,

G— MonyJIb ClIBUTA,

Eh3
D = ———— mMWIMHIpHYECKas )KECTKOCTh
12(1-v2)
Ha U3THO,

k— xK03hPUIMEHT CIBUTOBON KOPPEKIUH.
Henunelinas peakuusi BHEIIHEW Cpefbl
anmnpoKCUMHUPYETCs MOJIMHOMUATIBLHON
3aBUCUMOCTBIO
Q(w) = kyw + kaw? + kyw3,
e KOOPPUITUESHTHI ko1 K3 OTIpeAeIsioT
XapakTep HeJTMHEHHOCTH (MSTKOE WIIH )KECTKOE

OCHOBaHUE).

Jlns  aHanmu3a BOJHOBBIX PEKHMOB
UCTOoNb3yeTcss  mpeoOpa3oBaHue  Oeryiueit
BOJIHBI

z = kx — wt,
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YTO MO3BOJISIET PEAYLIUPOBATH CUCTEMY
YpaBHEHHUH B YAaCTHBIX MPOU3BOJHBIX K
cucteMe OOBIKHOBEHHBIX A depeHnnanbHbIx
ypaBHEHUU OTHOCUTENIbHO PyHKIuu W (z).

C uenpl0 MOTYYEHHS] AHATUTUYECKUX
peleHuit MIPUMEHSIETCS METOJ
reomerpuyeckoro psaa (MI'P). Meron ocHoBan

Ha NpEACTaBICHUN UCKOMOI'O PCIICHUA B BUAC
(o)

W(z) = Z a, e,
n=0

rae Kod(p(UIUEHTHI A, TOIOUPAIOTCS
TakuM 00pa3oM, 4YTOOBI PsJl  YIOBJIETBOPSI
pEeNyLIIPOBAaHHOMY
BBIMIOJTHEHUH YCIIOBHI
MapaMeTpoB CUCTEMBI DS MPUHUMAET BUJ
CXOJSIIIeHCS TeOMETPUUYECKOM MPOTrPECCUr

YPaBHEHHUIO. [Ipu

CorjiaCoBaHUuA

W(2) %o
zZ) = —
1—re?
qTo COOTBeTCTByeT TO"IHOMy
paHI/IOHaHbHOMy HNINn COJ'H/ITOHOHOI[O6HOMy

pemenuto. [lapamerpsr 7, ku wonpenensrorcs
U3 JUCIIEPCHOHHOTO COOTHOIIEHUS U yCIOBUH
OaslaHCca HEIMHEHHOCTH U AUCIIEPCUH.

Takum  oOpazom, IIPEIIOKEHHAS
METOOUKA MO3BOJISET HCCJIeI0BaTh
HEJIMHEHUHBIS BOJIHOBBIC PEKUMBI
LWJIMHAPUYECKOU 000J10UKHU BO
B3aMMOJEHUCTBUM C BHEIIHEWM Cpelod |
YCTAaHOBUTh  3aBUCUMOCTh  XapAKTEPUCTUK
JOKAJIM30BaHHBIX  BOJH OT  MapameTpoB
CHCTEMEL.

I11. Pe3yabrarsl.
[IpumeHeHrne MeTofa IreOMETPUYECKOro psana
(MI'P) k pexy1ipoBaHHOM cuCcTeMe YpaBHEHU I
MI03BOJIUJIO HOJyYUTh aHAINTUYECKUE
BBIPAXECHMSI JUIsl JIOKAJIW30BAHHBIX BOJIHOBBIX
pELIEHNH, ONUCBIBAIOIINX JUHAMHUKY CHCTEMBbI
«oborouka—HeInHeHas cpena». B pesynbrare
YCTAaHOBJIEHO CYIIECTBOBAHHWE YCTOWYMBBIX
CTAI[MOHAPHBIX M OErymux BOJH, IMapaMeTpbl
KOTOPBIX OTIpE/IETISIOTCS Oaslancom
JMCTIEPCUOHHBIX M HEJTMHEHHBIX 3 PEKTOB.
AHanu3 mokasai, 4To KO3(QQHUIHEHTHI
HEJIMHEHHOCTH

OCHOBaHUS koun

195

k;cymecTBeHHO — BIMSIOT — Ha

CTPYKTYpY
pemenuii. Ilpu ks > Opeanusyercs pexum
KECTKOro (YIpPOYHSIOIIET0) OCHOBaHUS, YTO
MPUBOAUT K YMEHBIICHUIO IIUPUHBI COTUTOHA

Y YBEIIMYEHUIO €T0 aMIUTUTYAbl. B ciyyae k3 <

OnabmromaeTcs ahdexT CMATYCHHUS,
COITPOBOYKTAIOLITHIACS pacumpeHueM
BOJTHOBOTO nakeTa u CHIDKCHHEM

MakcuMasbHOrO mporuba. Takum oOpazom,

3HAK W BEJIMYMHA KYOMYECKOro  4iieHa

ONpEACIAIOT  XapakTep

YCTOMYMBOCTH CUCTEMBI.

MOAYISIUUOHHOU
B 3aBHUCHMOCTH OT COOTHOIIICHUS
rmapamMeTpoB AWCHEPCHM W HEIMHEHHOCTH
MOJTy4YEHBI PEIICHUs B BUJIE:
e CBEIBIX COJIMTOHOB (JIOKAJIM30BAaHHOE
yBEJIUYEHHUE POTuoda),
e TEMHBIX COJIMTOHOB (JIOKAJIM30BAHHOE

NOHMKEHWE Ha (OHE HEHYIEeBOro
yposs),
e KHUHKOBBIX CTPYKTYp, OIIMCBHIBAOIINX

MEePexXoa MEXIy IABYMS YCTOWYUBBIMH
COCTOSIHUSIMH PaBHOBECHSI.
TumoBoe COIMTOHHOE pEIIeHUE MOXKET
OBITH MpeACTaBIEHO B (popme
W (z) = Asech?(Bz),

rae ammiutyna — Au - mapamerp
JIOKAJIU3aLUU [ BBIpaXkaroTcs yepes
K03(pPHUIIMEHTHI KECTKOCTH, TIUIOTHOCTh U

rapaMeTpbl HETUHEHHOMN Cpeibl. YCTaHOBIICHO,
YTO yBeNHYeHHE KOdP( UIMEHTa CIBUTOBOM
JKecTKkocTu kg GhupuBomuT Kk pocty (a3oBoit
CKOpPOCTH
HEJIMHENHBIX
aAMIUTUTYJIHYIO

BOJIHEI, TOoraa
YJIICHOB

3aBUCHUMOCTb

KaKk BIIHUSHHE
OIIpeNeNseT
CKOpPOCTH
pacnpoCTpaHEHNs.
CpaBHUTENBHBIN aHAIN3 c
kjaccuueckoit  mozpensto  Kupxroda—Jlssa

IIOoKa3saJl MMPUHIUITHAIIBHOC OTJIMYUEC

JHCIIEPCUOHHBIX XapaKTEepUCTHK. B
yrouHeHHOM wmojaenu Tumomenko ¢da3zoBas

CKOpPOCTh

U TPYIIIOBasi CKOPOCTh
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dw
c, = —
9 dk
OrpaHUYECHHBIMHU
BOJIHOBBIX

OCTAaroTCAa IIpu

OOIBIINX quciax, 4qT0
COOTBETCTBYET  (UBHUYECKU  KOPPEKTHOMY
OINMCAHUIO PACIPOCTpPaHEHUs] BO3MYIlICHUH. B
k -

poct

KJ1aCCHUYECKOM TEOpHUHn IIpu

OOHa6J'II-O,I[aeTC${ HEOrp AHWYCHHBIN
CKOpPOCTH, IIPOTUBOPEUUT

MEXaHMYECKUM CBOMCTBAM CpPCIbl.

qTo PpE€albHBIM

JlonomHUTETbHBIM
MI'P
YJICHOB,

MPEUMYLIECTBOM

IMPUMCHCHUA SABIACTCA  OTCYTCTBHC

CCKYJIAPHBIX XapaKTCPHBIX JJIsA

CTaHJAPTHBIX  ACUMIOTOTHYECKUX  METO/I0B
BO3MYILEHUH. 910
YCTOMYMBOCTh AHAJIMTUYECKOTO pEIIeHUs MpU
YBEJIUYEHUN  aMIUIUTY/bI

pacuupsier o0mnacthb

obecrieunBaer

KonebaHuii U
NPUMEHUMOCTH
NOJYYCHHBIX  pE3yNbTaroB  3a  IPEAeIbl
C1a0OHENMHENHOTO TPUOIINKEHHUSL.

Taxum 00pa3om, MoTy4YeHHbIE PEeILICHUs

HNOATBEPKIAAIOT 3(PPEKTHBHOCTh YTOUHECHHOMH

Monenu TUMOIIEHKO U JIEMOHCTPUPYIOT
CYIIECTBEHHYIO poJb HEJUHEHHBIX
napaMeTpoB OCHOBaHUS B (OPMHUPOBAHUU
BOJIHOBBIX PEKUMOB [UTHHIPAYECKOM
000JI0YKN.

IV. O6cy:xnenue.
[IpoBen€HHBINM CPAaBHUTENIBHBIN aHAIN3
4TO

MOATBEPpANIJI, KJ1aCCHYCCKast

Kupxroda—JlsBa neMOHCTpHpPYET 3aMETHBIE

Teopus

OTKJIIOHCHUA npu HCCICOOBAHNN
KOPOTKOBOJIHOBBIX IIPOLCCCOB, KOIda [JIMHA
BOJIHbI COU3MEpHMa C TOHH.[PIHOﬁ 06OJ'IO‘-IKI/I
(A~h). B

npeHe6p CKCHUC TONCPECUYHBIMU CJIBUTOBBIMU

paMKax  JAHHOM  TEOpHH
nedopMasiMd  TIPUBOAUT K  HMCKAKEHUIO
JHACTIEPCUOHHOIO COOTHOILIEHHS U 3aBBILIECHUIO
($a30BBIX CKOPOCTEH MpH OONBIINX BOTHOBBIX
YHuCiIax. TO OrPaHUYMBAET €€ MPUMEHUMOCTh
npu aHaIu3e BBICOKOYAaCTOTHBIX
JUHAMHYECKHUX BO3JICHCTBHUH Hu
JIOKAJIN30BAHHBIX BOJIHOBBIX CTPYKTYP.
Monenb TumoIIeHKo, HAaINpOTUB,

YUYHUTBIBACT KaK SOHCPIHUIO IMOMNIEPEYHOI0 C/ABUTA,
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TaK M BpalaTeJIbHYI0 MHEPLUUIO HOPMAJIH, YTO
MPUBOAUT K Oosiee CIOXKHOH, HO (pu3muecku
CTPYKTYpEC
ypaBHeHus. B uwacTHOCTH,

KOPPEKTHOM JUCTIEPCUOHHOTO
MOSIBJISIIOTCSA
JIOTIOJTHUTEIbHBIE BETBU CHEKTPA, CBSI3aHHbBIC

CO CIABHUTOBBIMHM MW BpallaTCJIbHbIMHU MOAaMU

KoneOaHuii. OTO  TMO3BOJISIET  OMHCHIBATH
HepEeXOIHbIE PEXHUMBI, a TAaKXKE YYUTHIBAThH
nepepacrpezecHue SHEPTUH MEXKTy
U3rHOHBIMA W CABHIOBBIMH  (OpMamu
JABHUXCHUSA npu YBCIMYCHUN YaCTOThI
BO30YKJI€HUSI.

Cy1ecTBeHHYI0 poJib B (P OPMUPOBAHUU
HEJIMHEHHON TUHAMUKHA WrpaeT KyOMYecKui
4JICH B 3aKOHE PEaKIy BHEIIHEH cpenbl (k3 #
0). [Ipu 3HAYEHUU
ko3 unmenra peanu3yeTcs ekt
YIPOUYHEHUS! OCHOBAHMSI, COIIPOBOXKIAIOLIUICS

ITOJIOKHUTCIIbHOM

pocToM 3P HEeKTHBHOI KECTKOCTH CUCTEMBI U
yBEITHYCHUEM aMILTUTYTHO-3aBHCUMOM
CKOPOCTH pacnpocTpaHeHHs BOJIH.
OTtpunarenpHoe ksnpuBogutr K

apdexty
CIOCOOCTBOBATh PA3BUTHIO MOAYISIIHOHHON

3HA4YCHUC

«CMATYEHUSI», 4TO MOKET
HEYCTOMYMBOCTH U JIOKAJIM3aluK AepopMariuii.
VYuer JAHHOTO ¢akTopa ABIIAETCS
INPUHLMIIAAIBHO  BaXHBIM TP OLEHKE
JUHAMHYECKON IPOYHOCTH U YCTOMYMBOCTH
000JIOUEUHBIX KOHCTPYKIIMM B  YCIIOBHUSX
YAAPHBIX WIH UMITYJIbCHBIX Harpy3ox.
[TonyuenHnsie aHAJIIUTUYECKUE

peleHus, MIOCTPOCHHBIC METO/IOM
reOMETPUYECKOTO psija, O0JalaloT BaKHBIM
METOIMYEeCKUM npeumyiiectBoM. OHH He
COZIEpP)KaT CEKYISPHBIX YJICHOB U COXPAHSIOT
KOPPEKTHOCTh TPU KOHEYHBIX 3HAuEHHSX
aMIUIUTYAbl, YTO  pacHmMpser  o0JacTh
NPUMEHUMOCTH MOJETH TI0 CPaBHEHUIO C
TPaTUIIIOHHBIMHU ACHMITTOTUYECCKHMU
metonamu. Kpome Toro, siBHasi aHATMTHYECKAs
¢dopma perieHuit MO3BOISIET UCTIOIB30BATH UX B
KaQuecTBe OSTAJOHHBIX MpPH  NPOBEICHUU
YHUCICHHBIX OJKCIIEPUMEHTOB, TECTUPOBAHUU

JITOPUTMOB UHTETPUPOBAHUS U BepU(PUKALIUU
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BBIYUCIUTCIIBHBIX CXEM, IIPHUMCHACMBIX B

3aJauax HEeJIMHEHHON JUHAMHUKU 000JIOYEK.

Takum o0pazom, pe3yNbTaThI
UCCIIE0BaHUs MTOATBEPXKIAI0T HEOOXOIUMOCTD
IIPUMEHEHUsT  YTOYHEHHBIX TEOPUM  THUIA

TUMOIIEHKO M yd4eTa HEJIUHEHHBIX CBOWCTB
BHEIIHEH  Cpelbl

BBICOKOYAaCTOTHBIX nu

IpH  MOJCIIMPOBAHUHI

MHTEHCHUBHBIX
JUHAMHUYECKHUX MTPOLIECCOB B IIMIMHIPUYCCKUX
000J104YKax.

V. 3akJiiioueHnue.

B pabore pa3paborana u wuccieqOBaHa
MareMaTu4dccKas MOJCIJIb JAUHaAMUKH
UAJTUHAPUYECKOH  OOOJIOYKM HAa  OCHOBE

YTOYHEHHOU Teopuu TUMOIIEHKO € y4E€TOM
BpalllaTeIbHOM
a TaKXe HEIUHEWHO-

HONEPEYHOro  CIBUTa U
UHEpLUUH HOpMay,
yapyrou peakiuu

IIpumeHeHne

BHEIITHEN Cpebl.

BapHalMOHHOI'0 noaxoaa

o0Oecreunsio CTpOrui  BbBIBOA ~ ypaBHEHUI

JABWXCHHA, a HCIIOJIBb30BAHUC METoaa

TCOMCTPHUYCCKOTO pAda IO3BOJIUIO IMOJYUYUTH

AHAJIMTHYCCKHUEC peuicHusd, OIIUCBhIBAOIIUEC
JIOKAJIM30BaHHBIC BOJIHOBBIC CTPYKTYPbI
Pa3JInIHOTO THUIIA.

HOKaSaHO, 4qTOo yYueT CIABUT'OBBIX

nedopmaruii U KyOW4YecKOW HETMHEHHOCTH

OCHOBAaHMSl MNPHUHIUIIMAIBHO  BJIMSET Ha
JIUCTIEPCUOHHBIE  XAPAKTEPUCTUKU CHUCTEMBI,
YCTOMYMBOCTh U

pacIpoCTPaHSIOLIIXCS

aMHJ'H/ITYI[HO-‘IaCT OTHBIC
CBOMCTBA BOJIH.
YToun€HHast MOIeNb 00ecTiednBaeT PUINIECKU
KOPPEKTHOE MoBeIeHHE (Da30BhIX U TPYITIOBBIX
CKOPOCTEM MPHU BBICOKUX BOJHOBBIX YHMCIAX U
MPUMEHUMOCTH 10

pacmupsier  00IacTh

CPaBHEHHIO C  KJACCUYECKOM  Teopuen
Kupxroda-Jlsasa.

[TomyueHHbIE aHATUTUYECKUE PEILICHUS
HCIIOJIb30BaHbI

MOTYT OBITH

IMPOCKTUPOBAHUN 000J10YEYHBIX BOJHOBO/IOB,

pu
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aHanuse BHOpAIMOHHOM YCTOMYUBOCTH
TPYOOITPOBOJIHBIX CUCTEM, a TaK)Ke IMPHU OLIEHKE
JOJITOBECYHOCTHU H I[I/IHaMquCKOfI IIPOYHOCTHU

WMH)KEHEPHBIX COOpYKEHUH,

(GYHKIIMOHUPYIOITIX B YCIIOBUAX

WHTCHCUBHBIX BUOPAMOHHBIX U UMITYIBCHBIX

Harpy3ox. Kpome TOTO, pE3yIAbTaThI

HUCCIIEeN0BaHUA CO31ar0T TEOPETUYECKYIO

OCHOBY i1 JAJbHEHIIMX YHCICHHBIX U

AKCIIEPUMEHTAJILHBIX ~ paboT B o0jacTu

HEJIMHEUHOMN JUHAMUAKHA 000JI0YCYHBIX

KOHCTPYKIIMH.
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IIpaBuia opopMiaeHus: craTbu

1. B mHauvane crTaThbM YKa3bIBacTCS HOMEDP
M0 YHHUBEPCATLHON MECATHYHON KilacCH(pUKAIIHI
(VIK). Jlanee npuBoasrcs (KakIplidi pa3 ¢ HOBOH
CTPOKH):

1) HasBaHume crTaTbd (CTPOYHBIMH OYKBaMH,
Hanpumep: uddy3noHapie mapaMerpsl aTOMOB
3d nepexoHbBIX IEMEHTOB B KDEMHHN);

2) bamuHsi, UMsI U OTYECTBO aBTOpa (-OB);

3) kparkas aHHOTalMsA Ha Yy30CKCKOM |
PYCCKOM  sI3BIKax (450-500  3mHakoB ¢
npoOenaMu), aHHOTALMSI BBIACISICTCS KyPCUBOM H
OTJIEJSIETCS OT TEKCTa CTAThH MPOITYCKOM CTPOKH;

4) xmrouessie cimoa (5-10).

2. Tekcr crarbu HaOupaercs mpudTamu Times
New Roman, pasmep mpudra — 14 xernei,
MEXCTPOYHBIA MHTEPBAl — OAUHAPHBIN, MOJA —
CBEpXy U CHHU3Y 2 cM, cieBa 3 cM, copasa 1,5 cMm;
a03amHpli orctynm — 1,25 cM. C 3JCKTpPOHHOMH
Bepcueld (Ha ¢rnemke WM KOMIAKT-IWCKe). B

Ha3BaHWMW (aina ykas3pBalOTCA (aMuIus U
CHENUANTBHOCTh aBTODA, Hanpumep:
Qusuxa_baxupos.

[Tpu WCTIONTb30BaHUH JIOTIOJTHUTEITBHBIX

mpuPTOB TpH HaOOpe CTaTbH TaKhe MPHUPTHI
JOJDKHBL OBITH NPEACTaBICHBl B PENAKLIHUIO B
ABTOPCKOH 3JIEKTPOHHOU MaIKe.

3. O6beM cTaThi (BKJIIOYAS PUCYHKH, TAOIHIIBI
W JUarpaMMbl) COCTaBJIsIET HE MEHee 8 MOJIHBIX
CTpaHML (AHHOTALMH, KJIIOYEBBIE CJIOBA M CIIMCOK
JUTEpaTypsl HE BXOAAT B OTOT 00BEM).
OnTuManbHBIM 7151 )KypHasia sBIseTcst 00bEM B 8—

10 ctpanuw.
4. Ecay B CTAaThIO BKJIFOYEHBI TaOIUIIBI, CXEMBI,
JarpaMMel, pa3IuYHbIC rpaduyeckue

0003HaYeHUsI, OHH JOJDKHBI OBITh HAPHCOBAHEI
YEpHBIM 10 O€IOMy, YeTKO M SPKO OIHCAHBI,
JOJDKHO OBITh HANWCAHO TIONHOE OOBSICHEHUE
COKpAILICHUH.

Bce pucyHku myOnHMKYIOTCS TOJNBKO B YEpPHO-
0eIoit ramMme, MTOTHOIIBETHBIE WILTIOCTPALIUN OYAyT
JIOCTYITHBI TOJILKO B DJIEKTPOHHOM BEPCUU CTAThH.

®opmynel  HEOOXOAMMO BBOJIUTH B TEKCT B
CHEUHAIBHBIX KOMIBIOTEPHBIX MMPOrpPaMMax.

5. CcbulkM Ha WCIONB30BAHHBIE HCTOYHHUKHU
MIPUBOJISATCS MOCIIE IIATAThl B KBaJPATHBIX CKOOKaX
C YKa3aHHEM IMOPSIIKOBOIO HOMEpa HMCTOYHHKA
MATAPOBaHMsST W cTpanunbl, Hampumep [1. C.
25]. Criucok  uTepaTyphl pachosiaraeTcsi  mocie
TEKCTa CTaTbH, HyMepyeTcsi (HauuHas C MEPBOTO
HOMepa), mpeaBapsieTcsi cioBoM «JluTepaTypar
u odopMmisieTcss B TIOPSJKE YIOMUHAHUS HIIH
LIUTHPOBAHMA B TEKCTE CTAaThH (HE B ai)aBUTHOM
nopsinke!). Ilon oaHUM HOMEpPOM JOIMYCTHMO
yKa3bIBaTh TOJBKO OJWH WCTOYHHK. lIpumedanus
0QOPMIISIFOTCS B BHJIE TIOCTPAHUYHBIX CHOCOK.

Hna KHHT, cOOpHHKOB, MoHorpaduit
YKa3bIBAIOTCSI UMEHA aBTOPOB, IIOJHOE HA3BaHHE
HCTOYHWKA, MHACKC M3JaHus (TOpoJ, M3laTelb W
roJl M3AaHus), o0llee KOMMYECTBO CTpaHuu. Jlis
XKYpPHaIbHBIX CTaTe W APYIHX I[EPHOANYECKUX
W3JaHWN YKa3bIBAIOTCSI WMs aBTOPa, Ha3BaHHE
CTaThb, Ha3BaHME KypHaja, TOJl © HOMEp, HOMEp
CTpaHHMLIBI.

K crartee
aBTOpaXx:

- (hamuust, UM, OTYECTBO (TIOTHOCTHIO);

- y4eHas CTeneHb (Tpy HaJTN91n);

- MeCTO PabOTEI, OTHEN, TOJDKHOCTHE (0e3
COKpAIICHHN );

- 3JIEKTPOHHBIN aapec;

- HoMep TenedoHa.

npunaraetcss  uHbopManus 00

AHrIuicKui 010K, MpUJIaraeMsli K cTaTbe,
BKJIIOYAET:

1) nepeBon Ha AHTTIMIACKHIA SI3BIK Ha3BaHUS
CTaTbhH,

2) aHTIIMICKUI BapuaHT (haMUINH, UMCHU
W OT4YecTBa aBTOpa, MEPEBOA HA3BAaHUS €To
OpraHu3alMy aHTIMHCKUHN A3bIK, HampuMep: Anvar
H. Bakirov, Andijan State University, Andijan,
170100, str. University, 129 (Uzbekistan). E-mail:
agsu_info@edu.uz

3) nmepesox Ha
KITIOUYEBBIX CJIOB;

4) aBTopedepat (paciIupPeHHYO
AHHOTAIMIO) CTAThH Ha aHTJIMICKOM si3bIke (2500 —
3000 3HakoB c mpobOernamMu) W HMCXOTHBIA TEKCT
aBTropedepata Ha s3bIKe CTaThll (y30eKcKkoMm /
pyccKoMm).

BaxHo, YTOOBI aBTopedepar
(pacmmpeHHast aHHOTaNMsA) OBLT CTPYKTYPHUPOBaH
B COOTBETCTBHHM C JKaHPOM: KaKylo MpoOiemy

AHTJIMUCKUU  SI3BIK

pemaer apTop (L€  CTAaTbH), HA KAKOM
MaTepHaie, KaKHUMH METO/IaMH, X071
HCCIIC/IOBAHNS, BBIBOJBI, K KOTOPBIM aBTOP
mpumen (WiIM  KOTOpble Jokaszan). Bce ot

MOMEHTBI JIOJDKHBI OBITH IIOCTIEOBATEIBHO H
JIOTMYHO M3JIOKEHBI. ABTOpedepar cTaTbu He
TOJDKEH CoJIepKaTh M3JTUIITHETO
TEOPEeTHU3UPOBaHUS, a, Hao0dOpOT, OTpaxkarh
CYIITHOCTHBIE MOMEHTBI MIPOBEJIEHHOTO
WCCIIEIOBAHMS.

5) AHIVIMUCKUI BAPUAHT CIIACKA
auteparypbl (References). B cmucke cHavana
naéres Tpancnurepanua OO aBTopa, HazBaHuUA
HWCTOYHUKA M €ro BBIXOIHBIX NaHHBIX. Jlamee B
KBaJIpaTHBIX ~ CKOOKax  MepeBOoj  Ha3BaHUs
HCTOYHWKA Ha aHrmuiickuii s3eik.  References
IOJDKEH OBITh O(OPMIIEH B COOTBETCTBHH CO
cranmaprom AITA-2010.
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